
This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 



at |http : //books . google . com/ 



^^^^T vb^-.rx.ia^o 




II 



3 2044 097 045 165 






.,^',:'.vwV/^-/;: 



o 

ELEMENTARY TREATISE 



PLANE AND SPHERICAL TRIGONOMETEY, 



WITH THBIE APPUCATI0N8 TO 



NAVIGATION, SURVEYING, HEIGHTS AND DISTANCES, 
AND SPHERICAL ASTRONOMY, 



AKD PARTICULARLY ADAPTED TO EXPLAI^IDO 

THE CONSTRUCTION OF BOWDITCH'S NAVIGATOR, AND THE 
NAUTICAL ALMANAC. 

BY 

BENJAMIN PEIRCE, A. M., 

PerUns Ftofeasor of ABtronomy and Mathematics in Harvard Unlvenitj. 
NEW EDITION,. 

REVISED, WITH ADDITIONS. 



BOSTON AND CAMBRIDGE: 
JAMES MUNROE AND COMPANY 

M DCCC LII. 



J isaft, Jan. ail 



Oiffrof 
TiM BMte or O. a Mtlo^i 






Bnieml aoooidlDg to Act of Congress, in the year 185S, by 

Jamks Mvnbob & Company, 

in the Clerk*8 Office of the District Court of the IMstrict of Musachn^ctts, 



boston: 

rnrRBTOSf TOMIT, AHD EMKBSOS, PRISTERg. 



i 

^0 



I 



CONTENTS. 



PLANE TRIGONOMETRY. 

Chap. faoi 

I. General Piinciples of Plane Trigonometry • • .3 

II. Sines, Tangents, and Secants . . • • 6 
HI. Right Triangles ...... 17 

IT. General Formulas . . . • . . S3 

y. Values of the Sines, Cosines, Tangents, Cotangents, Secants, 

and Cosecants of certain Angles ... 30 

VI. Oblique Triangles . . . . . . 36 

Vn. Logarithmic and Trigonometrical Series ... 58 

NAVIGATION AND SURVEYING. 

t 

I. Plane Sailing ....... 65 

n. Traverse Sailing ...... 79 

m. Parallel Sailing ...... 75 

IV. Middle Latitude Sailings ..... 78 

V. Mercator^s Sailing • . . . . .84 

VI. Surreying ....... 06 

vn. Heights and Distances . . • • • .106 

SPHERICAL TRIGONOMETRY. 

I. Definitions . . . . . . .117 

n. Right Triangles . . . . . .131 

lU. Oblique Triangles . . . . . .138 



ir CONTSNTS. 

SPHERICAL ASTRONOMY. 

Chaf. pao, 

I. The Celestial Sphere and its Circles . . . .167 

n. The Diurnal Motion • • . . • 171 

m. The Meridian . . • . . . .183 

rV. Latitude ....... 193 

V. The Ecliptic 318 

VI. Precession and Nutation • . . • . 329 

Vn. Time 343 

Vm. Longitude ...•.,, 355 

DC. Aberration ••.».., 379 

X. Refraction ....... 393 

XI. Parallax • • . . . .901 

Xn. Eclipses 317 



XBBATA. 

Face 890, line 18, for son** read earth**. 
« 891, line 18, for (flg. 17) read (fig. 57). 
« 394, line 19, for cot. ZSN read tan. ZSlf^ 
*< 894, line 90, for cot. read tan. 
*" 886, line 19, for r read r\ 



PLANE TEIGONOMETRY. 



PLANE TRIGONOMETRY. 



CHAPTER I. 

GENERAL PBINCIFLES OF PLANE TRIGONOMETRY. 

1. Trigonometry is the science which treats of angles and 
triangles. 

2. Plane Trigonometry treats of plane triangles. [B. p. 
36.»J 

3. To solve a Triangle is to calculate certain of its sides 
and angles when others af& known. 

It has been proved in Greometry that, when three of the six parts 
of a triangle are given, the triangle can be constructed, provided one 
at least of the given parts is a side. In these cases, then, the un« 
known parts of the triangle can be determined geometrically, and it 
may readily be inferred that they can also be determined algebrai- 
cally. 

But a great difficulty is met with on the very threshold of the 
attempt to apply the calculus to triangles. It arises from the cir* 
cuDostance, that two kinds of quantities are to be introduced into the 
same formulas, sides, and angles. These quantities are not only of 
an entirely different species, but the law of their relative increase 
and decrease is so complicated, that they cannot be determined from 
each other by any of the common operations of Algebra. 

* References between brackets, preceded by the letter B., refer to the pages 
in the stereotype edition of Bowditch's Navigator. 
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4. To diminish the difficulty of solving triangles as much 
as possible, every method has been taken to compare triangles 
- with each other, and the sohition of all triangles has been 
reduced to that of a Limited Series of Right Triangles. 

a. It is a well known proposition of Geometiry, that, in all triangles, 
which are equiangular with respect to each other, the ratios of the 
homologous sides are also equal. [B. p. 12.] If, then, a series of 
dissimilar triangles were constructed containing every possible variety 
of angles ; and, if the angles and the ratios of the sides were all 
known, we should find it easy to calculate every case of triangles. 
Suppose, for instance, that in the triangle ABC (fig. 1), the sides of 
which we shall denote by the small letters a, J, c, respectively oppo- 
site to the angles ii, 5, C, there are given the two sides h and c and 
the included angle A^ to find the side a and the angles B and C 
We are to look through the series of calculated triangles, till we find 
one which has an angle equal to A^ and the ratio of the including 
sides equal to that of h and c. As this triangle is similar to ABC^ 
its angles and the ratio of its sides must also be those of the triangle 
ABC^ which is therefore completely determined. For, to find the 
side a, we have only to multiply the ratio which we have found of 

h to a, that is, the fraction ^ by the side ^, or the ratio - by the side c. 

b. A series of calculated triangles is not, however, needed for any 
other than right triangles. For every oblique triangle is either the 
sum or the difierence of two right triangles ; and the sides and 
angles of the oblique triangle are the same with those of the right 
triangles, or may be obtained from them by addition or by subtrac- 
tion. Thus the triangle ABC is the sum (fig. 2), or the difierence 
(fig. 3), of the two right triangles ABP and BPC. In both figures 
the sides ABy BC^ and the angle A belong at once to the oblique 
and the right triangles, and so does the angle BCA (fig. 2), or its 
supplement (fig. 3) ; while the angle ABC is the sum (fig. 2), or 
the difference (fig. 3), of ABP and PBC\ and the side ilC is the 
sum (fig. 2), or the difierence (fig. 3), of AP and PC. 

r. But, as even a series of right triangles, which should contain 
every variety of angle, would be unlimited, it could never be con- 
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stnicted or calculated. Fortunately, such a series is not required ; 
and it is sufficient for all practical purposes to calculate a series in 
which the successive angles differ only by a minute, or, at least, by 
a second. The other triangles can be obtained, when needed, by 
that simple principle of interpolation made use of to obtain the inter- 
mediate logarithms from those given in the tables. 
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CHAPTER II. 

SINES, TANGENTS, AND SECANTS. 

6. Confining ourselves, for the present, to right triangles, 
we proceed to introduce some terms, for the purpose of giving 
simplicity and brevity to our language. 

The Sine of an angle is the quotient obtained by dividing 
the leg opposite it in a right triangle by the hypothenuse. 

Thus, if we denote (fig. 4) the legs BC and AChj the letters a 
and }, and the hypothenuse AB by the letter A, we have 

sin. il = -r , sin. B=zr' (1) 

6. The Tangent of an angle is the quotient obtained by 
dividing the leg opposite it in a right triangle, by the adja- 
cent leg. 

Thus, (fig. 4), 

tang. il = |, tang. B = -. (2) 

7. The Secant of an angle is the quotient obtained by 
dividing the hypothenuse by the leg adjacent to the angle. 



Thus, (fig. 4), 



sec. ^ = T» sec. B = -. (3) 



8. The Cosine^ Cotangent, and Cosecant of an angle are 
respectively the sine, tangent, and secant of its complement. 

9. Corollary. Since the two acute angles of a right tri- 
angle are complements of each other, the sine, tangent, and 
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secant of the one must be the cosine, cotangent, and cosecant 
of the other. 

Thus, (fig. 4), 



sm. 



A = cos. S = T 



cos. A z= sin. 5 = r 



tang. A =z cotaa. -B = t 



cotan. A z= tang. B =z - 
sec. A = cosec. B = ■= 



cosec. A = sec. B =z - 

a} 



(4) 



10. Corollary. By inspecting the preceding equations (4), 
we perceive that the sine and cosecant of an angle are recip- 
rocals of each other ; as are also the cosine and secant, and 
also the tangent and cotangent. 



So that 



whence 



cosec. ilXsm. il = -XT = -T=l 
a h ah ' 

sec. A X cos. il=jXT = TT = l 

^ d h ab \ 

tang. A X cotan. il=YX-=-i:=l 
o a ao ' 



A ^ 'A In 

cosec. A =z -. 7, or sm. A = j- 

sm. A cosec. A 



sec. A =z 



'.y or cos.il = 



COS. A* ''* " ■ " sec. -4 

^1 ^1 

cotan. A = : 7, or tang, il z= r- 

tan.il ** cotan. -d^ 



(6) 



(6) 
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As soon, then, as the sine, cosine, and tangent of an angle are 
known, their reciprocals, the cosecant, secant, and cotangent, may 
easily be obtained. 

11. Problem. To find the tangent when the sine and co- 
sine of an angle are known. 

Solution. The quotient of sin. A divided by cos. A is, by equa- 
tions (4), 

sin. A a . h ah a 

COS. A h ' h hh b' 

But by (4), 



hence 



tang. -A = J ; 



M 8»n. A ,-. 



12. Corollary. Since the cotangent is the reciprocal of the 
tangent, we have 

. COS. A 
cotan. A =z -. — j-. (8) 

sin. ^ 

13. Problem. To find the cosine of an angle when its sine 
is known. 

Solution. We have, by the Pythagorean proposition, in the right 
triangle ABC (fig. 4), 

aa + 53 = h^. 
But by (4), 

(sin..l)3+(cos..i)'=p- + ,^=-^ = p-=l, 

or (sin. A)^ + (cos. A)^=l; (9) 

that is, the sum of the squares of the sine and cosine is equal 
to wiity. 

Hence (cos. A)^ =1 — (sin. A)\ 



COS. A=l^/\ — (sin. A)^. (10) 
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14. CoroUnry. Since 

A2 _ a2 = ft«, 
we have by (4), 

;^2 a« 1fi — a^ ^ 
(sec. i!)2-(tang. il)3 = -- p- = -^^ = p- z= 1, 

or (sec. AY — tang. Af = \', (11) 

whence (sec. A)^ = 1 + (tang. A)^. 

15. CoroUary, Since 

A3 — J« = «» 
we have by (4), 

(cosec. Af — (cotan. ii)2 = ^ — - = — ^^— = 1, 

or (cosec. A)^ — (cotan. AY=\\ ( 1^) 

whence (cosec. -4)^ = 1 -|- (cotan. A)K 

16. Scholium. The whole difficulty of calculating the 
trigonometric tables of sines and cosines, tangents and co- 
tangents, secants and cosecants is, by the preceding propo- 
sitions, reduced to that of calculating the sines alone. 

17. Examples. 

1. Given the sine of the angle -4, equal to 0.4568, calculate its 
cosine, tangent, cotangent, secant, and cosecant. 
Solution, By equation (10) 



cos. A = Vl — (sin. Ay^ =. \/(l + sin. A) (1 — sin. ^1). 
1 4- sin. A = 1.4568 0.16340 

1 — sin. A == 0.B432 i.73496 

(cos. A)^ 2^89536 

cos. A = 0.8896 
By (7) and (8), 



9^4918 



. sin. A . cos. A 

tang. A =z 7, cotan. A =. ^. 

COS. A sm. A 
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sin. A = 0.4568 9.65973 (ar. c6.) 10.34027 
COS. A = 0.8896 (ar. co.) 10.05082 9.94918 



ang. A z=. 0.5135 




9.71065 (ar. co.) 10.28945 
cotan. A = 1.9474. 


By (6), 






sec 4- ^ 




. ^ 1 
cosec. A = -: — J- 
sm. A 


^""^ ^ - COS. A' 


log. sec. A = 


— 


log. COS. A = O.95O82, 


sec. 


A 


= 14241, 


log. cosec. A -=. 


— 


. log. sin. A = 0,34027, 



cosec. A = %1891. 

2. Given sin. il = 0.1111 ; find the cosine, tangent, cotangent, 
secant, and cosecant of A, 

Ana. COS. A = 0.9938 
tang. A = 0.1118 
cotan. A = 8.9452 
sec. A = 1.0062 
cosec. A = 9.0010 

3. Given sin. A =. 0.9891 ; find the cosine, tangent, cotangent, 
secant, and cosecant of A, 

Ans. cos. * A = 8.1472 
tang. A = 6.6173 
cotan.il = 0.1489 
sec. A = 6.7935 
cosec.il = 1.0110 

18. Theorem. The sine of an angle is equal to the perpen- 
dicular let fall from one extremity of the arc, which measures 
it in the circle, whose radius is unity , upon the radius passing 
through the other extremity. 

Proof. Let BCA (fig. 5) be the angle, and let tbe radius of the 
circle ilBil'il be * 

AC =1 unity := 1. 
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Let fall, on the radius ACy the perpendicular jBP, and we have by 
^ 5, in the right triangle BCP^ 



19. Theorem. In the circle of which the radius is unity^ 
the cosine of an angle is equal to the portion of the radius^ 
which is drawn perpendicular to the sine^ included between the 
sine and the centre. 

Proof. For if BCA (fig. 5) is the angle, we have, by ^ 9, 

COS. BCA = ^=^=CP. 
JjC 1 

20. Theorem. In the circle of which the radius is unity, the 
secant is equal to the length of the radius drawn through one 
extremity of the arc which measures the angle, and produced 
till it meets tfie tangent drawn through the other extremity. 

The trigonometric tangent is equal to that portion of the tanr 
gent, drawn through one extremity of the arc, which is inter-' 
cepted between the two radii which terminate the arc. 

Proof. If CB (fig. 5) is produced to meet the tangent A at T, we 
have, by (2) and (3), in the right triangle ACTj 

sec.BCA=^ = ^=CT 

AT AT 

Ume.BCA = ^=^ = AT. 

21. Scholium* The preceding theorems (18-20), have 
been adopted by most writers upon trigonometry, as the 
definitions of sine, cosine, tangent, and secant, except that 
the radios of the circle has not been limited to unity. [B. 
p. 6.] 

By not limiting the radius to unity, the sines, &c. have not been 
fixed values, but have varied with the length of the radius ; whereas 
their values, in the system here adopted, are the fixed ratios of their 
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values as ordinarily given to the radius of the circle in which they 
are measured. Thus, if jR is the radius, we have 

sin., COS., &c. in the common system = jR X sin., cos., &c. 
in this system. 

22. Corollary. If the angle is very small, as C (fig. 6), the arc 
AB will be sensibly a straight line, perpendicular to the two radii 
CA and C-B, drawn to its extremities, and will sensibly coincide with 
the sine and tangent ; while the cosine will sensibly coincide with 
the radius CA^ and the secant with the radius CB, 

Hence, the sine and tangent of a very small angle are nearly 
equal to the arc which measures the angle, in the circle the 
radius of which is unity ; and its cosine a?id secant are nearly 
equal to unity. 

23. Problem, To find the sine of a very sm^ll angle. 

Solution. Liet the angle C (fig. 6) be the given angle, and sup- 
pose it to be exactly one minute. The arc AB must in this case be 
Tishju of t^® semicircumference, of which unity or CA is radius. 
But the value of the semicircumference, of which unity is radius, has 
been found in Geometry to be 3.1415926. Therefore, by § 22, 

sin. V = AB= ^'\V^^^ = 0.000290888. ( 13) 

In the same way wc might find the sine of any other small angle, 
or we might, in preference, find it by the following proposition. 

24. Theorem. TTie shies of very small angles are proper^ 
tional to the angles themselves. 

Proof. Let there be the two small angles, BCA and B'CA 
(fig. 7). Draw the arc ABB' with the centre C, and the radius 
unity. Then, as angles are proportional to the arcs which measure 
them, 

BCA:B'CA = BA:B'A. 
But, by § 22, 

sin. BCA = BAy sin. BCA = B'A ; 
whence 

BCA : B'CA = sin. BCA : sin. BCA. 
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a. This proposition is limited to angles so small, that their arcs 
may be considered as straight lines. It is found in practice, that the 
angles may be as large as two degrees, provided the approximations 
are not carried beyond five places of decimals. The investigation 
of the sines of larger angles requires the introduction of some new 
formulas. 

25. Corollary, It follows from the preceding theorem, that 

sin. x=zx sin. 1', \ (14) 

provided that x m the second member is expressed in minutes. But 
if c is expressed in seconds, we have 

sin. xi!= X sin. I"; (15) 

and if X is expressed in terms of the arc which measures it in the 
circle, whose radius is unity, 

sin. a;=ra;; (16) 

and each of these difierent notations may be used at pleasure. 

26. Examples. 

1. Find the sme of 12' 13", knowing that 

sin. 1'= 0.00029. 

Solution. By (14) 

1': 12' 13" :: sin. 1': sin. 12' 13", 
or 

60" : 733" : : 0.00029 : sin. 12' 18". 

Hence 

,i„. u> 13«=I?L><;?:20^ = 0.00354. An,. 

OU 

2. Find the sine of 7' 15", knowing that 

sin. 1' = 0.00029. 

Ans. sin. 7' 15" = 0.002ia 

3. Find the sine of 2' 31", knowing that 

sin. 1' = 0.00029. 

Ans. sin. 2' 31" = 0.00073. 
3 ^ 
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27. Problem. Given the sine of any angle, to fini the sine 
of another angle which exceeds it by a very small quantity. 

Solution. Let the given angle be BCA (fig. 8), which we will 
denote by the letter M; and let the angle whose sine is required be 
B'CAj exceeding the former by the small angle B'CB^ which we 
will denote by the letter m ; so that 

M=iBCA, m=:B'CB, 

M+m=B'CA. 

From the vortex C a8>^ centre, with the radius unity, describe the 
arc ABB'. From the points B and B\ let fall BP and BT' per- 
pendicular to AC. 

We have, by § 18 and 19, 

sin. M=BP 
sin. B'CA = sin. ( Af + m) = BP' 
cos. ^= BC\ 
Draw BR perpendicular to BP'^ and 

BP^BP + B'R, 
or 

sin. (JIf. + m) = sin. M+ B'R. 

The triangles BCP and BB'R^ having their sides perpendicular 
each to each, are similar, and give the proportion 

BCiBB' = CPiBR. 
But, by § 82, 

BB' = sin. 01. 

Hence 

1 : sin. m = cos. M: B'R ; 
and RR = sin. m . cos. Jtf, 
which gives, by substitution, 

sin. {M-\' tn) = sin. Jtf-j- sin. m. cos. M. (17) 

28* Corollary. If tn were T, (17) would become by (13) 
(f sin. (Af-j- 1') = sin. Af -|- sin. 1' . cos. Jf, 

= sin. M + 0.00029 cos. M. ( 18) 

We may, by this formula, find the sine of 2' from that of T, 



i 
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thence that of 3\ then of 4', of 5\ ^. to the sine of an angle of any 
numher of degrees and minutes. 

29. Corollary, We can, in a similar way, deduce the value of 
COS. (If + 1»). 
For, by § 19, 

COS. (ilf + m) = FC = PC— PP\ 
= COS. M— BR. 
But the similar triangles BB*R and BCP give the proportion 

BC:BB' = BP:BR, 

or 

f 1 : sin. m = sin. M : BR. 

Hence 

BR = sin. m . sin. JIf, 
whence 

COS. (If 4~ ^) = ^^« -^ — ^^* ^ * ^"^« ^9 (^^) 

and, if we make m = T, this equation becomes 

COS. {M V) = cos. JIf — sin. 1' . sin. Jf, 

= cos. ilf— 0.00029 sin. JIf. (20) 

30. Examples. 

1. Given the sme of 29" 28' equal to 0.39JB22, to find the sine of 
29*29'. 

SolvUion. We find the cosine of 23** 28' by (10) to be 
cos. 23^ 28':= 0.91729. 
Hence, by (18), making Jlf= 23** 28' 
sin. 23** 29' = sin. 23** 28' + 0.00029 cos. 23** 28', 
= 0.39822 + 0.00026, 

= 0.39848. 

Ans. sin. 23** 29' = 0.39848. 

2. Given the sine and cosine of 46** 58' as follows, 

sin. 46** 58' = 0.73096, cos. 46** 58' = 0.68242, 
find the sine and cosme of 46^ 59'. 

Ans. sin. 46** 59' = 0.73116, 
COS. 46'' 59' = 0.68221. 
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3. Given the sine and cosine of IV 10' as follows, 

sin. IV W = 0.19366, cos. ir 10' = 0.98107, 
find the sine and cosine of 11^ 11'. 

sin. ir 11' = 0.19395. 
Ans. cos. ir 11'= 0.98101. 

31. By the formulas here given, a complete table of sines 
and cosines might be calculated. Such tables have been 
actually calculated ; and table XXIY. of the Navigator is 
such a table ; their logarithms are given in table XXYIL of 
the Navigator. 

The sines, cosines, &c. of table XXIV. are called natural^ to 
distinguish them from their logarithms, which are sometimes called 
their artificial sines, cosines, &c. 

The radius of table XXIV. is 

105 — 100000, 
so that this table is, by ^ 21, reduced to the present system by 
dividing each number by 100000, that is, by prefixing the decimal 
point to each of the numbers of the table. 

The radius of table XXVII. is 

W^ = 10,000,000,000, 

so that this table is reduced to the present system by subtracting 
from each number the logarithm of this radius, which is 10, that is, 
by subtracting 10 from each characteristic. 

The method of using these two tables is fully explained in pp. 33- 
35, and p. 390, of the Navigator. * 
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CHAPTER III, 

BIGHT TRIANGLES. 

32. Problem. To solve a right triangle, when the hypoth^- 
enuse and one of the angles are known. [B. p. 38.] 

Solution. Given (fig. 4) the hypothenuse h and the angle A^ to 
solve the triangle. 

First. To find the other acute angle B, subtract the given angle 
from 90**. 

Secondly. To find the opposite side a, we have by (1), 

Sin. -4 =: Y, 
a 

which, multiplied by A, gives 

a =1 A sin.il; (21) 

or, by logarithms, 

log. a = log. h -|- log. sin. A. 
Thirdly, To find the side ft, we have by (4) 

. h 

COS. -A = Ti 

n 
which, multiplied by A, gives 

h=zh COS. A ; (22) 

or, by logarithms, 

log. b =z log. A -j- log. COS. A. 

33. Problem. To solve a right triangle, when a leg and the 
opposite angle are known. [B. p. 39.] 

Solution. Given (fig. 4) the leg a, and the opposite angle A^ to 
solve the triangle. 

First. The angle B is the complement of A. 
2» 
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Secondly, To find the hypothenuse A, we have by (21) 
a = A sin. Ay 
which, divided by sin. il, gives by (6) 

n 

h = -, 7 = a cosec. A ; (23) 

sin, -4 ^ ' 

or, by logarithms, 

log. h =: log. a -f- (ar. co.) log. sin. A 

=z log. a -f- log. cosec. A. 

Thirdly. To find the other leg &, we have by (4) 

cotan. -4 = -, 
a 

which, multiplied by a, gives 

b =: a cotan. il ; (24) 

or, by logarithms, 

log. b = log. a -f- log. cotan. A, 

34. Problem. To solve a right triangle^ when a leg and the 
adjacent angle are kmnon. [B. p. 39.] 

Solution. Given (fig. 4) the leg a and the angle i3, to solve the 
triangle. 

First. The angle A is the complement of B. 

Secondly. The other parts may be found by (23) and (24), or 
from the following equations, which are readily deduced from 
equations (4) and (6), 

A = ^ p = a sec. By (25) 

COS. B. ^ ' 

d = atang. B; (26) 

or, by logarithms, 

log. A = log. a 4- log. sec. By 
log. b = log. a -f- log. tang. B. 

35. Problem. To solve a right triangle^ when the hypothe- 
nuse and a leg are known. [B. p. 49.] 

Solution* Given (fig. 4) the hypothenuse A and the leg a, to solve 
the triangle. 
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First. The angles A and B are obtained from equation (4), 

sin. A = cos. J5 = -- ; (27) 

h 

or, by logarithms, 

log. sin il = log. COS. B = log. a -j- (ar. co.) log. A. 

Secondly, The leg h is deduced from the Pythagorean property 

of the right triangle, which gives 

a^ + b^^h^, (28) 

whence 

i2 = A2_a2=(A + a)(A — a), 

h = V(A« - a«) = \/[(A + «)(*- «)] ; (29) 

by logarithms, 

log. h = i log. (A2_a9) = J [log. (A + a) + log. {h — a)]. 

36. Problem. To solve a right triangle^ when the two legs 
are known. [B. p. 40.] 

Solution. Given (fig. 4) the legs a and J, to solve the triangle. 
First. The angles are obtained from (4) 

tang. ils=cotan. B = |-; (30) 

or, by logarithms, 

log. tang. A = log. cotan. B = log. a -j- (ar. co.) log. h. 

Secondly. To find the hypothenuse, we have by (28) 

A = V(a3 + 52). (31) 

Thirdly. An easier way of finding the hypothenuse is to make 
use of (23) or (25) 

h^= a cosec. A:= a sec. B ; (32) 

or, by logarithms, 

log. h = log. a -j- log, cosec. A = log. a + log* sec. B. 

37. Examples. 
1. Given the hypothenuse of a right triangle equal to 49.58, and 
one of the acute angles equal to 54® 44' ; to solve the triangle. 

Solution. The other angle = 90** — 54® 44' = 35® 16', Then 
making h = 49.58, and A = 54® 44' ; we have, by (21) and (22), 
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A = 49.58 1.69531 1.69531 

A = 54''44' •sin. 9.91194 cob. 9.76146 



= 40.481 1.60725; J = 28.627 1.45677 

Ans. The other angle = 35* 16' ; 

rp. , ^ _ i 40.481 
The legs = I 3Q g2^ 

2. Given the hypothenuse of a right triangle equal to 54.571, and 
one of the legs equal to 23.479 ; to solve the triangle. 

Solution. Making A = 54.571, a = 23.479; 
we have, by (27), 

a = 23.479 1.37068 

h = 54.571 (ar. co.) 8.26304 



9.63372 



A = 25^ 29' sin. 1 

B=:64r 31' cos. ] 

By (29), 
h + a = 78.050 1.89237 
h—a=z 31.092 1.49265 



^ 2 I 3.38502 

h = 49.262 1.69251 

Ans. The other leg = 49.262 

The angles ={^5 ^5; 

3. Given the two legs of a right triangle equal to 44.375, and 
22.165; to solve the triangle. 

Solution. Making a = 44.375, h = 22.165 ; we have 

a = 44.375 1.64714 1.64714 

h = 22.165 (ar. co.) 8.65433 

il = 63« 27' 28" tang. ) 1030147. ^^^-X 10 04837 
B =z 26** 32' 32' cotan. } ^^-^^^^ » sec. f ^^'^^^ 

h = 49.603 1.69551 

Ans. The hypothenuse = 49.603 

rj.. , ( 63** 27' 28' 

The angles = I 2^032,32// 

* To avoid negative characteristics, the logarithms are retained as in the 
tables, according to the usual practice with the logarithms of decimals, as in 
B., p. 29. 
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4. Given the hypothenuse of a right triangle equal to 37.364, and 
one of the acute angles equal to 12^ 30' ; to solve the triangle. 

Ans. The other angle = 77** 30' 

The legs ={3®;J5J 

5. Given one of the legs of a right triangle equal to 14.548, and 
the opposite angle equal to 54** 24' ; to solve the triangle. 

Ans. The hypothenuse = 17.892 
The other leg = 10.415 
The other angle = 35* 36' 

6. Given one of the legs of a right triangle equal to 11.111, and 
the adjacent angle equal to 11* 11'; to solve the triangle. 

Ans. The hypothenu^ =z 11.326 
The other leg = 2.197 
The other angle =78*49' 

7. Given the hypothenuse of a right triangle equal to 100, and 
one of the legs equal to 1 ; to solve the triangle. 

Ans. The other leg = 99.995 

The angles =={q5:||^ 

8. Given the two legs of a right triangle equal to 8.148, and 
10.864 ; to solve the triangle. } 

Ans. The hypothenuse = 13.58 

^c oncrloo (36* 52' 11" 

Ihe angles = | ^o pj, ^q„ 
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CHAPTER IV. 

GENERAL FORMULAS. 



38. The solution of oblique triangles requires the introduction of 
several trigonometrical formulas, which it is convenient to bring 
together and investigate all at once« 

39. Problem. To find the sine of the sum of two angles. 

Solviion. Let the two angles be BAC and B'AC (fig. 9), repre- 
sented by the letters M and N. At any point C, in the line AC^ 
erect the perpendicular BE'. From B let fall on AB' the perpen- 
dicular BP. Then represent the several lines as follows, 

a = BC, a' = B'Cy h ^ AC 
h=zAB,h' =AB\x=BP 
M =^ BAC, N = B'AC. 
Then, by (4), 



sin. BAC = sin. M = t> 




cos. ^ = Ti 


M * 
C08.JV-4, 


sin. BAP = sin. {M + N) 


BP X 


AB h' 



Now the triangles BPB' and B'AC^ being right-angled, and 
having the angle B' common, are equiangular and similar. 
Whence we derive the proportion 

AB' : BB' = AC : BP, 

or 

A' : a -[- a' = J : a: ; 

whence 

ah + a'h 

* = — ji; — »• 

and 

• / Ti>r I nrx * ab + a'b 
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. The second member of this equation may be separated into 
factors, as follows/ - '* 

.i..(lf+W)=ii, + ^, 

a h h a' 

whence, by substitution, we obtain 

sin. (Jif + 2V) = sin, ^cos. JV+ cos. M sin. N. (33) 

40. Problem. To find the sine of the difference of two 
angles. 

SqMion. Let th^ two angles be J9^C and B'AC (fig. 10), repre* 
sented by M and N. At any point C in the^line AC erect the 
perpendicular BB'C. From B let fall on AB' the perpendicular 
BP. Then, using the notation of § 39, we have 

. sin. BAP =z sin. (itf — 2V) =^ = | . 

The triangles B^AC and BB'P are similar, because they are right- 
angled, and the angles at B* are vertical and equal. 

Whence 



or 
whence 

and 



AB'iBB^^ACiBP, 



ah — a'h 




«= ■ 



ab—ha' 



hhf 



sin. (JJf— 2V) = ^ = 

ab ba! 



_a b b a! 

and by substitution, 

sin. ( JIf — N) = sin. M cos. N — cos. M sin. N. 



(34) 
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41. Problem. To find the cosine of the sum of two angles. 
Solution. Making use of (fig. 9), with the notation of % 39, and 
also the following 

we have 

C08.(M+i^)=^=f. 

But ' ^ 

y = AB' — PB'z=ih'—%. 

The similar triangles BPB' and B'AC^ give the proportion 

AB''.BB* = B'CiB'P, 

or 

A' : a + «' = <»':« ; 
whence 

^aa' + a'^ 



A' ' 




and 




y = h'—z=h' ^— 




A'S _a'2_aa' 




~ A' 




But, from the right triangle AB'Cj 




A'S _ 0-9 = {AB')^ — (B'C)2 = {AC)' = 


= 8«; 


whence 




» = — = 





and 



y ^9 — aa' 



~AA' AA'' 

~A*A' A" A'"' 
whence by substitution, ^' 

coa.{M-{-N) = coa.McoB.N — sin. JIf sin. JV. (36) 
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4SS. Problem. To find the cosine of the difference of two 



Solution, Making use of (fig. 10) with the notation of the pre- 
ceding section, we have 

COS. BAB' = COS. (itf — iV) = ^ = |. 

But y = ilB' + PB' = A' + «• 

The similar triangles BB'P and B'AC give the proportion 

AB' : BB' = B'C : BP, 
or hi \ a-T-a! zn a' iz\ 

, a a' — a'* 
whence % = r; , 

and y = A' + % = A' + ^ ^^ ^ 

_ A^ — g^ + aa^ 

But , A'S — a'S = i2. 
Hence y = J-; , 



and 



C08.(Jlf-JV) = | = _^ 



"" AV + AA' 

h J g a' 

""A'A' + A'A'' 

or, by substitution, 

cos, (Jtf — N) = COS. Jlf COB. 2V+ sin. itf sin. 2V1. (86) 

"^ 

43. Corollary. The similarity, in all but the signs, of the for- 
mulas (33) and (34) is such, that they may both be written in the 
same form, as follows, , 

sin. (Ar± iV) = sin. Jlf cos. JY± cos. Jtf sin. JY, (37) 
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in which the upper signs correspond with each other, and also the 
lower ones. 

In the same way, by the comparison of (35) and (36), we are led 
to the form 

COS. (3f ± IV) = cos. M COS. iV =F sin. Jf sin. iV, (38) 

in which the upper signs correspond with each other, and also the 
lower ones. 

44. CaroUary, The sum of the equations (33) and (34) is 

sin. {M+N) + Bm.{M — N) = 2 sin. itf cos. N. (39) 
Their difference is 

sin. {M+N) — sin. {M — N) z= 2 cos. Jlf sin. JY. (40) 

45. Corollary. The sum of (35) and (36) is 

COS. {M+N)+ COS. {M—N) = 2 cos. M cos. K (41) 
Their difference is 

COS. {M—N) — COS. ( JIf + JY) = 2 sin. M sin. N (42) 

■46. Corollary. If, in (38-42), wo make 

M+N=iA, nMdM—N=B; 
that is, 

M:^i{A-\-B), N=i{A-B); 

they become, as follows, 

sin. il + sin. B = 2 sin. i {^ + B) cos. i {A — B) (43) 
sin. A — sin. B = 2 cob. i {A + B) sin. i{A — B) (44) 
cos. A+cos.Bz=2cos.i{A + B) cos. i{A — B) (45) 
COS. J? — COS. A = 2 sin. i{A + B) sin. i{A — B). (46) 

47. Corollary. The quotient, obtained . by dividing (43) by 
(44), is 

sin. A -|- sin. B sin. i {A -\- B) cos. } {A — B) 

sin. A — sin. JB "^ cos. ^{A'^B) sin. } {A — B)' 



'' -■ f 



\ 



.y 
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Reducing the second member by means of equations (6), (7), (8), 
we have 

^4±«^ = t-ng. i (iH- B) cotao. n^ - B) 

_ tang. ^{A-\-B) _ cotan. ^ (^ - .g) 

~ tang. ^(A — B)~ cotan. ^{A-\-By ^ ' 

48. Corollary. The quotient of (46) divided by (45) is, by re- 
duction, > 

' COS. B — COB. A ^ , / A , ■D\ ^ tit ■D\ 

_ \ai^.i( A + B) _ tang. i(A — B) . . 

~&AaB.i{A—B)~cotaa.i{A + B)' ^ ' 

49. CoroUary. Putting in (33) and (35), AT and iV each equal to 
A, we obtain 

sin. 2 A=: sin^il cos. -f- sin. A cos. A s=2 sin. A cos. A (49) 

«osl 2 il = COS. A COS. A — sin, A sin. A 

= (cos. A)^ — (sin. il)», (50) 

50. Corollary, The sum of (50), and of the following equation, 
which is the same as (9), 

^ 1 =r= (cos. Af + (sin. A)\ 

is 1 + cos. 2 -4 == 2 (cos. il)«. . (51) 

Their difference is 

1 — cos. 2 ^ = 2 (sin. Ay. (52) 

61. Corollary. Making 2 -A = C, or C = ^ il, in (49-52), we 
obtain 

sin. C = 2 sin. i C COS. } C (53) 

COS. C = (cos. J Cf — (sin. J C7)a (54) 

1 + cos. C = 2 (cos. i C)» (56) 

1 — COS. C = 2 (sin. J C)«. (56) 
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The equations (55) and (56) give 

COS. i C = V [i (1 + COS. C)] (57) 

sin. jC = V[i(l — COS. C)] (58) 

, ^ i 1 — COS. C\ ,^^^ 

tang.JC = V(i-_p^^). X (59) 

52. Problem. To find the tangent of the sum and of the 
difference of two angles. 

Solution, First. To find the tangent of the sum of two angles, 
which we will suppose to he M and Ny we have from (7), 

/T.>r . TiTx sin. Jtf(+iV) 
^g'<^+^> = cos,(itf+iV) '. 

Suhstituting (33) and (35), 

&• V "T ^ — COS. Jkf cos. N — sin. M. sin. N' 

Divide every term of hoth numerator and denominator of the second 
memher by cos. JIf cos. N; 

sin. M COS. N ^. cos. M sin. N 
/ HM- I TiT\ cos, M cos. JV "* COS. M cos. iV 

tang. IM+ N)= j^r ^r= : =^=— ^ =r=, 

"^ ^ ' ' COS. M C OS. JV sm. M sm. IT 
COS. Jtf COS. N COS. 3f cos. iV 

sin. M . sin. JV 



+ 



COS. M cos. JV 

- sin. M sin. JV * 
cos. M' cos. JV 

which, reduced by means of (7), becomes 

*,- . *rv tang. M 4- tang. JV .^^. 

Secondly. To find the tangent of the difference of M and JV. 
Since by (7) 



/■^ TiTx jin. (Jtf — JV) 
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a bare inspectioo of (37) and (38) shows that we have only to 
change the signs, which connect the terms in the value of tang. (Af 
-f- N) to obtain that of tang. (Jlf — N). This change, being made 
in (60), produces 

53. Corollary, As the cotangent is merely the reciprocal of the 
tangent, we have, by inverting the fractions, from (60) and (61), 



cotan. (AT -j- 2V) = 



1 — tang. M tang. N 
tang. M 4- tang. N ' 



(62) 



cotan. (M-.Zy) = \+^°f-^^°g-^ . (68) 

^ ' tang. M — tang. N ^ ' 



64. Corollary. Make M=N =z A, in (60) and (62). They 
become 



tang. 2 A 



„ 2 tang. A 
"l — (tang. -4)3' 

^ ^ A 1 — (tang. il)9 
cotan.2il =z — -^ — ^ ^ ^ , 
2 tang.il 



(64) 
(65) 
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69- Problem. To find the sine, ^d. of ^\ 

Solution. Make = 90'' in (57) and (58). They become, by 
means of (66), 

COS. 45^ = V[J (1 + COS. 90^)] = VJ (86) 

sin. 45^ = V[i (1 — COS. 90**)] = V J = cos. 45'. (87) 

Hence, from (6) and (7), 

tang. 4y = i^^i:4£.==l (88) 

® cos. 45'' ^ ^ 

cotan.45^ = ^--3- = 1 = tang. 45* (89) 

tang. 45" ° ^ ' 

sec. 45" = L^ = ^ = ^2 (90) 

cos. 45" V J ^ ' 

cosec.45" = . \^^ = -4t = \/2 = sec. 45". (91) 
sm. 45" V ^ ^ ' 

60. Problem. To find the sine, ^c. of 30" and 60". 

Solution. Make il = 30" in (49). It becomes, from the consid* 
eratioQ that 30" and 60" are complements of each other, 

sin. 60" = COS. 30" = 2 sin. 30" cos. 30". 

Dividing by cos. 30", we have 

1=2 sin. 30", 

or sin. 30" = J = cos. 60" ; (92) 

whence, from (6), (7), and (10), 

COS. 30" = sin. 60" = V(l — i) = i \/3 (93) 

tang. 30- = cotan.60' = ^-L_. = -L = ^^ (94) 

cotan. 30*^ = tang. 60° = -^ = ^S (95) 

1 2 

sec. 30" = cosec. 60** = -— ^ = — — (96) 

cosec. 30"" = sec. 60" = — = 2. ' (97) 

i 
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61. Problem. To find -the sincj ifc. of the supplement of cm 
angle. 

Solution. Make Jtf= 180^ in (34) and (36). They become, by 
means of (72) and (73), 

(sin. 180° —N)=z sin. 180" cos. N— cos. 180° sin. JY= sin. N (98) 

cos.(180° — JV) =cos. 180° COS. iV+ sin. 180°sin. JV=— cos.iV,(99) 

whence, from (6) and (7), 

tang. (180» — iV) = — tang. N (100) 

cotan. (180° — N) =z — cotan. N (101) 

sec. (180° — 2V) = — sec. N (102) 

cosec. ( 180° —N)z= cosec. N\ ( 103) 

that is, the sine and cosecant of the supplement of an angle 
are the same with those of the angle itself; and the cosine^ tan* 
gentj cotangent, and secant of the supplement are the negative 
of those of the angle. 

62. Corollary. Since, when an angle is acute its supple- 
ment is obtuse, it follows, {torn the preceding proposition, that 
the sine and cosecant of an obtuse angle are positive, while its 
cosine, tangent, cotangent, and secant are negative. 

This proposition must be carefully borne in mind in using the 
trigonometric tables, as it affords the means of discriminating be- 
tween the two angles which are given in B. Table XXVII, and of 
deciding which of these two angles is the required one. 

63. Corollary. The preceding corollary might also have been 
obtained from (33) and (35). For by making M=i 90°, we have 
by (66) and (67) 

sin. (90° + N)=z cos. N (104) 

COS. (90° + iV) = — sin. iV; (105) 
whence, by (6) and (7), 

tang. (90° + i\r) == — cotan. 2V (106) 
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cotan. (DO** + JV) = — tang. N (107) 

sec. (90' + iV) = — cosec. iV (108) 

cosec. (90" + N)= sec. 2V; (109) 

that is, the sine and cosecant of an angle, which exceeds 9(Pj 
are equal to the cosine and secant of its excess above 90^, while 
its cosine, tangent, cotangent and secant are equal to the nega^^ 
live of the sine, cotangent, tangent, and cosecant of this excess, 

64 Problem. To find the sine, ^c, of a negative angle. 

Solution. Make 1^=, 0° in (34) and (36). They become, by 
means of (66) and (67), 

sin. (_JV) = _8in. N (110) 

COS. ( — iV)= COS. JV^; (111) 
whence, from (6) and (7), 

tang. ( — JV^) = — tang. N (112) 

cotan. ( _ iV^) = — cotan. N (118) 

sec. { — N)= sec. N (114) 

cosec. ( — iV) = — cosec. iV; (115) 

so that the cosine and secant of the negative of an angle are 
the same with those of the angle itself; and the sine, tangent^ 
cotangent, and cosecant of the negative of the angle are the 
negative of those of the angle. ^ 

65. Problem. To find the sine, Sfc. of an angle which cx- 
ceeds 180°. 

Solution. Make M = 180° in (33) and (35). They become, by 
means of (72) and (73), 

sin. (180" + JV) = — sin. N (116) 

COS. (180- + iV) = — COS. Ni (117) 
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whence, from (6) and (7), 

tang. (180° + IV) - tang. N (118) 

cotan. ( 180** + N) z=: cotan. JV (119) 

sec. (180'' + IV) = — sec. N (120) 

cosec.(180' + IV) = — cosecIV; (121) 

that is, the tangent and cotagent of an angle^ which exceeds 
180^, are eqy^l to those of its excess above 180^ ; and the sine^^ 
cosincy secantj and cosecant of this angle are the negative of 
those of its excess, 

66. Corollary. If the excess of the angle above 180^ is 
less than 90°, the ansle is contained between 180^ and 
270° ; so that the tangent and cotangent of an angle which 
exceeds 180°, and is less than 270°, are positive; while iti 
sinej cosine^ secant^ omd cosecant are negative, 

67. CoroUary. If the excess of the angle above 180^ is 
greater than 90^ and less than- 180**, the angle is contained 
between 270° and 360® ; so that, by § 65 and 62, the cosine 
and secant of an angle which exceeds 270® and is less than 
360°, is positive ; while its sine^ tangent^ cotangent^ and cose- 
cant are negative. ^ 

%■ 

68. CoroUary. Th^ results of the two preceding corollaries might 
have been obtained from (34) and (36). For by makbg M=z 360°, 
we have, by ^ 58, 

■m. (360« — JV) =z — sin. N (122) 

COS. (360' — N)=s cos. N; (123) 

whence, by (6) and (7), 

tang. (360" — JV) = — tang. JV (124) 

cotan. (360° — JV) = — cotan. JV ( 125) 

sec. (360° — JV)= sec. JV (126) 

cosec. (360° — JV) = — cosec. JV ; ( 127) 
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that is, the cosine and secant of an angle are the same with 
those of the remainder after svbtra>cting the angle from 360°; 
while its siney tangent, cotangent, and cosecant are the negative 
of those of this remainder. 

69. Problem. To find the sine, Sfc. of an a/ngle which ex- 
ceeds 360o. 

Solution. Make M=: 360* in (33) and (35). They become, by 
means of (84) and (85), 

sin. (360° -f iV) = sin. N (128) 

COS. (360'' + JV^) = COS. Ni (129) 

that is, the sine, Sfc. of an angle which exceeds 360^ are equal 
to those of its excess above 360^. ijj 

70. Theorem. The sine, tangent, and secant of an acute 
angle increase with the increase of the angle; the cosine, co' 
tangent, and cosecant decrease. 

Proof I, The excess of the sine of JIf -|- 1» over the sine of M 
is, by (17), equal to sin. m cos. M, which is a positive quantity when 
M is acute ; and, therefore, the sine of the acute angle increases 
with the increase of the angle. 

II. The excess of cos. M over cos. (JIf + m) is, by (19), equal to 
sin. m sin. M, which is a positive quantity ; and, therefore, the cosine 
of the acute angle decreases with the increase of the angle. 

III. The tangent of an angle is, by (7), the quotient of its sine 
divided by its cosine. It is, therefore, a fraction whose numerator 
increases with the increase of the angle, while its denominator de- 
creases. Either of these changes in the terms of the fraction would 
increase its value ; and, therefore, the tangent of an acute angle 
increases with the increase of the angle. 

IV. The cosecant, secant, and cotangent of an angle are, by (6), 
the respective reciprocals of the sine, cosine, and tangent. But the 
reciprocal of a quantity increases with the decrease of the quantity, 



$ 71.] PARTICXrZJiR 7ALirE9 OF S^NPS, ETC. S7 

and the reverse. It follows, then, from the preceding demonstra- 
tions, that its secant increases with the increase of the acute angle, 
while its cosecant and cotangent decrease. 

71. Theorem. The absolute values {neglecting their signs) 
of the sine, tangent and secant of an obtuse angle decrease 
with the increase of the angle; while those of the cosine, co* 
tangent, and cosecant increase. 

Proof. The suj^lement of an obtuse angle is an acute angle, of 
which the absolute values of the sine, &c. are, by ^ 61, the same as 
those of the angle itself. But this acute angle decreases with the 
increase of the obtuse angle, and at the same time its sine, tangent, 
and secant decrease, while its cosine, cotangent, and cosecant in- 
ciease. 
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CHAPTER VI. 

OBLIQUE TRIANGLES. 

72. Theorem. The sides of a triangle are directly 'propor- 
tional to the sines of the opposite angles, [B. p. 13.] 

Proof, In the triangle ABC (iigs. 2 and 3), denote the sides op- 
posite the angles -A, J?, C, respectively, by the letters a, 5, c. We 
are to prove that 

sin. A : sin. B : sin. C :=i a\h i e. i}^) 

From the vertex B^ let fall on the opposite side the perpendicular 
BP^ which we will denote by the letter p. Then, in the triangle 
BAP, we have by (1) 

. ' BP p 

or p = c sin. A (^^U 

Also, in the triangle BPC, we have, by (1) and (98), and from the 
consideration that JB CP is the angle C (fig. 2), and its supplement 
(fig- 3), 

sin. BCP = sin. C = -=^ = A 
Jo L a 

or p =z a sin. C. (132) 

Comparing (131) and (132), we have 

c sin. Azu a sin. C, 
which may be converted into the following proportion, 

sin. A : sin. Cz:i a: c. 
In the same way, it may be proved that 

sin. A : sin. B = a : 5 ; 
and these two proportions may be written in one as in (130). 
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73. Problem. To solve a triangle, when one of its sides 
and two of its angles are known. [B. p. 41.] 

Solution. First. The third angle may be found by subtracting 
the sum of the two given angles from 180". 

Secondly. To find either of the other sides, we have only to make 
use of a proportion, derived from ^ 72. As the sine of the angle 
opposite the given side is to the sine of the angle opposite the re- 
quired side, so is the given side to the required side. Thus, if a 
(fig. 1) were the given and h the required side, we should have the 
proportion. 

sin. A : sin. B =: a : h; 

whence by (6) 

, a sin. B . »» ^ y*^«v 

= — ; — 2~ = ^ sm. B cosec. A. (133) 

sin. jA. 

74. Examples. 

1. Given one side of a triangle equal to 22.791, and the adjacent 
angles equal to 32" 41' and 47" 64' ; to solve the triangle. 

Solution. The other angle = 180" — (32" 41' + 47" 54') = 
99^ 25'. 



By (133) 








99' 25' cosec. 


10.00589 




10.00589 


32" 41' sin. 


9.73239 


47" 54' sin. 


9.87039 


22.791 


1.35776 




1.35776 



12.475 •1.09604; 17.141. •1.23404 

Ans. The other angle = 99" 25' 

12.475 



!1Q 475 
17 141 



* 20 is subtracted from each of these characteristics, because the two sines 
and cosecant were taken from the tables without any diminution^ as required 
by i 30. 
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2. Given one side of a triangle equal to 827.06, and the adjacent 
angles equal to 154' 22' and 17' 3& ; to solve the triangle. 

Ans. The other angle =: 8° d' 

The other sides = { ^IJJJ* 

75. Problem. To solve a triangle, when two of its sides 
and an angle opposite one of the given sides are knoum. 
[B. p. 42.] 

Solution. First. The angle opposite the other given side Is found 
by the proportion of § 72. As the side opposite the given angle is 
to the other given side, so is the sine of the given angle to the sine 
of the required angle. Thus, if (fig. 1) a and b are the given sides 
and A the given angle, the angle B is found, by the proportion 

a: h :=z sin. A : sin. B ; 

whence 

hsin.A . . 

sin. B = . V^^) 

Secondly. The third angle is found by subtracting the sum of the 
two known angles from 180**. 

Thirdly. The thiikl side is found by the proportion. As the sine 
of the given angle is to the sine of the angle opposite the required 
side, so is the side opposite the given angle to the required side. 
That is, in the present case, 

sin« A : sin. C z=z a : c\ 



whence 



a sm. C . /,«..v 

c= —: — ^, = a sm. c cosec. il. (135) 

sm. A ^ ' 



76. Scholium. Two angles are given in the tables corresponding 
to the same sine, which are supplements of each other, one being 
acute and the other obtuse. Two values of B (184) are then given 
in the tables, and both these values may be possible, when the given 
value of 5 is greater than that of a, and the given value of -4 is iestf 
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than 90^ ; for, in this case, there raay be two triangles, ABC (fig. 11) . 
and AB'C^ which satisfy the data. i )l^ 



77. Scholium. The problem is impossible, when the given value 
of 5 is greater than that of a, and the given value of A is obtuse. 
For the greater side of an obtuse-angled triangle must always be 
opposite the obtuse angle. 

78. Scholium. The problem is impossible, when the given value 
of 5 is so much greater*than that of a, that we have 

h sin. J. > a ; 

for, in this case, the given value of a is less than that of the perpen^ 
dicular CP (fig. 11) from C upon AP. 

79. Scholium. The obtuse value of B does not satisfy the 
problem, when h is less than a ; for the obtuse angle of a triangle 
tktshot he opposite a smaller side. In this case^ therefor^, the 
problem admits of only one solution. 

80. Examples. 

1. Given two sides of a triangle equal to 77.245 and 92.341, and 
the angle opposite the first side equal to 55'* 28* 12'^ ; to solve the 
triangle. 

Solution. Making 

h = 92.341, a = 77.245, -A = 65** 28' 12", 

we have, by (134), 

a =77.245 (ar. co.) 8.11213 

h = 92.341 1.96540 

^ = 55^28' 12" sin. 9.91584 



B=80M' or = 99** 59' sin. 9.99337 

^ + S = 136** 29' 12" or = 155** 27' 12" 

C= 44** 30*48" or= 24**32'48" 
Then, by (135), 



I 
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a = 77.245 1.88787 1.88787 

C = 44' 30' 48'' sin. 9.84576 or = 24** 32' 48" sin. 9.61850 
A = 55** 28' 12" cosec. 10.08416 10.08416 



C = 65.734 1.81779 or = 38.952 1.59053 

Ans. The third side = 65.734 or = 38.952 

( 80^ 1' ( 99^ 59^ 

The other angles = { ^^o ^, ^^„ or = { ^^o 32/49,/ 

2. Given two sides of a triangle equal to 77.245 and 92.341, and 
the angle opposite the second side equal to 55** 28' 12" ; to solve the 
triangle. 

Am. The third side = 110.7 

The other angles = j f^ g',^!' 

3. Given two sides of a triangle equal to 40 and 50, and the angle, 
opposite the first side equal to 45** ; to solve the triangle. 

Ans. The third side = 54.061 or = 16.65 
The other angles = I IglgJ', or = |^}5I^;' 

4. Given two sides of a triangle equal to 77.245 and 92.341, and 
the angle opposite the second side equal to 124** 31' 48" ; to solve the 
triangle. 

Ans. The third side = 23.129 



( 43** 33' 44" 
The other angles = | ^o 54, gg// 



5. Given two sides of a ^triangle equal to 77.245 and 92.341, and 
the angle opposite the first side equal to 124** 31' 48" ; to solve the 
triangle. 

Ans. The question is impossible. ^ 

6. Given two sides of a triangle equal to 75.486 and 92.341, and 
the angle opposite the first side equal to 55** 28' 12" ; to solve the 
triangle. 

Ans. The question is impossible. 
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81. Theorem. The sum of two sides of a triangle is Jo 
their difference^ as the tangent of half the sum of the opposite 
angles is to the tangent of half their difference. [B. p. 13.] 

Protf. We have (fig. 1), 

a:b=z sin. A : sin. B ; 

whence, by the theory of proportions, 

a-^bia — h=z sin. A -\- sin. B : sin. A — sin. Bj 

which, expressed fractionally, is 

a + ft sin. A + sin. B 

a — h sin. A — sin. B' 

But, by (47), 

sin. A -\- sin. B __ tang. J (il -f- -B) ^ 
sin. A — sin. B tang, i {A — jB) ' 

a + h _ tBLiig.i{A + B) 
a—b "" tang. J (A-^^y 

a + ft : a — ft = tang. ^{A + B): tang. J (il — B). 



whence 



(136) 



or 



82. Problem. To solve a triangle^ when two of its sides 
and the included angle are given. [B. p. 43.] 

Solution, Let the two sides a and ft (fig. 1} be given, and the 
included angle C ; to solve the triangle. 

First To find the other two angles. Subtract the given angle 
C from 180®, and the remainder is the sum of A and Bj for the sum 
of the three angles of a triangle is 180® ;, that is, 

il + 5=180®— C, 
and 

J (-4 + 5) = 90® — J C = complement of J C. 

The difference of A and B is then found by (136) 

a + ft : a — ft = tang. i(A + B): tang. J (-4 — B). 
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But t^e have 

tang, i {A -{-3)=: cotari. ^ C{ 
whence 

tang, i (4 - B) = ^ tang, i (4 + B) = °-^J cotan. i C. (137) 

The greater angle , which must be opposite the greater side, is 
then found by adding their half sum to their half difference ; and 
the smaller angle by subtracting the half difference from the half 
sum. 

Secondly. The third side is found by the proportion 
sin. A : sin. C =: a: c; 
whence 

a sin. C 



c = 



sin. A ' 



83. Examples. 

1. Given two sides of a triangle equal to 99.341 and 1.234, and 
their included angle equal to 169** 58' ; to solve the triangle. 

Solution. Making a = 99.341, b = 1.234 ; and 
C =^ 169** 68', ^0 = 84*' 69' j 
we have, by (137), 



a-\-hz= loo.s'ys 




(ar. CO.) 7.99751 


a—b= 98.107 




1.99170 


i{A-\-B) = 5''V 




tang. 8.94340 


i(A — B) = 4''b3'39" 


tang. 8.93261 


A = 9" 54' 39" 




B rrC 7' 21" 






a =99.341 




1.99712 


C = 169° 58' 




Bin. 9.24110 


A =9° 54' 39" 




cosec. 10.76419 


c = 100.56 


2.00241 


Ans. The 


third 


side = 100.56 


The other 


.„»!«. (9' 54' 39" 
angles = ^Q, ^,2i« 



The other angles = I ^^o gg/ 28'' 
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2. GiTen two sides of a triangle eqnal to\0.I21 and\5.4Sl, and 
the included angle equal to 41® 2' ; to solve the triangle. 

Am. The other side = I0.2Se 

98** 29' 32" 

84. TTieoreTn. One side of a triangle is to the sum of tM 
other twOf as their difference is to the differehce of the seg" 
metUs of the first side made by a perpendicular from the 
opposite vertex^ if the perpendicular fall within the triangle/ 
or to the sum of the distances of the eztreniities of the bas4 
from the foot of the perpendicular, if it fall without the tri- 
angle. [B.p. 14.] 

Proof. Lei AC (figs. 12 and 18) he the side of triangle ABC 
on which the perpendicular is let fall, and BP the perpendicular. 

From B asa, centre with a radius equal to BCj the shorter of the 
other two sides, descrihe the circumference CC E'E. Produce 
AB to E' and -AC to C, if necessary. 

Then, since AC and AB are secants, we have, 

AC : AE' = AE : AC. 



But 



and 



AE'inAB+BR =zAB + BC 
AE=AB^BE =AB — BC, 



(fig. 12) AO = AP — PO=zAP — PC 

(fig. 13) AC = ilP + PC = ilP + PC; 
whence 

(fig. 12) AC:AB + B(i=AB-^BC :AP — PC 
(fig. 13) AC:AB + BC=zAB—BC:AP + PC. 

85. Problem. To solve a triangle, when its three sides a/r% 
given. [B. p. 43.] 
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\coB.iAy = 'J^^ (144) 



or V—- r -*7 — — I 

be 



COS. 



which corresponds to proposition LXI. of B., p. 14. 
la the same way, we have 

C08.JB = V('-^) (146) 

cos.iC = vQ^^y (147) 

89. Corollary. Subtract both sides of (138) from unity, and we 
fcfkvp 

j2_Lc2 — fl2 a24-2Jc— Ja — c« 

1 — cos. A=:l 4n = SI 

2b c fib c 

= .1^1=5)!. „«, 

Since the numerator of (148) is the difference of two squares, it 
may be separated into two fiEictors, as follows, 

i-c<>s..L=<-»-^+;V-+^-). 

2b c 

But from (141) 

2s — 2b = 2{8 — b)=za+b + c — 2b=:a — b'\-e (149) 
2* — 2c = 2(« — c) = a + 5 + c — 2c = a + 5 — c. (150) 

If we substitute these values in the above equations, it becomes * 

1 — COS. il»s^-i — i-i ^ = — i J^ L, (151) 

2b c be ^ ' 

But by (56), 

1 -^ COS. il = 2 (sin. Jil)a. 
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Hence, by reduction, 

sin. M = v( ^'-')f -'') ). (152) 

In the same way, we have 



90. Corollary. The quotients of (152, 158, and 154) divided by 
(145, 146, and 147), are by (7) 

91. The product of (143) by (151) is 

1 - (cos. A)2 = 4^(^-fl)(^-M (s-c) 

But from (9) 

1 — (cos. Ay = (sin. A)^. 



Hence 



(sin. A)2 ^' '^si^-a)(s-h)(s - e) 



or 



sin. A = l^afilZl.«I(?Zl^(lZ:f )] ^.«^ 

b c • (loo) 

92. Scholium. The problem would be impossible, if the given 
value of either side exceeded the sum of the other two. 
6 
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93. Examples. 

1. Given the three sides of a triangle equal to 12.348, 13.561, 
and 14.091 ; to solve the triangle. 



Solution. First Method 








Make (fig. 2) a = 12.348 b = 


13.561 




c = 14.091. 








Then by § 91 








h = 13.561 (ar. co.) 8.86771 








c-{-a = 26.439 1.42224 








e — a=i 1.743 0.24130 








PA — PC= 3.3982 0.53125 




PA = 8.4796 0.92838 




PC = 5.0814 






0.70598 


c = 14.091 (ar. co.) 8.85106 








n = 12.848 { 


[ar. 


CO.) 


8.90840 


A-5y0' COS. 9.77944 




COS. 




C = 65"" 42' 


9.61438 



5 = 180^ — (il + C) 

= 180' — 118*^ 42' = 61- 18'. 

Second Method. 
By (145, 146, and 147), 
a = 12.348 (ar. co.) 8.90840 (ar. co.) 8.90840 

b = 13.561 (ar. co.) 8.86m (ar. co.) 8.86771 

c = 14.091 (ar. co.) 8.85106 (ar. co.) 8.85106 * 



(=20.000 




1.30103 




1.30103 


1.30103 


»-a-7.652 


0.88377 






»-J=6.439 




0.80882 




$-e 5.909 










0.77151 




2 


19.90357 


2 


19.86931 


2 19.84865 



COS. 



9.95179 



9.93466 



9.92433 
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iil = 26** 30', i J5 = 30' 39', ^ C = 32*» 51' 
A = 53^ 0', J5 = 61^ 18', C = 65* 42'. 



Ans. The angles 



r53*» 0' 

= I 6V 18' 
1 65' 42'. 



In the same way equations (152-154) would furnish a third 
method, (155-157) a fourth method, and (158) a fifth method. 

2. Given the three sides of a triangle equal to 17.856, 13.349, and 
11.111 ; to solve the triangle. 

( 93' 19^ 16" 

Ans. The angles = I 48' 16' 24" 

1 38' 24' 20". 



* 
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CHAPTER VII. 

LOGARITHMIC AND TRIGONOMETRICAL SERIES. 

94. Problem, To develop the expression 

X 

(1+i)^ (159) 

in which f is an infinitesimal, into a series arranged accord- 
ing to powers of x. 

Solution, The binomial theorem gives at once 

But T is infinite, and gives, therefore, 

*_! = :?, :?_2 = ?, &c. (161) 

which, substituted in (130), give 

(l+i)'-=l+« + g+^ + j;|^^ + &c. (162) 

95. Corollary. When a: = 1 
(162) becomes 

(l+i)r=l + l+J^+^3 + ^ + &c. (163) 
which we may denote by e. 
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This quantity e is one of frequent occurrence in anafysis^ 
and is celebrated on account of its having^ been adopted by 
Napier as the base of his system of logarithms^ which were 
called by him hyperbolic logarithms^ but are known as the 
Naperian logarithms. 

The value of e is easily computed, from the consideration 
that it is the sum of the series (163), the first term of which 
is unity ^ and each succeeding term is, obtained by dividing the 
preceding term by the number of the place of this preceding 
term. 

Thus 1)1.000000 

2)1.000000 

3) .500000 

4) .166667 

5) .041667 ^ 

6) .008333 

7) .001389 

8) .000198 

9) .000025 
.000003 



{l+if = e =z 2.71828 (164) 

The sixth place is neglected, in the sum of the decimals, as being 
inaccurate. 



96. Corollary. The «th power of e is by (164 and 162) 
e'={l + iy=l+x + ^+^ + 6u:. (165) 

97. Corollary. The i'^ power of e is 

«? = ! + «- (166) 

6» 
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98. Corollary. The logarithm of (166) is 

log.(l+i)=ilog.c, (167) 

which gives, by reversing the sign of i, 

log. (1 _ i) = _ t log. e. (168) 

99. Problem. To develop log. (1 ^ — x) into a series of 
terms arranged according to the powers of x. 

Solution, Let the series be denoted, as follows, 

log. (1 — a:) = il + ilj a:+ ila a?2 -I- &c. . . + il„af*4- &c. (169) 

so that the number below the letter denotes the power of x of which 
the letter is the coefficient. 

First. To find the value of A ; let 

x = 
which reduces (169) to 

log. 1 = il = 0. (170) 

Secondly, To find the value of il ^ ; let 

« = i 

so that all the powers of x except the first can be neglected in the 
second member of (169), and the equations (168, 169, and 170,) 
give 

log. (1 — 1) = il 1 i = — 1 log. e (171) 

ilj = — log. e. (172) 

Thirdly. To find the value of An ; let r, r', r", &c. be the roots 
of the equation 

«»= l,or««— 1=0, (173) 

and by the theory of equations, we have for all values of a; 

«»» — 1 = (a? — r) (a? — r') {x — r") &c. (174) 
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Moreover the product of the negatives of the roots of an equation 
is equal to the constant term, which is, in this case, — 1, that is, 

_ 1 = (_ r) (— r') (— r") &c. (175) 

The quotient of (174) by (175) is 

— r — r' — r" 

=('-9('-^)('-p)^- ("«) 

the logarithm of which is « 

log.(l-x-) = log. ^l_^) + log.(l-j) 

Biit by substituting x" for « in (169), and the values of -4 and A^ 
we have 

log. (1 — af ) = — log. e ar + ilg ar*" + &c. (178) 

and any term of the second member of (177), as the first, is 
by (169) 



log. 



(l-^) = -log.e^+&c.... + ^^. (179) 



Since r is a root of the equation (173), that is, since 

r" = 1, (180) 

the term of (179), multiplied by x*, becomes -4„ a:", which is indepen- 
dent of the particular root r, r', &c., and, therefore, the same for 
each term of the second member of (1 T7). The sum of all the 
terms of the second member of (177), which are multiplied by ar", is 
equal to either of them multiplied by their number, which is n, that 
is, it is 

nA^sT.' (181) 

Hence this tertn must be equal to the term of (178), which is 
multiplied by x", or 

nA^3r = — log. e a;" (182) 
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A^ = -^\og,e, (183) 

and the resulting value of (169) is 

log. {I -^ x) =\og. e {— x — ^x^ — ix^ — I x^ — ^.) (184) 

100. Corollary. By reversing the sign of a: (184) becomes 
log.(l + a:) = log.e(jr — ia:a + ia:3— i«*4-ia?»— &c.) (185) 

101. Corollary. The remainder of (185) diminished by (184) is 
log. |-tf = 2 log. e(x + ix^ + lx^ + }x^ + &c.) (186) 

102. Corollary. Since 

a + x = a(l+?) 
we have by (185) 

log. {a + x)z=z log. a + log. (l +^j 

= log.a + log.e(|-i?^+i^-i^ + &c.) (187) 

103. Corollary. Equations (184), (185) and (186) may be used 
in calculating logarithmic tables. But, for this purpose, log. e must 
first be obtained, which is very easy, since it is, by the definition of 
logarithms, the root of the equation 

10* = e = 2.71828 
which gives 

log. c = X = 0.43429- (188) 

104. . Examples. 
1. Find the logarithm of 1.1. 
Solution. By making in (185), 

a: = 0.1 
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we have 

ix^ = 0.005 
ix^ = 0.000333 
i X* = 0.000025 
ix^ = 0.000002 



whence x — ^ x^ -{- i x^ — } z^ .= 0.09536 

log. (1 + a?) = (0.09536) (log. e) = 0.09536 X 0.43429 z= 0.04139 

2. Find the logarithm of 625, knowing that 

log. 624 = 2.79518. 

Solution. In this case we have in (187) 

X 

and - is so small, that its square and higher powers may be neg- 
a 

ected in (187), whence 

log.625 = Iog.624-f.-^|li 

4:)42<) 
= 2.79518 + -:^^ = 2.79518 + 0.00070 

= 2.79588. 

3. Find the logarithm of .9. -An*.— 0.04576 or 9.95424, 

4. Find the logarithm of 1.01. Ans. 0.00432. 

5. Find the logarithm of 1.095. Ans. 0.03941. 

6. Find the logarithm of 1.003. Ans. 0.00130. 

7. Find the logarithm of 463, knowing that 

log. 462 =: 2.66464. 

Ans. 2.66558. 
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8. Find the logarithm of 1291, knowing that 

log. 1290 = 3.11059. 

Ans. 3.11093. 

9. Find the logarithm of 123.6, knowing that 

log. 123 = 2.08991 

Arts. 2.09202. 

* 
105. Problem. To express sines and cosines by means of 
exponential functions. 

Solution. The first member of the equation 

C0S.2 z -[- sin.2 = 1 (189) 

may be written cos.^ x — ( — sin.^ ar), that is the difference of the 
two squares cos.^ x and ( — sin.* x), of which the roots are cos. x 
and sin. x ai/ — 1. This first member is, therefore, the product of 
the sum and difference of these two roots, or (189) may be written 

(cos. x-j-sin. a?.>v/ — 1) (cos. x — sin. a?.>\/ — 1) = 1. 
The logarithm of this equation is 

log. (cos. a?-|-sin. z.\/ — 1) -j-log. (cos. z — sin. x.\/ — 1) = 
or 

log. (cos. X -|- sin. a; . \/ — 1 ) = — log. (cos. x — sin. ar . \/ — ^). ( 190) 
Denote either member of 190 by y, so that 

log. (cos. X -j- sin. x. ^/ — 1) = y, 
. log. (cos. X — sin. a?. \/ — 1) = — y (W^) 

or 

cos. X + sin. a?. V— 1 = 10*. cos. a? — sin. x.^/—\z=z 10"*. (192) 
The sum of the two last equations is 

2 cos. a? = 10>'+10-^ (193) 
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Hence by (55 and 56) 

C0S.2 i « = i ( 1 + COS. a:) z= i (2 + 2 COS. «) = J ( 10>' + 2 + 10 - ») 
— 8in.2^arz=i(cos.a?— l) = i(2cos.a: — 2) = i(10''— 2+10-») 
of which the square roots are 

COS. ix = i (10*^ + 10"**^) 

sin. J X V — 1 = i (10*^ — 10~'*0 
and the sum of these two equations is 

COS. ix + sin. J x. V — 1 = 10*^ (194) 

The comparison of (194) with the first equation of (192) shows that 
ff may be changed into ^ ar, provided that y is changed into ^ y. The 
same changes may, therefore, also be made in (194), or J a: may be 
changed into its half, that is, into ^ a?, provided ^^ y is changed into 
^ y, which gives 

cos. ix + sin. 1 a; . >v/ — 1 = lO**^. (195) 

A repetition of this change gives 

COS. i a; + sin. ^ a: . V — 1 = 10*^ (196) 

By continuing this process, x may be divided by any power of 2, 
however great, provided y is divided by the same power.* Let, 
then, 

m = 2- (197) 

and we have 

COS. — 4-sin. — .>v/— 1=10"*. (198) 

The logarithm of which is 

log. (cos. — + sin. ~ V — 1 W ■^- 099) 

X 

But if in ( 197) n is made infinite, m will also be infinite, and — will 
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be an infinitesimal, whose cosine is unity and sine equal to its arc, 
that is, (199) becomes 

log.(l+^V-l)=-|. (200) 

But, again, since — is an infinitesimal, (200) becomes by means of 
m 

(167) 

log. e. -V— 1=-. ory = a?\/— 1 log. e, (201) 

tn tn 

which substituted in (191) gives 

log. (cos. j;-|" sin- a? . \/ — I ) = a: \/ — 1 . log. e = log. c*^"* 

log. (cos. X — sin. x.\/ — 1) = — x^ — 1 log. e = log. 6~*^~ (202) 

or 

COS. X -f- sin. a? . \/ — 1 =: c*^"* 

COS. X — sin. « . V - 1 = e-"^-'- (203) 

106. Corollary. Half the sum of (203) is 

COS. z = J (e*v-i + c-»^-i), (204) 

and half their difTerence, multiplied by \/ — 1, is 

sin. X = — J (e'^-i — e-'-/-i) y/ — I. (205) 

107. Problem. To develop cos. x and sin. x in sines 
arranged according topoicers of x. 

Solution. Since we have 

{xA/^lf=—x%{x^—\y=—x^^/—h{z^/—iy=3i*,^.{206) 

the substitution of x \/ — 1 for a? in (165) gives 

,9 -,3^—1 



^^-^=l + a:V— 1 



1.2 1.2.3 



xi x^ -^ — ^ 
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which gives by reversing the sign of x 

^1.2^ 1.2.3 
• * "" &c. (208) 



' 1.2.3.4 1.2.3.4.5 

Half the sum of (207) and (208) is, by (204), 

COS. x=\ — — A ^ &c. (209) 

1.2 ^ 1.2.3.4 1.2.3.4.5.6 ^ ^ ' 

Half their difference, multiplied by \/ — 1, is by (205) 

sin. « = X - j^ + j^J^ - &c. (210) 

which are the series required. But it must not be forgotten that, in 
the second member of these equations, x is expressed in terras of 
the radius as unity. 

108. Corollary. Equations (209) and (210) can be used forxal- 
culating tables of sines and cosines. 

109. Examples. 
1. Find the sine and cosine of 13® 25'. 

Solution. In this case x = (13^* 25') sin. 1' = 805 sin. 1', or 
by (13) 

a? = 805 X 0.0002908 = .234164 

^ = 0.027419, yjg = 0.002140 



^3^=0.000125, 1^X5 = ^-^^^ 

Hence cos. a? = 0. 97271 sin. x = 0.23203 

2. Find the sine and cosine of 6** 10^. 

Ans. sin. 6® 10' = 0.10742 

COS. 6M0' = 0.99421 
6 
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3. Find the sine and cosine of 3**. 

Ans. sin. 3*» = 0.05234 
COS. 3*" = 0.99863 

4. Find the sine and cosine of 10^ 38'. 

Ans. sin. 10* 38' z= 0.18452 
cos. lO'' 38' zz: 0.98283 



i 



NAVIGATION AND SURVEYING. 



NAYIGATION AKD SURYEYING. 



CHAPTER I. 

PLANE SAILING. 

1. The daily revolution of the earth is performed around a 
straight line, passing through its centre, which is called the 
earth! 8 axis. 

The extremities of this axis on the surface of the earth are 
the terrestrial polesj one being the north pole^ and the other the 

south pole. 

* 

The section of the earth, made by a plane passing through 
its centre and perpendicular to its axis, is the terrestrial equator. 
[B. p. 48.] 

2. Parallels of Uuitude are the circumferences of small cir- 
cles, the planes of which are parallel to the equator. 

3. Meridians are the circumferences of great circles, which 
pass from one pole to the other. 

The first meridian is one arbitrarily assumed, to which all 
others are referred. In most countries, that has been taken as 
the first meridian which passes through the capital of the 
country. 

4. The latitude of a place is its angular distance from the 
equator, the vertex of the angle being at the centre of the 
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earth ; or, it is the arc of the meridian, passing through the 
place, which is comprehended between the place and the 
equator. [B. p. 48.] 

Latitude is reckoned north and south of the equator from 0** to 90®. 

6. The difference of latitude of two places is the angular 
distance between the parallels of latitude in which they are 
respectively situated, the vertex of the angle being at the centre 
of the earth ; or it is the arc of a meridian which is compre- 
hended between the parallels of latitude. [B. p. 52. 

The difference of latitude of two places is equal to the dif^ 
ference of their latitudes^ if they are on the same side of the 
equator; and to the sum of their latitudes^ if they are on 
opposite sides of the equator. B. p. 60.] 

6. The longitude of a place is the angle made by the plane 
of the first meridian with the plane of the meridian passing 
through the place ; or it is the arc of the equator comprehended 
between these two meridians. [B. p. 48.] 

Longitude is reckoned East and West of the first meridian from 
(f to 180** ; or it may be reckoned towards the west from 0' to 360**. 

7. The difference of longitude of two places is the angle 
contained between the planes of the meridians passing^hrough 
the two places; or it is the arc of the equator comprehended 
between these two meridians. 

The difference of longitude of two places is equal to the dif- 
ference of their longitudes^ if they are on the same side of the 
first meridian ; and to the sum of their longitudes^ if they are 
on opposite sides of the first meridian, unless their sum be 
greater than 180° ; in ichich case the sum must be subtracted 
from 360° to give the difference of longitude, [B. p. 50.] 

8. The distance between two places in Navigation is the 
portion of a curve which would be described by a ship sailing 
from one place to the other in a path, which crosses every 
meridian at the same angle. [B. p. 52.] ^ 
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9. The course of the ship, or the bearing of the two places 
from each other, is the angle which the ship's pajth makes with 
the meridian. [B. p. 52.] 

10. The departure of two places is the distance of either 
from the meridian of the other, when they are so near each 
other that the earth's surface may be considered as plane and 
its curvature neglected. But, if the two places are at a great 
distance from each other, the distance is to be divided into 
small portions, and the departure of the two places is the sum 
of the departures corresponding to all these portions. 

11. Instead of dividing the quadrant into 90 degrees, navi- 
gators are in the habit of dividing it into eight equal parts 
caAled points ; and of subdividing the points into halves and 
quarters. A point, therefore, is equal to one eighth of 90^, or 
to 11** 15'. [B. p. 52.] 

Names are given to the directions determined by the differ- 
ent points, as in the diagram (fig. 14), which represents the 
face of the card of the Mariner^ s Compass. 

The Mariner^ s Compass consists of this card, attached to a 
magnetic needle, which has the property of constantly point- 
ing toward the north, and thereby determining the ship's 
coursQ.- 

On page 53 of the Navigator a table is given of the angles which 
every point of the compass makes with the meridian, and on page 
169, table XXV. the log., sines, &c. are given. 

12. The object of Plane Sailing is to calculate the Distance, 
Course, or Bearing, Difference of Latitude and Departure, 
when either two of them are known. [B. p. 52.] 

13. Problem. To find the difference of latitude and depar^ 
turcj when the distance and course are known. [B. p. 54.] 

Solution. First. When the distance is so small that the curvature 
of the earth^s surface may be neglected. Let AB (fig. 15) be the 
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distance. Draw through A the meridian AC^ and let fall on it the 
perpendicular BC. The angle A is the course, ilC is the difference 
of latitude, and BC is the departure. Then, by (21 and 22), 

Diff. of lat. = dist X cos. course, (^^^) 

Departure = dist X sin. course. (^^^) 

Secondly, When the distance is great, as AB (fig. 16), then divide 
it into smaller portions, as Auy ab^ bcy &c. Through the points 
of division, draw the meridians ilJV, an, ftp, &c. Let fall the per- 
pendiculars am, hn, cp, &^. Then, as the course is every where 
the same, each of the angles mA a, nahy pbc, &c. is equal to the 
angle A, or the course. Moreover, the distances. Am, an, bp, &c. 
are the differences of latitude respectively of A and a, a and b, b and 
c, &c. Also am, bn, cp, &c. are the departures of the points A 
and a, a and b, b and c, &c. Therefore, as the difference of lati- 
tude of A &nd B is evidently equal to the sum of these partial dif- 
ferences of latitude ; and as the departure of A and jB is by ^ 10 
equal to the sum of the partial departures, we have 

Diff. of lat. =zAm'\-an-\-bp-\- &c. 

Departure =z am -\- bn -\- e p -\- dec. 

But the right triangles mAa, nab, pbc,ii,c, give by (211) and 
(212) 

Am=z Aa X cos. course, am = Aa X sin. course ; 
an =. ab X cos. course, ft it = aft X sin. course ; 
bp z= b c X COS. course, ep =z be X sin. course, 
dsc. dsc. 

The sums of these equations give 

Diff. of lat. = il m + fl » + ^l' + ^^' 

= (ila-j-aft-j-ftc-f- &'C.) X cos. course. 
Departure = am -{' b n -\- c p -{- &c. 

= (ila + aft4-^c4- &c.) X sin. coune. 
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But 

Aa'\' ah -{-h €-{- &c. = AB = distance. 

Hence, 

Diff. of lat. = dist. X cos. course, 

Departure = dist. X sin. course ; 
precisely the same with (211) and (212). 

This shows that the method of calculating the difference 
of latitude and departure is the same for all distances, and 
that all the problems of Plane Sailing may be solved by the 
right triangle (fig. 15). [B, p. 62.] 

Tables of difference of latitude and departure are given in pages 
1-6, Tables I. and II. of the Navigator, which might be calculated 
by (211) and (212). 

14. Problem. To find the distance and difference of latitude^ 
when the course and departure are known. [B. p. 55.] 

Solution. There are given (fig. 15) the angle A and the side BC. 
Hence, by (23) and (24), 

Distance = departure X cosec' course, (213) 

Diff. t)f lat. = departure X cotan. course. (214) 

15. Problem. To find the distance and departure^ when the 
course and difference of latitude are known. [B. p. 55. J 

Solution. There are given (fig. 15) the angle A and the side 
AC. Then, by (25) and (26), 

Distance = diff. of lat. X sec. course, (215) 

Departure = diff. of lat. X tang, course. (216) 

16. Problem. To find the course and difference of latitude, 
when the distance and departure are knoum. [B. p. 27.] 
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CHAPTER II. 

TRAVERSE SAILING. 

20. A TRAVERSE is an irregular track made by a ship when 
sailing on several different courses. 

The object of Traverse Sailing' is to reduce a traverse to a 
single course, where the distances sailed are so small that the 
earth's surface may be considered as a plane. [B. p. 59.] 

21'. Problem. To reduce several successive tracks of a ship 
to one ; thai is, to find the single track, leading to the place, 
which the ship has actually reached, by sailing on a traverse. 
[B. p. 59.] 

Solution, Suppose the ship to start from the point A (Rg. 17), 
and to sail, first from A to B, then from B to C, then from C to E, 
and lastly from jE to F; to find the bearing and distance of 
F from A. Call the difllerences of latitude, corresponding to the 
1st, 2d, 3d, and 4th tracks, the 1st, 2d, 3d, and 4th differences of 
latitude ; and call the corresponding departures the 1st, 2d, 3d, and 
4th departures. Then we need no demonstration to prove that 

Diff. of lat. of Awad F= 1st diff. of lat. — 2d diff. of lat. 
+ 3d diff. of lat. — 4th diff. &c. ; 

or that the difference of latitude of A and F is found by 
taking the sum of the differences of latitude corresponding to 
the northerly courses, and aho the sum of those corresponding 
to the southerly courses ; and the difference of these sums is the 
required difference of latitude. 

By neglecting the earth's curvature, we also have, 

Dep. of A and F = 1st dep. — 2d dep. — 3d dep. -|- 4th dep. 
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or the departure of A and jP is found by taking the sum of 
the departures corresponding to the easterly courses, also the 
sum of those corresponding to the westerly courses; and the 
difference of these sums is the required departure. 

Having thus found the difference of latitude and depar- 
ture of A and jP, their distance and bearing are found by 
§18. 

22. The calculations of traverse sailing are usually put 
into a tabular form, as in the following example. In the 
first column of the table are the numbers of the courses ; in 
the second and third columns are the courses and distances ; 
in the fourth and fifth columns are the differences of lati- 
tude, the column, headed N, corresponding to the northerly 
courses, and that headed S, to the southerly courses ; in the 
sixth and seventh columns are the departures, the column 
headed E, corresponding to the easterly courses, and that, 
headed W, to the westerly courses. [B. p. 59.] 

23. Examples. 

1. A ship sails on several successive tracks, in the order and with 
the courses and distances of the first three columns of the following 
table ; find the bearing and distance of the place at which the ship 
arrives, from that from which it started. 



gNo. 
1 


Course. 


Dist. 


N. 


S. 


E. 


W. 


N. N. E. 


30 


27.7 




11.5 




2 


N. W. 


80 


56.6 






56.6 


3 


West, 


60 








60.0 


1 

4 


S.E.byS. 


55 




45.7 


30.6 




5 


North. 


43 


43.0 








6 


S. by W. 


152 




149.1 




29.7 




Sum of c< 


>luroiis, 


127.3 


194.8 


42.1 


146.3 



127.3 



42.1 



Diff. lat = 67.5 S. dep. = 104.2 W. 
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Dep. = 104.3 2.01787 

Diff. oflat.z= 67.5 (ar. CO.) 8.17070 1.82930 



Bearing = 57M' tang. 0.18857 sec. 0.26467 



Dist = 124.2 2.09397 

Arts. Bearing = S. 57* 4' W. 
Distance = 124.2 miles. 

2. A ship sails on the following successive tracks, South 10 raileSi 
W. S. W. 25 miles, S. W. 30 miles, and West 20 miles ; it is bound 
to a port which is at a distance of 100 miles from the place of start* 
iog, and its bearing is W. by S. 

Required the bearing and distance of the port to which the ship is 
bound, from the place at which it has arrived. 

Ans. Bearing = N. 57* 47' W. 

Distance = 40 miles. 
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^ CHAPTER III. 

PARALLEL SAILING. 

24. Parallel Sailing considers only the case where the 
ship sails exactly east or west, and therefore remains con- 
stantly on the same parallel of latitude. Its object is to 
find the change in longitude corresponding to 4;he ship's 
track. [B. p. 63.] 

25. Problem. To find tlie difference of longitude in parallel 
sailing. [B. p. 65.] 

Soluti^m, Let A B (fig. 18) be the distance sailed by the ship on 
the parallel of latitude A B. As the course is exactly east or west, 
the distance sailed must be itself equal to its departure. 

The latitude of the parallel is ABA' or A A'. The angle 
AEB zn A' DB\ or the arc A' B, is the difTerence of longitude. 
Denote the radius of the earth A' B =^ B' B = AB by B, and the 
radius of the parallel AE z=z BE by r ; also the circumference of 
the earth by C, and that of the parallel by c. 

Since ii Band A' B' correspond to the equal angles AEBzsiA 
A'DB\ they must be similar arcs, and give the proportion, 

AB: A'B' z=z c: C, 
or Dep. : diff. long. =: c : C. 

But, as circumferences are proportional to their radii, 

c: C = r: R. 
Hence, leaving out the common ratio, 

Dep. : diff. long, ziz r : R. 
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Putting the product of the extremes equal to that of the means, 

r • difT. of long. = R . departure. 

But, in the triangle ADE^ since 

DAE = ADA' = latitude, 

we have, from (^), 

r = jR X cos. lat 

which, substituted in the aboye equation^ gives, if the result is di- 
vided by jR, 

Diff. long. X cos. lat. = departure. (223) 

Hence, by (8), 

Diff. long. = ^!P5^ = dep. X sec. lat. (224; 

° COS. lat. ^ ^ ^ 

26. Corollary. Since the distance is the same as the departure in 
parallel sailing, the word distance may be substituted for departure 
in (223) and (224). 

27. Corollary. It appears, from (223) and (224,) that if a 
right triangle (fig. 18) is constructed, the hypothenuse of which 
is the difference of longitude, and one of the acute angles the 
latitude, the leg adjacent to this angle is the departure. AU 
the cases of parallel sailing mayy then, be reduced to the solu- 
tion of this triangle. 

28. Problem. Tofitidthe distance between two places which 
are upon the same parallel of latitude. 

Solution. This problem is solved at once by (223). 

29. The Table, p. 64, of the Navigator, which " shows for every 
degree of latitude how many miles distant two meridians are, whose 
difference of longitude is one degree," is readily calculated by this 
problem. 
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30. Examples. 

1. A ship sails from Boston 1000 miles exactly east; find the 
longitude at which it arrives. 

Ans. Longitude sought = 48** 32' W. 

2. Find the distance of Barcelona (Spain) from Nantucket (Mas- 
sachusetts). 

Ans. Distance = 3252 miles. 

3. Find the distance between two meridians, whose difference of 
longitude is one degree in the latitude of 45°. 

Ans. Distance = 42.43 miles. 
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CHAPTER IV. 

MIDDLE LATITUDE SAILING. 

31. The object of Middle Latitude Sailing is to give an ap« 
proximative method of calculating the difference of longitude, 
when the difference of latitude is small. [B. p. 66.] 

32. Problem. To find the difference of longitude by Middle 
Latitude Sailings when the distance and course are known, 
and also the UUitude of either extremity of the ship^s track. 
[B. p. 71.] 

Solution. The difference of latitude and departure are found by 
(211) and (212), 

diff. lat. = dist. X cos. course 

departure = dist. X sin. course. 

The difference of longitude may then be found by means of (224). 
But there is a difficulty with regard to the latitude to be used in 
(224) ; for, of llie two extremities of the ship's track, the latitude of 
one is smaller, while the latitude of the other extremity is larger 
thittn the latitude of the rest of the track. Navigators have evaded 
this difficulty by using the Middle Latitude between the two, as 
sufficiently accurate, when the diffisrence of latitude is small. Now 
the middle latitude is the arithmetical mean between the latitudes of 
the extremities, so that we have. 

Middle lat. = J sum of the lats. of the extremities of the 
track ; (225) 

and, by (224), 

diff. long. = — G?^ ^^ _ .^ ^ g^^ ^j^ j^^ /226) 

^ cos. mid. lat. ^ ^ ^ ' 
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or, by substituting (212), 

diff. long. = dist. X sin. course X sec. mid. lat. (227) 

^ This method of calculating the difierence of longitude may be 
Tendered perfectly accurate by applying to the middle latitude a 
correction," which is given in the Navigator, and the method of 
computing which will be explained in the succeeding chapter. 
[B. p. ^e.] 

33. By combining the triangle (fig. 15) of Plane sailing 
with that (fig. 18) of Parallel sailing, a triangle (fig. 19) is 
obtained^ by which all the cases of Middle Latitvde sailinff 
may be solved. 

34. Problem. To find the distance and bearing of two 
places from each other ^ when their latitvdes and longitttdes 
are known. [B. p. 68.J 

Solution* From (fig. 19) we have 

departure = diff. long. X cos. mid. kt (228 

tang.bearmg = JJJ"^ (229) 

dist = diff. lat. X sec. bearing. (290) 

35. Problem. To find the course, distance, and difference 
of longitude, when both latitudes and the departure are given. 
[B. p. 7ai 

Solution. The difference of longitude b found by (226), the 
course by (229), and the distance by (230). 

36. Problem. To find the departure, distance, and differ^ 
enee of longitude, when both latitudes and the course are 
given. [B. p. 72.] 

Solution. The departure is found by the formula 

departure =z diff. lat. X tang, course ; (^1) 
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the distance by (330) ; and the difference of longitude may be found 
by (226), or by substituting (231) in (226) 

diE long. = diff. lat X tang, course X sec mid« lat (232) 

37. Problem, To find the course^ departure^ and difference 
of longitude^ when both latitudes and the distance are given. 
[B. p. 73.] 



Solution, The course is found by the formula. 

iff. I 
dist, 



diff. lat. ^<v«-%v 

COS. course = — -p ; (233) 



the departure by 

departure z= dist X sin. course ; (234) 

and the difference of longitude by (226). 

38. Problem. To find the difference of latitude^ distance^ 
and difference of longitude^ when one latitude^ course, and 
departure are given. [B. p. 74.] 

Solution. The difference of latitude is found by the formula 

diff. lat = dep. X cotan. course ; (235) 

the distance by the formula 

dist = dep. X cosec. course ; (236) 

and the difference of longitude by (226). 

39. Problem. To find the course^ difference of latitude, and 
difference of longitude, when one latitude, the distance, and 
departure are given. [B. p. 75.] 

Solviion. The course is found by the formula. 

sin. course = -^ ; (237) 

the difference of latitude by the formula 

diff. lat. = dist. X cos. course ; (238) 

and the difference of longitude by (226). 
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40. Examples. 

1. A ship sailed from Halifax (Nova Scotia) a distance of 2509 
miles, upon a course S. 79^ 94' £. ; find the place at which it 
arrived. 

Solution. By §22, 
dist =2509 3.39950 3.39950 

course = 79* 34' cos. 9.25790 sin. 9.99276 



diff. lat = 454' = 7*34'S. 2.65740 

given lat = 44* 36' N. raid. lat. = 40* 49' 

required lat =37* 2'N. cor. = 7' 



cor. mid. lat = 40* 56' sec. 10.12178 



diiOr. long. = 3266' = 54* 26' E. 3.51404 

given long. =63*28'W. 

required long. = 9* 2'W. 

Ans. The place arrived at is one mile south of Cape St. Vincent 
in Portugal. 

2. Find the bearing and distance of Canton from Washington. 
Solution, by ^ 34, 

lat of Washington =38*53' N. long. = 77* 3'W. 

lat of Canton = 23* 7' N. long. = 113* 14' E. 

diff. lat = 946'= 15* 46', sum of longs. = 190* 17' 

mid. lat = 31* 0' diff. long. = 169* 43'= 10183!'^ 

cor. = 31' 



cor. mid. lat. = 31* 3 1' cos. 9.93069 

diff. long. = 10183' 4.00788 

diff. lat = 946' ar.co. 7.02411 ^.97589 



bearing =S.83*47'W. tang. 10.06268 sec. 10i96524 
dist = 8732 miles. 3.94113 : 
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3. A ship sails from New York a distance of 675^ miles, upon a 
course S. £. ^ S. ; find the place at which it arrives. 

Ans. Three miles to the west of Georgetown in Bermuda. 

4. Find the bearing and distance of Portland (Maine) from New 
Orleans. 

Ans. The bearing = N. 49' 24' E. 
The distance = 1257 miles. 

5. A ship from the Cape of Good Hope sails northwesterly until its 
latitude is 22^ 3' S., and its departure 3110 miles; find its course, 
distance sailed, longitude, and its distance from Cape St. Thomas 
(Brazil). 

Ans. Course =:N. 76^38' W. 

Distance = 3197 miles. 

Longitude =:40**36'W. 

Distance to the Cape St Thomas = 22 miles. 

6. A ship sails from Boston upon a course E. by N. until it arrives 
in latitude 45' 21' N. ; find the distance, its longitude, and its dis- 
tance and bearing from Liverpool. 

Ans. Distance sailed = 923 miles. 

Longitude = 50* IC W. 

Distance from Liverpool = 1905 miles. 

Bearing from Liverpool = S. 75' 22' W. 

7. A ship sails southwesterly from Gibraltar a distance of 1500 
miles, when it is in latitude 14' 44^ N. ; find its course and longitude, 
and distance from Cape Verde. 

Ans. Course = S. 31' 17' W. 
Longitude = 19''49'W. 
DLst from Cape Verde = 132 miles. 
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8. A ship sails from Nantucket upon a course S. 62** 11' E., until 
its departure is 2274 miles ; find the distance sailed, and tlie place 
arrived at 

Ans, Distance = 2571 miles. 

The place arrived at is 261 miles north of Santa Cruz. 

9. A ship sails southwesterly from Land^s End (England) a dis- 
tance of 3161 miles, when its departure is 3300 miles; find the 
course and the place arrived at. 

Ans. The course = S. 72** 27' W. 

The place arrived at is Charleston (South Carolina). 
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we have, by (243), 

J_ DBin.V 

d^ 2mtang. C ^ ^ 

and by the theory of geometric progression 

cotan. (45** _ ^ L') = cotan. (45** — i L) M\ (252) 

and by logarithms 

log. cotan. (45^ — \L') — log. cotan. (45* — ^ L) = log. M\ (253) 

If, lastly, we put 



webaye 



1 


(254) 


i>«iii.i' 




Jlf. _ e •«*. c. 


(255) 


, ,- D sin. 1' , 


(256) 



which, substituted in (253), gives by a simple reduction 

X tang. C = D. (257) 

COS6C X' 

Now the value of -j '■ — log. cotan. (45° — ^ L) has been 

calculated for every mile of latitude, and inserted in tables. 
[B. Table III.] It is called the Meridional Parts of the 
Latitude^ and the method of computing it is given in the fol* 
lowing section. 

7%e difference between the meridional parts of the two latin 
tudes, when the latitudes are both north or both souths is caUed 
the Meridional Difference of Latitude ; but when one of the 
latitudes is north and the other souths the sum of the nkeridional 
parts is the meridional difference of latitude. 

Hence (257) gives 

D = diff. long. = mer. diff. lat X tang, course. (258) 
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43. Corollary. The difference of longitude is (fig. 20) the 
leg DE of a right triangle, of which AD is the meridional 
difierence of latitude, and the angle A the course ; and by 
combining this triangle with the triangle ABC of plane sailing, 
all the cases of Mercator^s Sailing are reduced to the solution 
of these two similar right triangles, 

44. Problem. To calculate the Table of Meridional Parts. 

L In finding the value of e, the portions of the distance are sup- 
posed to be infinitely small, hence m is by (243) also infinitely small, 
and its reciprocal is infinitely great. 

If 1 -f- m is divided by 1 — m, as follows, 

l—m)l+m{l + 2m + 2m^ + 6LC. 
l—m 



-f 2i» 

2 m — 2 m^ 



+ 2m9 

2m3 — 2m3 



+ 2«i3 

we have by (249) 

Jtf = 1 + 2 m + 2 m9 + &c. (259) 

Bat since m is infinitely small, m^, m^, &c. are infinitely smaller, 
and the error of rejecting them in (259) is less than any assignable 
quantity; whence 

Jtf=l + 2«, (260) 

and by (254) 



JL 

. 2m 



c = (1 4- 2 m) ' 
whence e has the same value as in (163 and 164). 
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■n. The value e (164) gives by (13) 

cosec.r _ 3437. 7 _ 343X7 _ 

T^iTi log. (2.71828) - 0.43429 " '^^^•^' ^^^' 

80 that we have by (257) 

Mer. parts of L = 7915.7 log. cotan. (45^ — i L), (262) 

which agrees with the explanation of Table III. given in the Preface 
to the Navigator. 

45. Examples. 
1. Calculate the meridional parts of latitude 45'' 48'. 
Solution. 2)45** 48' 



45- _ ^ L = 450 _ 22* 54' = 22* 6' 
22' 6' log. cotan. 0.39141 log. 9.59263 
7915.7 3.89849 



mer. parts of 45« 48^ = 3098 3.491 12 

2. Calculate the meridional parts of latitude 28'' 14'. 

Ans. 1767. 

3. Calculate the meridional parts of latitude 83° 59'. 

Ans. 10127. 

46. Problem. To calculate the correction for middle laH- 
tude sailing. 

Solution. If the angle DBC (fig. 19) were exactly what it should 
be in order that the hypothenuse BD should be the difference of 
longitude, and the leg BC the departure, it would be the corrected 
middle latitude, and we should have 

diff. long. = sec. cor. mid. lat. X departure 

= sec. cor. mid, lat. X diff. lat X tang, course, (263) 
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which, compared with (258) gires, by dividing by tang, course, 

mer. diff. lat. = sec. cor. mid. lat. X diff. lat (264) 

, i ... mer. diff. lat. /«.,,, x 

whence sec cor. mid. lat. = rr^r-i • (265) 

din. lat. ^ ' 

If, from the corrected middle latitude, calculated by this 
formula, the actual middle latitude is subtracted, the cor- 
rection of the middle latitude is obtained, as in the table on 
p. 76 of the Navigator. The meridional difference of latitude 
should be obtained for these calculations, not from the tables 
of meridional parts, but directly from the tables of logarithmic 
sines, &c., by means of (257) ; and when the difference of 
latitude is less than 14^, tables should be used in which the 
logarithms are given to seven places of decimals. 

47. Corollary, A formula, adapted to calculation by logarithms 
of five places, can be obtained by the following process. 

Let Lq zh the middle latitude = j^ (L + L') 

« =: the correction of mid. lat 

Iq = the difference of latitude :=!/ — i, 

and, by ^ 42, 

j.-. , ^ coeec. 1' , cotan. (45** — i L') ,. .., 

mer. diff. lat. = —. log. — )-r^5 Vrf- (2**) 

log. 6 ^ cotan. (45® — i L) ^ ' 

By changing, in (248), the small letters to large ones, we obtain 

cotan. (45® -^LQ _ cos. £, + sin. ^ Zp 
*^ cotan. (45® — } L) "" *"«5' cos. L^ — sin. i l^ 



^ 1 + sin.^Z secL, ^ 

® 1 — sm. i Iq *c. Lf^ ^ ' 



But, by (186), 



, 1 4- sin. X L sec. L^ « , r . . , 

+ J (sin. i Z, sec. Li)» + i (sm. i l„ sec. L^)i + &c.] (2te) 
8* 
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which gives, by substitution in (267 and 266), 

mer. difT. lat := 2 cosec. V [sin. i Z^ sec. L^ 

+ i (sin. i Zo sec. L^)" + &c-] (269) 

and (265) gives 

- -. , . cosec. 1' r . - , y 

sec. (Lo + «) = — 7-5 — [sm. i Z^ sec. L^, 

+ i (sin. i l^ sec. Lja + &c.] (270) 

48. EzAatPLEs. 

1. Find the correction for middle latitude sailing, when the middle 
latitude is 35*^, and the difference of latitude 14**. 

Solution. Greater lat. = 35** + 7' = 42** 

Le8shit.=35'— 7'' = 28^ 
450 — ^ gr. lat = 24"* cotan. 0.35142 
45" — ^ less lat = 31'' cotan. 0.22123 



^ 0.13019 log. 9.11458 

7915.7 8.89849 

diff. lat =z 840' ar. co. 7.07572 



corrected mid. lat = 35'' 24' sec. 10.08879 

correction = 35' 24' — 35" = 24'. 

2. Find the correction for middle latitude sailing, when the middle 
latitude is 66% and the difference of latitude 10°. 

SobUion. In this case J Z^ = 5' = 300', Lq = 66* 
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b^ sin. 8.04030 
66" sec. 0.39069 



sin. 5* sec. 66' =0.214261 9.33099 0.21428 

(sin. 5* sec. 66^)3 = 0.00984 7.99297 i (0.00984) = 0.00328 

(sin. 6« sec. 66-)«= 0.00045 6.65495 i (0.00045) = 0.00009 

(sin. 5« sec. 66')^ = 0.00002 6.31693 |(0.00002) = 0.00000 



(0.21765) log. 9.33776 0.21765 

300' ar. CO. 7.52288 
1' cosec. 3.53627 



66*22' sec. 0.39691 

Corr. mid. lat 66" 22' — 66» = 22'. 

3. Find the correction for middle latitude sailing, when the middle 
latitude is 30*, and the difference of latitude 4% 

Solution. In this case i Zo = ^'^ = 120', L^ = 30* 

2^ sin. 8.54282 

2Xf sec. .06247 



sin. 2'' sec. 30"* =0.040298 8.60529 0.040298 

(sin. 2" sec. 30^)^ = 0.000065 5.81587 0.000022 



8.60552 0.040320 

120' ar. CO. 7.92082 
1' cosec. 3.53627 



30*2' sec. 0.06261 

Corr. mid. lat = 30* 2' — 30* = 2'. 
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4. Find the correction for middle latitude sailing, when the middle 
latitude is 60^, and the difference of latitude 16^. 

Ans. 46'. 

5. Find the correction for middle latitude sailing, when the middle 
latitude is 72®, and the difference of latitude 20*. 

Ans. 124'. 

6. Find the correction for middle latitude sailing, when the middle 
latitude is 50®, and the difference of latitude 8®. 

Ans. ^'. 

7. Find the correction for middle latitude sailing, when the middle 
latitude is 68®, and the difference of latitude 12®. 

Ans. 34'. 

8. Find the correction for middle latitude sailing, when the middle 
latitude is 21®, and the difference of latitude 3®. 

Ans. V. 

9. Find the correction for middle latitude sailing, when the middle 
latitude is 24®, and the difference of latitude 6®. 

Ans. 5'. 

10. Find the correction for middle latitude sailing, when the 
middle latitude is 15®, and the difference of latitude l2®. 

Ans. 26'. 

49. Problem. To find the bearing and distance of two 
given places. [B. p. 79.] 

Solution. We have by (fig. 20) for the bearing, 

1 <^iff long. /««.,v 

and the distance is found by (230). 
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60. Problem. To find the course^ distance^ and difference of 
hngiiude, when both lalUudes and the departure are given. 
[B. p. 80.] 

Solution. The course is found by (229), the difference of longi- 
tude by (258), and the distance by (230). 

61. Problem. To find the distance and difference of longi- 
tude^ when both latitudes and the course are given. [B. p. 82.] 

Solution. The distance is found by (230), and the difference of 
longitude by (258). 

52. Problem. To find the course and difference of longitude^ 
when both latitudes and the distance are given. [B. p. 83.] 

Solution. The course is found by (233), and the difference of 
loDgitude by (258). 

63. Problem. To find the distance, the difference oflatitude^ 
and the difference of longitude, when one latitude, the course, 
and departure are given. [B. p. 84.] 

Solution. The distance is found by (236), the difference of 
latitude by (235), and the difference of longitude by (258). 

54. Problem. To find the course, the difference of latitude^ 
and the difference of longitude, when one latitude, the distance^ 
and the departure are given. [B. p. 85.] 

Solution. The course is found by (237), the difference of lati- 
tude by (238), and the difference of longitude by (258), or by 
the following proportion deduced from the similar triangles of 
(fig. 20). 

diff. lat. : dep. = mer. diff. lat. : diff. long. (272) 

55. Examples. 

1. A ship sails from Boston a distance of 6747 miles, upon a 
course S. 46** 59J' E. ; to find the place at which it arrives. 
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Solution. 
Dist. = 6747 3.82911 

Course =46^59^' cos. 9.83385 taog. 10.03022 



Diff. lat. = 76** 42' S. = 4602', 3.66296 mer. d. 1. = 6007, 3.69958 
Lat. left = 42- 21' N. mer. p. 2810 



Lat. in = 34° 21' S. 2197 diff. long. = 5368' 3.72980 

= 89°28' E. 

mer. diff. lat. = 5007 long, left = 71° 5' W. 



long, in 18°23' E. 

Ans. The place arrived at is the Cape of Good Hope. 

2. Find the bearing and distance from Moscow to St. Helena. 

Solution. 
Moscow, lat. 55* 46' N. mer. parts 4049 long. 3T* 33' E. 
St. Helena, lat. 15** 55' S. mer. parts 968 long. 5** 36'W. 



Difi*. lat. 


= 71M1' 


mer. diff. lat. 5017 diff.l. 


= 48" 9* 




= 4301' 








— 2589' 


Mer. diff. lat 


= 5017 


(ar. CO. 


) 6.29956 






Diff. long. 


= 2589 
= S. 27° 


18' W. tang. 


3.41313 


sec. 




C!ourse 


9.71269 


10.05127 






diff. lat 


= 4801 




3.63357 



dist. = 4840 miles 3.68484 

3. A ship sails from a position 200 miles to the east of Cape Horn 
a distance of 3635 miles, upon a course N. N. E. ; find the position 
at which it has arrired. 

Ans, It has arrived at the equator in the lotigitude of 33** 18' W. 
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4. Required the bearing and distance of Botany Bay from Lon« 
don. 

Ans. The Bearing = S. 57** 31' E. 

Distance = 9551 miles. 

5. A ship sailed northwesterly froip Lima until it arrives in the 
latitude 23° T N., and has made a departure of 9983 miles; find 
the place at which it has arrived. 

Ans. Canton. 

6. A ship sails from Disappointment Island in the North Pacific 
Ocean, upon a course S. 6P 4V C, until it has arrived in latitude 
J4* 7' S. ; find the place at which it has arrived. 

Ans, The Disaf^pointment Islands in the South Pacific Ocean. 

7. A ship sails from Icy Cape (North West Coast of America) a 
distance of 9138 miles southeasterly, when it has arrived in latitude 
62* dCK S. ; jfind the place c^t which it has arrived. 

Ans. Yankee Straits ii^ New South Shetland. 

8. A ship sails from Java Head, upon a course S. 68* 58^ W., 
until it has made a departure of 4749 miles ; find the position at 
ffhich it has arrived. 

Ans. It has arrived at a position 180 miles south of the Cape 9f 
Good Hope. 

9. A ship sails southeasterly from the South Point of the Great 
Bank of Newfoundland a distance of 2821 miles, when it has made 
a departure of 910 miles ; find the position at which it has arrived. 

Ans, Its position is 208 miles north of Cape St. Roque. 
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CHAPTER VI- 

SURVEYING. 

56. The object of Surveying is to determine the dimensions 
and areas of portions of the earth's surface. In the application 
of Plane Trigonometry, the portions of the earth are supposed 
to be so small that the curvature of the earth is neglected. 
They are, in this case, nothing more than common fields 
bounded by lines either straight or curved. 

67. Problem, To find the area of a triangular fields when 
its angles and one of Us sides are known. 

Solution. Let ABC (fig. 2) be the triangle to be measured, and c 
the given side. The area of the triangle is equal to half the product 
of its base by its altitude, or 

area of ABC = J i p. (273) 

But, by (130), 

whence 

and, by (131), 

pz= csin. A, 

Substituting in (273), we have 

area of ABC = — s— ^ — n • (274) 

2 sm. C ^ ' 

68. Problem. To find the area of a triangular field, when 
two of its sides and the included angle are known. 



sin. C : sin. Biieih^ 
c sin. B 



J=. 



sin. C ' 
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Solution, Let ABC (fig. 2) be the triangle to be measured, h and c 
the given sides, and A the given angle. Then, by (273), 

area of ABC = J J ;?, 
and, by (131), 

p =1 c sin. A, 
Hence 

area of ABC = J J c sin. A ; (275) 

or, the area of a triangle is equal to half the continued product 
of two of its sides and the sine of the included angle. 

69. Problem. To find the area of a triangular field, when 
lis three sides are known. 

Solution. Let ABC (fig. 1) be the given triangle. Then, by 
(2T5), 

area of ABC =: ^h c sin. A ; 

but, by (158), 

sin. A = g^^[^(^-^)(^-^)(^-0] 
h c ' 

in which s denotes the half sum of the three sides of the triangle. 
Hence 

h c sin. il = 2 \/ [s (s — a) {s — h) {s — c) ] ; 

and 

area of ABC =^ \^[s{8 — a) {s — h) {s — e)]; (276) 

or, to find, the area of a triangular field, subtract each side 
separately from the half sum of the sides ; and the square root 
of the continued product of the half sum and the three remain- 
ders is the required area. 

60. Examples. 

1. Given the three sides of a triangular field, equal to 45.56 ch., 
52.98 ch., and 61.22 ch. ; to find its area. 
9 
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Solution. In (fig. 1) let a = 45.56 ch., b = 52.98 ch., c = 
61.22 ch. 



2 « = 159.76 ch. 




»= 79.88 ch. 


1.90244 


« — 0= 34.82 ch. 


1.53555 


« — J= 26.90 ch. 


1.42975 


« — c = 18.66 ch. 


1.27091 


2 6.13865 



Area o£ ABC = 1173.05 sq. ch. 3*06932. 

Ans. The area = 117 A. I R. 9 r. 

2. Given the three sides of a triangular field equal to 32.56 ch., 
57.84 ch., and 44.44 ch. ; to find its area. 

Ans. The area = 71 A. 3 R. 29 r. 

- 3. Given one side of a triangular field equal to 17.95 ch., and the 
adjacent angles equal to lOO"* and 70° ; to find its area. 

Ans. The area = 85 A. 8 R. 17 r. 

4. Given two sides of a triangular field equal to 12.34 ch., and 
17.97 ch., and the included angle equal to 44*" 56' ; to find its area. 

Ans, The area = 7 A. 3 R. 13 r. 

61. Problem. To Jind (he area of mi irregular Jield bounded 
by straight lines. 

First Method of Solution. Divide the field into triangles in 
any manner best suited to the nature of the ground. Measure 
all those sides and angles which can be measured conveniently, 
remembering that three parts of each triangle, one of which is 
a side, must be known to determine it. 

But it is desirable to measure more than three parts of each tri- 
angle, when it can be done ; because the comparison of them with 
each other will often serve to correct the errors of observation. 
Thus, if the three angles were measured, and their sum found to 
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differ from 180*, it would show there was an error ; and the error, if 
small, might be divided between the angles ; but if the error was 
large, it would show the observations were inaccurate, and must be 
taken again. 

The area of each triangle is to be calculated by one of the 
preceding formulas, and the sum of the areas of the triangles 
is the area of the whole field. 

This method of solution is general, and may be applied to 
surfaces of any extent, provided each triangle is so small as 
not to be affected by the earth's curvature. 

Second Method of Solution, Let ABCEFH (fig. 21) be the field 
to be measured. Starting from its most easterly of its most westerly 
point, the pcHot A for instance, measure successively round the field 
the bearings and lengths of all its sides. Through A draw the 
meridian iVS, on which let fall the perpendiculars BB\ CC\ EE\ 
FF', and HH'. Also draw CB"E", EF', and HF'" parallel to NS. 

Then the area of the required field is 

ABCEFH = AC'CEFF' — [ACCB + AHFF']. 
But 

AC'CEFF* =: C'CEE' + E'EFF'-, 
and 

AC'CB + AHFF* = OCBff + B'BA + AHH' + WHFF'. 
Hence 

ABCEFH = [C'CEE' + E'EFF'] — [C'CBB' + B'BA 
+ AHH' + H'HFF'] ; 
or doubling and changing a very little the order of the terms, 

2 ABCEFH = [2 C'CEE' + 2 E'EFF'] — ) 
[2 B'BA + 2 CC'BB' + 2 H'HFF' + ^AHH']. \ ^^^^^ 

Again, 

2 B'BA = BB' X AB' 

2 CC'BB' = (BB' -f CC) X B'C 

2 C'CEE'= {EE' + CC) X EC . .^^^. 

2 E'EFF' = {EE' + FF') X E'F' ^ 

2 H'HFF' = {HH' + FF') X H'F' 

2 AHH' = HH' XAH'./ 
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So the determination of the required area is now reduced to the 
calculation of the several lines in the second members of (278). 
But the rest of the solution may be more easily comprehended by 
means of the following table, which is precisely similar in its 
arrangement to the table actually used by surveyors, when calculating 
areas by this process. 



BUM. 


N. 


B. 


K 1 W. 


D^. 


8am. ft. Anu. ' 8. Arm. 


AB 


AB' 


BB' 




BB' 


BB' 


BB'A 




BC 


B'C 






BB" 


CC 


BB' + CC 


CC'BB' 




CE 




C'E' 


EE" 




EE' 


CC'+EE' 




C'CEE' 


EF 




E'F" 


FF" 




FF' 


EE'+FF' 




E'EFF' 


FH 


F'H' 






FF'" 


HH' 


FF'+HH'H'HFF' 




HA 


H'A' 






HH' 





HH' 


AHH' 





In the first column of the table are the successive sides of 
the field. 

In the second and ihird columns are the differences of latitude 
of the several sides, the column headed N, corresponding to the 
sides running in a northerly direction, and that headed S, 
corresponding to those running in a southerly direction. 

These two columns are calculated by the formula 

Diff. lat. = dist. X cos. bearing. 

In the fourth and fifth columns are the departures of the 
several sides; the column headed E, corresponding to the 
sides running in an easterly direction, and that headed W, to 
those running in a westerly direction. 

These two columns are calculated by the formula 
Departure = dist. X sin. bearing. 

In the sixth column, headed Departure, are the departures 
of the several vertices, which terminate each side of the field 
from the vertex A. This column is calculated from the two 



§ 61.] STTKVEYINO. 101 

columns E and W, in the following manner. The first num- 
ber in column Departure is the sam^ as the first in the two 
columns E and W ; and every other number in column Depar- 
ture is obtained by adding the corresponding number in columns 
E and W, if it is of the same column with the first number in 
those two columns, to the previous number in column Depar- 
ture; and by subtracting it^ if it is of a different column. 

Tlius, 

BB'=BB^ 

CC = B'B" = BB^ — BB" 

EE' = E'E" + EE" = CO + EE" 

FF = FF + FF' = EE'+ FF' 

EH' = FF" z=FF — FF" 

In the seventh column, headed Sum^ are the first factors of 
the second members of (278). This column is calculated from 
column Departure in the following manner. The first num- 
ber in column Sum is the same as the first in column Depar- 
ture; every other number in column Sum is the sum of the 
correspofiding number in column Departure added to the pre- 
vious number in column Departure^ as is evident from simple 
inspection. 

In the eighth and ninth columns are the values of the areas, 
which compose the first members of (278). These columns 
are calculated by multiplying the numbers in column Sum by 
the corresponding numbers in columns N and S, which contain 
the second factors of the second members of (278). The pro- 
ducts are written in the column of North Areas, when the 
second factors are taken from column N, and in that of South 
Areas J when the second factors are taken from column S. 

If we compare the columns of North and South Areas with 
(277), we find that all those areas, which are preceded by 
9* 
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the negative sign, ^re the same with those in the column of 
North Areas ; while all those, which are connected with the 
positive sign, belong to the column of South Areas. To 
obtain^ therefore, the value of the- second member of (277), 
that is, of double the required area, we have only to find the 
difference between the sums of the columns of North and South 
Areas. [B. p. 107.] 

62. Corollary. The columns N, S, E, and W, are those which 
would be calculated in Traverse Sailing, if a ship was supposed to 
start from the point il, and proceed round the sides of the field till 
it returned to the point A. The difference of the suras of columns 
N and S is, then, by traverse sailing, the difference of latitude 
between the point from which the ship starts, and the point at which 
it arrives ; and the difference of columns E and W is the departure 
of the same two points. But as both the points are here the same, 
their difference of latitude and their departure must be nothing, or 

Sum of column N = sum of column S ; 

Sum of column E = sum of column W. 

But when, as is almost always the case, the sums of these columns 
differ from each other, the difference must arise from errors of 
observation. If the error is great, new observations must be taken ; 
but if it is small, it may be divided among the sides by the following 
proportion. 

The sum of the sides : each side =z whole error : 

error corresponding to each side, (279) 

The errors corresponding to the sides are then to be sub- 
tracted from the differences of latitude, or the departures 
which are in the larger column, and added to those which are 
in the smaller column. 

63. Examples. 

1, Given the bearings and lengths of the sides of a field, as in the 
three first columns of the following table, to find its area. 

Solution, The table is computed by § 61. 



§63.] 



SUHVEYING. 



103 









kO " 


Oi 


s 


g" 






^ 


c^ 


"oo" 


"^ 


CO'*!' 


c«*o O 1 


s 








OJ 








n 


TD 


CO 


-^ 


»o "^ 


00 












*- 








'J? 


*?* 




«o 


'(f 


o 


^ 






t"* 


o 


-? 


c- 






^ 


1- 


OJ 


q 


00 


"^ 


00. 






P 


— • 


^ 


-s5 






f^ 


d 


r- 


S 




CO 


t- . 






a 


Oi 


.^ 


?:j 






CO 


o 




^ 




»-l 








CM 


r1 


■^ 


c^ 






o 


»n 










m 








<M 




Oi 






1-H 


cl 


^ 


o 








^ 




f-» 






^" 




■ 


o 


I- 


«-H 








35 


o 


C* 














CO 










a 


!>► 


1- 












C-"j 


-^ 


^ 


O 


t- 












o 


l> 


■53 


31 


Si 












I— 




^ 


~o 


r- 


^ 


ji 








o 


cT 






"oi 


re 


QO 






i 


^ 


^. 


3i 


Oi 


CO 




•9 


00 


1 


^ 


PJ3 


t-^' 


^ 


i 1 


:n 


:?! 


ts 


1 


S 


o~ 


''^ 




.^.. 


■:r+ 


o 


c* 








l> 


I3Q 


ixT 






fit 


3i 


CJ 


^- 


^ 


CTl 


'^'- 


a^ 


q 




F 


'^ 


^ 


<i 


'^ 


%a 


n 


o 


d 




P 






IQ 


>o 


'i 


" 


C-J 








CJ 




-^ 


C*J 


t--" 








^4 


, 


<35 




= 


^ 


CO 








to 


» 


^ 




^ 




o 








^ 


■■Hi 








+H 








t- 






>i 








~o~ 


"ao~ 


^o~ 


^^ 






Cli 








to 


s3> 


tf3 


M 


N 




a 








s 


lo 


s 


^ 














__ 








*" 










*-H 


"f^ 


"Vo 






c^ 


Op 








5 


o 


c- 








" " 


m 






[rt 


o 


r*i 


CO 






S PS 














=r. 






















00 ^ 


■^ 
'?i~ 




CO 




[73 


-^ 














r 


■ 


00 


*# 












' «c 


1, <] 


^ 


-« 

rt 


s 












s 




*-• . 


'ift" 


"«» 


' '^~ 


"rt~ 


"cO~ 


50 


'cT" 


~q6^ " 


Oi II 


a« 


o 


q 




1 q 


o 


^1 


q 
o 


~CJ0~ 


n 


II 


* » 


~o* 


*-< 


.p^ 


o 


£ 


55^ 


o 


q 


q 


! ^ 


q 




q 


q 


=1 ■< 1 























V 


• 


s 








ro 






= 


s 


fr 


^ 




c? 




d 








■^ 


— ^ 




■o 




rH 








t^ .: *» 




















.-^ ^ 






** 








-^Q- 


~CJ" 


~a5~ 


■lO -^ 


!3l ^ 


, 




^ 








00 


CJ 


Ch 


cc. o 


J> 


^ 




d . 








CO 


r^a 


^ 












s 


s 


if 


"3" 






s 


cfi 






c^^ 


o 


CO 


CO 






d 




















^ ^ 




s' 


?■ 












--ii 


o o 


O 


, » 


0* 












1- 


oc? ^^ 


"^ 


^ 










' 






g 


d d , 














jd 


J2 






■^ ■^ . 






. 


ja 


M 


^ 


^ 


-d 


^ 






Is 


V 


t» 


u 


XJ 


u 


U 


tj 


^ 




3 


^H 


CJ 


"St 


o 


1F^ 


;?j 


*^ 


■^M 




OJ 


£0 


kO 


■^-t 


^ 


cv 










T 


pq 


'^~ 


I^ 


^ 


e4 


, 


: ^ 




1 


u 

-* 






1 


n 
I' 




s 


k 


- 


ii^i 


K 


.^_ 




..^_ 


1/2 




'^ 




~ — 




" — 















— ^ — — - n— 


i 


»-H 


<M 


CO 


•^ 


»o 


O 


r^ 


00 





104 



NAVIGATION AND SUHVETING. 



[CH. TI. 



2. Given the lengths and bearings of the sides of a field, as in thd 
following table ; to find its area. 



No. 


Bearingi j Diit. 


1 


N. 17» E. 


25 ch. 


2 


East. 


28 ch. 


3 


South. 


54 ch. 


4 


S. 4» W. 


22 ch. 


5 


N. 33* W, 


62 ch. 



Ans. The area = 169 A. 3 R. 17 r. 



64. Problem. To find the area of a field bounded by sides f 
irregularly curved. 

Solution. Let ABCEFHIKL (fig. 22) be the field to be meas- 
ured, the boundary ABCEFHIKL being irregularly curved. Take 
any points C and jP, so that by joining AC, CF, and FL, the field 
ACFL, bounded by straight lines, may not differ much from the 
given field. 

Find the area of A CFL, by either of the preceding methods, and 
then measure the parts included between the curved and the straight 
sides by the following method of offsets. 

Take the points a, &, c, d^ so that the lines Aa^ah^hc^cd^dC 
may be sensibly straight. Let fall on ilC the perpendiculars aa'j 
h h'y c c', d d'. Measure these perpendiculars, and also the distances 
Aa',a'h\h'c',c'd\d'C. 

The triangles Aaa\ Cd d\ and the trapezoids aha' b\hcl/d^ 
cddd' are then easily calculated, and their sura is the area oi 
ABC. 

In the same way may the areas of C£jP, FHI^ and IKL be cal- 
culated ; and then the required area is found by the equation 

ABCEFHIKL = ACFL — ABC + CEF + FHI— IKL. 
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Example. 

Given (fig. 22) Aa! = b ch., a'V =2 ch., JV = 6 ch., d d' 
= Ich., d'C=4ch.; alsofla'= 3 ch., ft 5' = 2 ch., c c' = 2.5 ch., 
ddf =i\ ch. ; to find the area of ABC. 

Arts, Required area = 2 A. 3 R. 36 r. 
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CHAPTER yil. 

HEIGHTS AND DISTANCES. 

65. The plane of the sensible horizon at any place, is the 
tangent plane to the earth's surface at that place. [B. p. 48.] 

The horizontal plane coincides with that of the surface of tranquil 
waters, when this surface is so small that its curvature may be 
neglected ; and it is perpendicular to the plumb line. 

66. The angle of elevation of an object is the angle which 
the line drawn to it makes with the horizontal plane, when the 
object is above the horizon ; the angle of depression is the 
same angle when the object is below the horizon. 

67. The bearing of one object from another is the angle 
included by the two lines which are drawn from the observer 
to these two objects. 

68. Problem. To determine the height of a vertical tower^ 
situated on a horizontal plane. [B. p. 94.] 

Solution. Observation. Let AB (iig. 23) be the tower, whose 
height is to be determined. Measure off the distance BC on the 
horizontal plane of any convenient length. At the point C observe 
the angle' of elevation ilC5. 

Calculation. We have, then, given in the right triangle ACB the 
angle C and the base J9C, as in problem § 34 of PI. Trig., and the 
leg A Bis found by (26). 

Example. 

At the distance of 95 feet from a tower, the angle of elevation of 
the tower is found to be 48^ 19', Required the height of the towen 

Ans. 106.69 feet. 
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69. Problem. To find the height of a vertical tower situated 
on an inclined plane. 

Solution, Observation. Let AB (fig. 24) be the tower situated 
on the inclined plane BC. Observe the angle JB, which the tower 
makes with the plane. Measure off the distance BC of any con- 
venient length. Observe the angle C, made by a line drawn to the 
top of the tower with BC. 

Calculation. In the oblique triangle ABCy there are given the 
side BC and the two adjacent angles B and C, as in ^ 73 of 
PL Trig. 

Example. 

Given (fig. 24) BC = 89 feet, B = 113« 12', C = 23- 27' ; to 
EndAB. 

Am. AB = 51.595 feet. 

70. Problem. To find the distance of an inaccessible object. 
[B. p. 89 and 95.] 

Solution. Observation. Let B (fig. 2) be the point, the distance 
of which is to be determined, and A the place of the observer. 
Measure off the distance AC oi any convenient length, and observe 
the angles A and C. 

Calculation. AB and BC are found by § 73 of PL Trig. 

71. Corollary, The perpendicular distance BP of the point B 
from the line ilC, and the distances AP and PC are found in the 
triangles ABP and BPC, by ^ 32 of PL Trig. 

72. Corollary. Instead of directly observing the angles A and C, 
the bearings of the lines AB^ AC^ and JBC, may be observed, when 
the plane ABC ia horizontal, and the angles A and C are easily 
determined. 

73. Examples. 
1. An observer sees a cape, which bears N. by E. ; after sailing 
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30 miles N. W,, he sees the same cape bearing east ; find the dis- 
tance of the cape from the two points of observation. 

Ans, The first distance c=: 21.63 miles. 

The second dist. = 25.43 miles. 

2. Two observers, stationed on opposite sides of a cloud, observe 
the angles of elevation to be 44° 56', and 36"* 4', their distance apart 
being 700 feet ; find the distance of the cloud from each observer, 
and its perpendicular altitude. 

Ans, Distimces from observers = 417.2 feet, and = 500.6 ft. 

Height r= 294.7 feet. 

3. The angle of elevation of the top of a tower at one station is 
observed to be 68° 19', and at another station, 546 feet farther from 
the tower, the angle of elevation is 32^ 34' ; find the height and dis- 
tance of the tower, the two points of observation being supposed to 
be in the same horizontal plane with the foot of the tower. 

Ans, The height =z 467.45 ft. 

The distance from the nearest point of observ. = 185.86 ft. 

74. Problem. To find the distance of an object from the foot 
of a tower of known height, the observer being ai the top of 
the tower. 

Solution. Observation. Let the tower be AB (fig. 23), and the 
object C. Measure the angle of depression HAC. 

Calculation. Since 

ACB=HAC, 

we know in the triangle ACB the* leg AB and the opposite angle C, 
as in §33 of PI. Trig. 

Example. 

Given the height of the tower =: 150 feet, and the angle of de- 
pression = IT 25' ; to find the distance from the foot of the tower. 

Ans. 478.16 feet. 



§ 76.] HEIGHTS AND DISTANCES. 109 

75. Problem. To find the height of an inaccessible object 
above a horizontal plane, and its distance from the observer. 
[B. p. 96.] 

Solution. Observation. Let A (fig. 25) be the object. At two 
diflerent stations, B and C, whose distance apart and bearing from 
each other are known, observe the bearings of the object, and also 
the angle of elevation at one of the stations, as B. 

Calculation. In the triangle BCD^ the side BC and its adjacent 
angles are known, so that BD is found by ^ 73 of PI. Trig. In the 
right triangle ABD^ the height AD is, then, computed by ^ 34 of 
PL Trig. 

Example. 

At one station the bearing of a cloud is N. N. W., and its angle of 
elevation 50° 35'. At a second station, whose bearing from the first 
station is N. by £., and distance 5000 feet, the bearing of the cloud: 
is W. by N. ; find the height of the cloud. 

Ans. 7316.3 feet. 

76. Problem. To find the distance of two objects, whose 
relative position is known, [B. p. 90.] 

Solution. Observation. Let B and C (fig. 1) be the two known 
objects, and A the position of the observer. Observe the bearings of 
B and C from A. 

Calculation. In the triangle JIjBC, the side BC and the two angles 
are known. The sides of AB and A C are found by § 73 of PI. Trig. 

Example. 

The bearings of the two objects are, of the first N. E. by E., and 
of the second E. by S. ; the known distance of the first object from 
the second is 23.25 miles, and the bearing N. W. ; find their distance 
from the observer. 

Ans, The distance of the first object is = 18.27 miles. 

That of the second object = 32.25 miles.. 
10 
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77. Problem, To find the distance apart of two objects 
separated by an impassable barrier. [B. p. 91.] 

Solution. Observation, Let A and B (fig. 1) be the objects; the 
distance of which from each other is sought. Measure the distances 
and bearings from any point C, to both A and B. 

Calculation. In the triangle ABCy the two sides AC and BC, and 
the included angle C, are known. The side AB and the angles A 
and B may be found by ^ 82 of PI. Trig. 

Example. 

Two ships sail from the si^me port, the one N. 10* E. a distance of 
200 miles, the second N. 70° E. a distance of 150 miles ; find their 
bearing and distance. 

Ans. The distance = 180.3 miles. 

The bearing of the first ship from the second = N. 36" 6' W. 

78. Problem. To find the distance apart of two inaccessible 
objects situated in the same plane with the observer, and their 
bearing from each other. [B. p. 92.] 

Solution. Observation. Let A and B (fig. 26) be the two inac- 
cessible objects. At two stations, C and £, observe the bearings of 
A and B^ and the bearing and distance of C from E. 

Calculation. In the triangle AEC^ we have the side CJS, and the 
angles ACE and AEC, so that ilC is found by § 73 of PI. Trig. 

In the same way J3C is calculated from the triangle BCE. 

Lastly, in triangle ABC^ we know the two sides AC and BC, and 
the included angle, for 

ACB = ACE—BCE. 

Hence AB and the angles BAG and CBA are found by § 82. 

Example. 

An observer from a ship saw two headlands ; the first bore E. N. E., 
and the second N. W. by N. After he had sailed N. by W. 16.25 
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miles, the first headland bore E. and the second N. W. by W. ; find 
ibe bearing and distance of the first headland from the second. 

Ans, Distance z= 55.89 miles. 

Bearing = S. 80** 42' E. 

79. Problem. To find the distance of an object of known 
heighty which is just seen in the horizon. 

Solution^ I. If light moved in a straight Ztne, and if A (fig. 27) 
were the eye of the observer, and B the object, the straight line 
AFB would be that of the visual ray. The point P, at which the 
ray touches the curved surface CPD of the earth, is the point of the 
visible horizon at which the object is seen. The distances PA and 
PB may be calculated separately, when the heights AC and BB are 
known. For this purpose, let O be the earth's centre, let BD be 
produced to £, and let 

h =AC, H=:BB, 

I = PA, L = PB, 

R = the earth's radius. 

Since BP is a tangent, and BOE a secant to the earth, we have 

BE:BP = BP:BD; 

and BD is so small in comparison with the radius, that we may take 

BE=DE = 2R, 
and the above proportion becomes 

2R:L= L:H; 
whence 



L9 = 2RH, L = <^{2RH, 


(280) 


^- 2R' 


(281) 


and in the same way 




l^ = 2Rh, l = s^{2Rh), 


(282) 




(283) 
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ir. Light does not, however, move in a straight line near the earth^s 
surface, but in a line curved towards the earth*8 centre^ which line 
is nearly an arc of a circle^ whose radius is seven times the earth^s 
radius ; so that for the point of contact P and the distances I and 
L, the positions of the eye and of the object are -4' and B\ Now 
if we put 

BB* = H\ B'D = H, = H—H' 

A'C = h^, 

we can find the value of H' with sufficient accuracy by changing in 
(281) R into 7 Jl, which gives 

H, = H-H' = fH=^5 (284) 

whence Z. = v' (5 i^^i )• (285) 

III. In calculating the value of L by (285), it is usually desired 
in statute miles, while the height Hy is given in feet. Now we have 
in the Preface to the Navigator, page v, 

fi = 20911790 feet, (286) 

whence J fi = 48794177 feet, 

log. ^/(J R) = i log. iR = 3.84418, 

and log. (L in feet) = 3.84418 + J log. {H^ in feet). 

T> * r . •, i in ^eet 

But Lm miles = ^^^ , 

so that log. L in miles = log. L in feet — 3.72263 

= 0.12155 + i log. Hy in feet, (287) 

which agrees with the formula given in the Preface to the Navigator 
for calculating Table X. 

IV. The Table may be used for finding L and Z, when H^ and h^ 
are given, and then the required distance is the sum of L and /. 
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80. Corollary* Table X gives the correction for the error which 
is committed in ^ 68, by neglecting the earth^s curvature, for it is 
evident that to the height BP (fig. 28) of the object above the visible 
level must be added the height PC of the level above the curved 
surface of the earth, as in B. p. 95. 

81. Examples^ 

I. Calculate the distance in Table X at which an object can be 
seen from the suface of the earth, when its height is 5000 feet. 

Solution. 

i log. 5000 z= J (3.69897) = 1.84948 

constant log. =: 0.12155 



dist. = 93.5 (as in Table X) 1.97103 

2. Being on a hill 200 feet above the sea, I see just appearing in 
the horizon the top of a mast, which I know to be 150 feet above 
water ; how far distant is it ? 

Solution. By Table X, 

200 feet corresponds to 18.71 miles. 
150 feet corresponds to 16.20 miles. 

The distance is 34.19 miles. 

3. At the distance of 7} statute miles from a hill the angle of 
elevation of its top is 2^ 13^ ; find its height in feet, the observer 
being 20 feet above the sea. 

Solution. 

2** 13 tang. 8.58779 

7i mUes = 39600 4.59770 By Table X. 



1533 feet 3.18549 7.50 

1 foot correction, height 20 5.92 

height = 1534 feet, height 1 1.58 
10* 
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4. Calculate the distance in Table X, when the height is 450 feet. 

Ans. 28.06 miles. 

5. Upon a height of 5000 feet, the top of a hill, one mile high, is 
just visible in the horizon ; how far distant is the hill ? 

Ans. 189.6 miles. 

6. At the distance of 25 miles from a mountain the angle of ele- 
vation of its top is 3® ; find its height, the observer being 60 feet 
above the intervening sea* 

Ans, 7043 feet 
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SPHERICAL TRIGONOMETRY. 



CHAPTER I. 

DEFINITIONS. 

1. Spherical Trigonometry treats of the solution of spheri- 
cal triangles. 

A Spherical Triattgle is a portion of the surface of a sphere 
included between three arcs of great circles. 

In the present treatise those spherical triangles only are treated of, 
in which the sides and angles are less than 180°". 

2. The angle^ formed by two sides of a spherical triangle, 
is the same as the angle formed by their planes. 

3. Besides the usual method of denoting sides and angles 
by degrees, minutes, &c. ; another method of denoting them is 
so often used in Spherical Astronomy, that it will be found 
convenient to explain it here. 

The circumference is supposed to be divided into 24 equal 
arcs, called hours; each hour is divided into &0 minuted of 
time, each minute into 60 seconds of time, and so on. 

Hours, minutes, seconds, 6cc. of time are denoted by A, m, », d&c. 

4 Problem. To convert degrees, minutes, ^*c. into hours, 
minutes f 4*^. of time. 
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Solution. Since 

360- = 24* 

we have 15' = 1*, and V z=i ^^ =z 4-, 

and 15' = 1-, and 1' = 4% 

15"= 1% and 1"=4'. 

Hence a* = 4 a*, a' 4 a% a" = 4 a' ; 

so that to convert degrees, minutes, Sfc. into time, multiply by 
4, and change the marks ^ ' " respectively, into ""'. 

5. Corollary. To convert time into degrees, minutes, Sfc, 
multiply the hours by 15 for degrees, and divide the minutes, 
seconds, Sfc. of time by 4, changing' the marks "*" into ° ' ". 

The turning of degrees, minutes, &c, into time, and th^ reverse, 
may be at once performed by table XXI of the Navigator. 



6. Examples. 




1. Convert 225° 47' 38" into time. 




Solution. By § 4. 


By Table XXI. 


225" = 900" = 15* 


15* 


47' = 188'= 3-8* 


3-8' 


38" =152'= 2' 32' 


2*32' 


225" 47' 38" = 15»3'"10'32' 


15* 3"' 10' 32' 



2. Convert 17* 19"* 13* into degrees, minutes, &c. 
Solution. By ^5. By Table XXI. 

17* = 255' 17* 16" z= 259' 

19* 13* = 4' 48' 15" 3"» 12' = 48' 



17* 19" 13* = 259' 48' 15" 1* = 15" 



17* 19'" 13* = 259' 48' 15" 
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8. Convert 12** 34' 56" into time. Ans. 50" 19' 44'. 

4. Convert 99^ 59' 59" into time. Ans. 6* 39'" 59* 56*. 

5. Convert 3* S" 12* into degrees, minutes, &c. 

Ans. 45'' 33'. 

6. Convert 11* 59"* 59* into degrees, minutes, &c. 

Ans. 179''59'45". 

7. When an arc is given in time, its log., sine, &c. can be 
foand directly from Table XXVII, by means of the column 
headed Jf/owr, P. 3/., in which twice the time is given, so that 
the double of the angle must be found in this column. 

The use of the table of proportional parts for these columns is 
explained upon page 35 of the Navigator. When the time exceeds 
6\ the difference between it and 12* or 24* must be used. 

Examples. 
L Find the log. cosine of 19* 33" 11*. 

SohUian. 

24*_19*33«11' = 4* 26" 49* 

2 X (4* 26" 49') z= 8* 53" 38* 

8* 53" 36* P.M. COS. 9.59720 

prop, parts of 2* 7 



8* 53" 38* P. M. cos. 9.59713 

2. Find the angle in time of which the log. tang, is 10.12049. 
7* 2" 40- P.M. tang. 10.12026 
7' prop, parts 23 



2) 7* 2" 47* P.M. 10.12049 

Ans. 3*31"23J' 
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3. Find the log. sine of 3* 12* 2*. Aru. 9.87113. 

4. Find the log. cosine of 11* 3* 13*. Am. 9.98653. 

5. Find the log. tang, of 15* 0* 9*. Ans. 10.00057. 

6. Find the log. cotan. of 22* 59' 59*. Ans. 10.57183. 

7. Find the angle in time whose log. secant is 10.23456. 

Ans. 3* 37" 26'. 

8. Find the angle in time whose log. cosecant is 10.12346. 

Am. 3M5-15\ 

8. An isosceles spherical triangle is one, which has two of 
its sides equal. 

An equilateral spherical triangle is one, which has all its 
sides equal. 

9. A spherical right triangle is one which has a right angle; 
all other spherical triangles are called oblique. 

Wo shall in spherical trigonometry, as we did in plane trigono- 
metry, attend first to the solution of right triangles. 
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CHAPTER II. 

SPHERICAL RIGHT TRIANGLES. 

10. Problem. To investigate some relations between the 
sides and angles of a spherical right triangle. 

Solution. The importance of this problem ia obvlatis \ for, unless 
some relations were known between tlie sides anil the angles^ they 
could not be determined from each other, and there could be no such 
thing as the solution of a spherical triLuigle. 

Let, then, ABC (fig. 29) be a sphericid nght triangle, right-angled 
at C. Call the hypothenuse AB^ A; mu\ call the legs BC and AC^ 
opposite the angles A and J?, respectively a and h. 

Let O be the centre of the sphere. Join OA^ OB^ OC. ^^^ 

The angle A is, by art. 2, equal to the angle of the planc?s BOA 
and CO A. The angle B is equal to the angle_of the planes BOC 
and BOA. The angle of the planes BOC uaj A OC h rquai to the 
angle C, that is, to a right angle^Hlie«p two planemrc, therefore, 
perpendicular to each other. 1^ V 

Moreover, the angle BOAj measured by BA^^^^k] la BA or h; 

BOC is equal to its measure BC -mtma^ and ,4c7C is equal to its 

measure AC oxh. 

f 
Through any point A' of ihe line OA^ suppose a plane to pass 

perpendicular to OA. Its intersections A'C and A'B' with the planes 

COA and BOA must be perpendicular to Oil', because they are 

drawn through the foot of this perpendicular. 

As the plane B'A'C is perpendicular to OA^ it must be perpen- 
dicular to AOC; and its intersection B^C with the plane BOC^ 
which is also perpendicular to AOC^ must likewise be perpendicular 
\oAOC. Hence B'C must be perpendicular to A'C^ and OC'^ 
which pass through its foot in the plane AOC. 
11 



\ 
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All the triangles A'OB\ A'OC\ B'OC\ and A'B'C, are then 
right-angled ; and the comparison of the mleads to the desired equa* 
tions, as follows : 

First. We have from triangle A'OB' by (4) 

OA' 
cos. A'OB^ =z cos. h = -y^ ; 

and from triangles A'OC and B'OC 

OA' 



OC 

PC 
OB'' 



cos. A'OC 1= COS. J z= 

cos. B'OC = COS. a = 

The preset of the last t\vo equations is 

^ OA' ^ OC OA' 

hence, from the equality of the second members of these equations, 
COS. h = COS. a COS. h. (288) 

Secondly. From triangle A'BC we have by (4), and the fact 
that the angl*:; B A^ ' ia equal to the inclmation of the two planes 
ilOC and BOUf^ 

COB jfi' A' C = COS. A = 




A'B' ' 
and, from trianpT^ aC aad A'OB\ by (4), 

tang. C'Oil' = tang. * = ^', 

A'O 
cotm.B'OA' = cotao.A = 



A'B'' 



The product of th«so equations is 



■ . , , A'C ^ A'O A'C> 
hence ^ cos. A = tang, b cotan. h. (289) 
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Thirdly. Corresponding to the preceding equation between the 
hTpothenuse A, the angle A^ and the adjacent side 5, there must be 
a precisely similar equation between the hypothenuse A, the angle By 
and the adjacent side a ; which is 

COS. B = tang, a cotan. A. (290) 

Fourthly. From triangles B'OC, BOA', and B'A'O, by (4), 
. ^.^^. . B'C 





sin. 


jj'ULf' =z sin. a = 


OB" 




sin. 


B'OA'= sin. h = 


B'A' 
OB'' 




sin. 


B'A'C=sin.A=i 


B'C 
B'A'' 


The product 


of these last two equations is 






sin. h sin 


B'A' B'C 
OB' ^ B'A 


B'C 
'~ OB'' 


hence 




sin. a = sin. h sin 


.A. 



(291) 

Fifthly. The preceding equation between A, the angle A, and the 
opposite side a, leads to the following corresponding one between A, 
the angle B, and the opposite side h ; 

sin. 5 = sin. A sin. B. ^^^^ (292) 



Sixthly. From triangles COA', B'A'C, and BOC, by (4), 

A^C 



sin. CO-A' = sin. h = 

cotan. J?'il'C' = cotan. A = 

tang. 5'OC' = tang, a = 



A'C 
B'C 

B'C 



OC 
The product of these last two equations is 

cot^n.Atang.a=-^X-^=-^; 
hence sin. h = cotan. A tang. a. (293) 
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Seventhly, The preceding equation between the angle A^ the 
opposite side a, and the adjacent side by leads to the following co^ 
responding one between the angle B^ the opposite side ft, and the 
adjacent side a ; 

sin. a = cotan. B tang, b, (294) 

Eighthly. From (7) 





tang. 


Sin. a 

a = , 

COS. a 






tang. 


sin. b 
* = cos.5' 




rhich, substituted in 


(293) and 


(294), give 






sin. a = 


cotan. B sin. 
COS. b 


b 




flin h — — 


cotan. A sin. 


a 



COS. a 

Multiplying the first of these equations by cos. 3, and the second 
by COS. a, we have 

sin. a cos. b = cotan. B sin. b^ 

sin. b cos. a = cotan. A sin. a. 
The product of these equations is 

sin. a sin. b cos. a cos. b = cotan. ^ cotan. B sin. a sin. b ; 
which, divided by sin. a sin. &, becomes 

cos. a cos. 5 = cotan. A cotan. ^. 
But, by (288), 

cos. h z= cos. a COS. & ; 

hence cos. h = cotan. A cotan. B, (295) 

Ninthly. We have, by (288) and (292), 

COS. h 

COS. a = i , 

COS. b 

sm. B = -; — r » 
sin. A 
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the product of which is, by (7) and (8), 

sin. h COS. h sin. h cos. h 



COS. a sin. B =. 



cos. b sin. h cos. b * sin. h 
= tang, b cotan. h. 



But, by (289), 



COS. A =. tang. 5 cotan. h ; 

hence cos. Jl = cos. a sin. J?. (296) 

Tenthly* The preceding equation between the side a, the opposite 
angle A^ and the adjacent angle B, leads to the following similar 
one between the side 5, the opposite angle J?, and the adjacent 
angle A ; 

COS. B = COS. b sin. -4. (297) 

11. Corollary. The ten equations, [288-297,] have, by a 
most happy artifice, been reduced to two very simple theorems, 
called, from their celebrated inventor, Napier^ s Rules. 

In these rules, the complements of the hypothenuse and the 
angles are used instead of the hypothenuse and the angles 
themselves, and the right angle is neglected. 

Of the five parts, then, the legs, the complement of the 
hypothenuse, and the complements of the angles ; either part 
may be called the middle part. The two parts, including the 
middle jparton each side, are called the adjacent parts ; and 
the other two parts are called the opposite parts. The two 
theorems are as follows. 

I. The sine of the middle part is equal to the product of the 
tangents of the two adjacent parts. 

IL T%e sine of the middle part is equal to the product of 
the cosines of the two opposite parts. [B. p. 436.] 

Proof To demonstrate the preceding rules, it is cnly necessary 
to compare all the equations which can be deduced from them, with 
those previously obtained. [288-297.] 
!!• 
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Let there be the spherical right triangle ABC (fig. 30) right- 
angled at C. 

First. If CO. h were made the middle part, then, by the above 
rule, CO. A and co. B would be adjacent parts, and a and h opposite 
parts ; and we should have 

sin. (co. h) = tang. (co. A) tang. (co. B) 

sin. (co. h) = COS. a cos. b ; 
or COS. h = cotan. A cotan. B^ 

^ cos. h = cos. a cos. h ; 
which are the same as (295) and (288). 

Secondly, If co. A were made the middle part ; then co. h and h 
would be adjacent parts, ^nd co. B and a opposite parts ; and we 
should have 

sin. (co. A) z= tang. (co. h) tang. 3, 

sin. (co. A) = COS. (co. B) cos. a ; 

or cos. A = cotan. h tang. &, 

COS. A = sin. B cos. a ; 

which are the same as (289) and (296). 

In like manner, if co. B were made the middle part, we should 
have 

COS. B =. cotan. h tang, a, 

cos. B = sin. A cos. h ; 
which are the same as (290) and (297). 

Thirdly. If a were made the middle part, then co. B and h would 
be the adjacent parts, and co. A and co. h the opposite parts ; and we 
should have 

sin. a = tang. (co. B) tang. b» 

sin. a = COS. (co. A) cos. (co. h) ; 
or sin. a = cotan. B tang, i^, 

sin. a = sin. il sin. h ; 
which are the same as (294) and (291). 
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In like manner, if b were made the middle part, we should have 
sin. h = cotan. A tang, a, 
sin. h = sin. B sin. h ; 
which are the same as (293) and (292). 

Having thus made each part successively the middle part, the ten 
equations, which we have obtained, must be all the equations in- 
dued in Napier^s Rules ; and we perceive that they are identical 
with the ten equations [288-297]. 

12. Theorem. The three sides of a spherical right triangle 
are either all less than 90° ; or elscy one is less while the other 
two are greater than 90®, unless one of them is equal to 90**, 
as in § 16. 

Proof, When h is less than 90**, the first member of (288) is 
positive ; and therefore the factors of its second member must either 
be both positive or both negative ; that is, the two legs a and h must, 
by PI. Trig. § 62, be both acute or both obtuse. 

But when A is obtuse, the first member of (288) is negative ; and 
therefore one of the factors of the second member must be positive, 
while the other is negative ; that is, of the two legs a and ft, one 
must be acute, while the other is obtuse. 

13. Tlteorem. The hypothenuse differs less from 90^* than 
does either of the legs^ the case of either side equal to 90* 
being excepted. 

Proof. The factors cos. a and cos. h of the second member of 
the equation (288) are, by (4), fractions whose numerators are less 
than their denominators. Their product, neglecting the sines, must 
then be less than either of them, as cos. a for instance, or 

cos. h <^ cos. a ; 

and therefore, by PI. Trig. ^ 70 and 71, h must differ less from 90^ 
than a does. 
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14. Theorem, An angle and its opposite leg in a spherical 
right triangle must be both acute, or both obtuse, or, by § 16, 
both equal to 90^. 

Proof. When A is acute, the first member of (296) is positive, 
and therefore the factor cos. a of the second member, being multi- 
plied by the positive factor sin. B must be positive ; that is, a must 
be acute. *But if A is obtuse, the first member of (296) is negative, 
and therefore the factor cos. a of the -second member must be 
negative ; that is, a must be obtuse, ^^ 

15. Theorem. An angle differs less from 90° than its oppo- 
site leg, the case of either side, equal to 90°, being excepted. 

Proof Since the second member of (296) is the product of the 
two fractions cos. a and sin. B, the first member must be less than 
either of them. Thus, neglecting the sines, 

cos. il<^cos. a; 

hence A differs less from 90^ than a does. 

16. Theorem. When in a spherical right triangle either side 
is equal to 90°, one of the other two sides is also equal to 90°; 
€md each side is equal to Us opposite angle. 

Proof First. If either of the legs is equal to 90**, the corres- 
ponding factor of the second member of (288) is, by (66), equal to 
zero ; which gives 

COS. A = 0, 
or, by (66), 

h = 90^ 
Again, if we have 

A = 90% 
it follows, from (66) and (288), that 

r= COS. a COS. J, 

and therefore either cos. a or cos. h must be zero ; that is, either a 
or b must be equal to 90^. 
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Secondly. When either side is equal to 90°, it follows, from the 
preceding proof, that 

A = 90**; 

which substituted in (291) produces, by (67), 

sin. a = sin. A ; 
which gives 

a = -4; 

because, from ^ 14, a could not be equal to the supplement of A, 

17. Corottary. When both the legs of a spherical right 
triangle are equal to 99*", all the sides aAd angles are equal 
to90^ 

18. Theorem. When two of the angles of a spherical trian* 
gle are equal to 90®, the opposite sides are also equal to 90°. 

Proof For in this case, one of the factors of the second member 
of the equation (295) must, by (68), be equal to zero, since either 
AoiB\B%(y\ hence 

cos. A = ; 

or, by (66), . 

A = 90^ 

and the remainder of the proposition follows from ^ 16. 

19. Corollary. When all the angles of a spherical right 
triangle are equal to 90'', all the sides are also equal to 90°. 

20. Theorem. The sum of the angles of a spherical right 
triangle is greater than 180°, and less than 360° 5 and each 
angle is less than the sum of the other two. 

Proof L It is proved in Geometry, that the sum of the angles of 
any spherical triangle is greater than 180°. 

II. It is proved in Geometry, that each angle of any spherical 
triangle is greater than the difference between two right angles 
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and the sum of the other two angles. Hence, if the sum of the 
two angles A and B is greater than ISO', we have 

90«>j14-5 — 180^, 
or il + 5<270', 

or il4-54-90'<360*»; 

that is, the sum of the three angles is less than 360° ; and in case 
the sum of the angles A and B is less than 180**, the sum of the 
three angles is obviously less than 360°. 

III. When the right angle is greatest of the three angles, we have 

'90° 4-^1 + ^> 180% 

or ^ + 5> 90'; 

that is, the greater angle is in this case less than the sum of the 
other two. 

But if one of the other angles A is the greatest of the three 
angles, we have, by the proposition of Geometry last referred to, 

B>90' + il — 180% 

or 5>il — 90% 

or il<^ + 90'; 

so that in every case one angle is less than the sum of the other 
two. 

21. To solve a spherical right triangle, two parts must be 
known in addition to the right angle. From the two known 
parts, the other three parts are to be determined, separately, 
by equations derived from Napier's Rules. The two given 
parts, with the one to be determined, are, in each case, to enter 
into the same equation. These three parts are either all ad/a^ 
cent to each ather^ in which case the middle one is taken as the 
MIDDLE PART, and the othentwo are^ by ^ 11, adjacent parts; 
or one is separated from the other two, atid then the part, which 
stands by itself, is the middle part, and the other two are^ by 
$ 11, opposite parts. 
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22. Problem. To solve a spherical right triangle^ when the 
hypoihenuse and one of the angles are given. 

Solution. Let ABC (fig. 30) be the right trangle, right-angled at 
C ; and let the sides be denoted as in ^ 10. Let h and A be given ; 
to solve the triangle. 

First. To find the other angle B. The three parts, which are to 
enter into the same equation, are co. A, co. A^ and co. B ; and, by 
^ 21, as they are all adjacent to each other, co. h is the middle part, 
and CO. A and co. B are adjacent parts. Hence, by Napier's fiules, 

sin. (co. h) = tang. (co. A) tang. (co. J3), 

or cos. h = cotan. A cotan. B ; 

and, by (6), 

_^ COS. h T . M 

cotan. B =: j = cos. h isms. A. 

cotan. A 

Secondly. To find the opposite leg a. The three parts are co. A^ 
CO. A, and a; of which, by ^ 21, a is the middle part, and co. A and 
CO. A are the opposite parts. Hence, by Napier's Rules, 

sin. a = COS. (co. h) cos. (co. A)^ 

or sin. a = sin. h sin. A. 

Thirdly. To find the adjacent leg. h. The three parts are co. Aj 
CO. hy and h ; of which co. A is the middle part, and co. h and b are 
the adjacent parts. Hence, by Napier's Rules, 

sin. (co. A) =: tang. (co. h) tang. &, 

or cos. A = cotan. h tang, b ; 

and, by (6), 

^ . cos. A ^ . . 

tang, b = r = tang, h cos. A. 

^ cotan. h ^ 

23. Scholium. The tables always give two angles, which are 
supplements of each other, corresponding to each sine, cosine, &c. 
But it is easy to choose the proper angle for the particular case, by 
referring to § 12 and 14 ; or by having tegard to the signs of the 
different terms of the equation, as determined by PL Trig. § 62. 
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24. Scholium. When h and A are both equal to 90°, the values of 
cotan. B and tang, h are indeterminate ; for the numerators and 
denominators of the fractional values are, by (66) and (68), equal to 
zero; and in this case there are an infinite number of triangles 
which satisfy the given values of h and A. 

The problem is impossible by § 18, if the given value of h differs 
from 90'', while that of -4 is equal to 90''. 

25. Examples. 

1. Given in the spherical right triangle (fig. 30), h z= 145° and 
A = 23° 28' ; to solve the triangle. 

Solution, 

A, cos. 9.91336 «•,• sin. 9.75859, tang. 9.84523 
Aj tang. 9.63761, sin. 9.60012, cos. 9.96251 



By cotan. 9.55097 n ; a sin. 9.35871 ; b tang. 9.80774* 
Ans. B = 109° 34' 33", a = 13° 12' 12", h = 147° 17' 15". 

2. Given in the spherical right triangle (fig. 30), A =z 32° 34', 

and A = 44° 44' ; to solve the triangle. 

Ans. 5 = 50° 8' 21", 
a = 22° 15' 43", 
ft = 24° 24' 19". 

26. Problem. To solve a spherical triangle, when Us hypo- 
(hefiuse and one of its legs are given. 

Solution. Let ABC (fig. 30) be the triangle, h the given hypo* 
thenuse, and a the given leg. 



* The letter n, placed aAer a logarithm, indicates it to be the logarithm of 
a negative quantity : and it is plain that, when the number of such logarithms 
to be added together is even, the sum is the logarithm of a positive quantity ; 
but if odd, the sum is the logarithm of a negative quantity. 
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First. To find the opposite angle .1 ; a is the middle part, and 
CO. A and co. h are the opposite parts. Hence 

sin. a = COS. (co. h) cos. (co. A) ; 

or sin. a = sin. h sin. A ; 

and, by (6), 

. sin. a . , 

sin. A = -; — r = 8"^ fl cosec. A. 
sin. A 

Secondly. To find the adjacent angle B; co. B is the middle part, 
and CO. h and a are the adjacent parts. Hence 

sin. (co. B) = tang, a tang. (co. A), 

or cos. J3 = tang, a cotan. A. 

TTiirdly. To find the other legh; co. A is the middle part, and a 
and h are the opposite parts. Hence 

cos. h = cos. a cos. b ; 

and, by (6), 

. COS. h 

cos. J =: - - - = sec. a cos. a. 
COS. a 

27. &AoZ«ttfn. The question is impossible by § 13, when the given 
Talue of the hypothenuse differs more from 90*^ than that of the leg. 

28. Solution. When h and a are both equal to 90^, it may be 
shown, as in ^ 24, that the values of B and h are indeterminate. 

29. Example. 

Given in the spherical right triangle (fig. 30), a = 141^ 11, and 
h = 127'' 12' ; to solve the triangle. 

Ans. -A = 128* ft^M", 

B=z 62^ 21' 45", 

J= 39** 6' 23". 

30. Problem. To solve a spherical right triangle^ when one 
of Us legs and the opposite angle are given. 
13 
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Solution. Let ABC (fig. 30) be the triangle, a me giren leg, and 
A the given angle. 

First. To find the hypothenuse h; a\a the middle part, and co. k 
and CO. A are the opposite parts. Hence 

sin. a = sin. h sin. il ;^ 

and, by (6), 

. . sin. a . 

am. A = -: — 3 = sm. a cosec. ^. 
Bin. A 

Secondly. To find the other angle J3 ; co. il is the middle part, 
and a and co. B are the opposite parts. Hence 

cos. A = COS. a sin. B ; 

and, by (6), 

. -, COS. A . 

sm. B = = sec. a cos. -A. 

COS. a 

Thirdly. To find the other leg 3 ; & is the middle part, and a and 
CO. il are the adjacent parts. Hence 

sin. b = tang, a cotan. il. 

31. Scholium. There are two triangles ABC and il'JSC (fig. 31) 
formed by producing the sides AB and AC^ to the point of meeting 
A*^ "both of which satisfy the conditions of the problem. For the side 
BC or a, and the angle A^ or by ^ 2 its equal A\ belong to both the 
triangles. 

Now ABA* and AC A* are semicircumferences. Hence h\ the 
hypothenuse ofA'BC^ is the supplemekit ofh; &' is the supplement 
of b ; and A'BC^ is the supplement of ABC. One set of values, 
then, of the unknown quantities, given by the tables, as in § S3, 
corresponds to the triangle ilJSC, and the other set to A'BC. 

32. Corollary. When the given values of a and A are equal, the 
values of A, J3, and b become- 

sin. A =: 1, sin. £ = 1, sin. i = 1 j 
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or, by (67), 

A = 90% B = 90% h = 9(f; 
as in § 16. 

33. Corollary. When a and ii are equal to 90", the values of I 
and B are indeterminate, as in ^ 24. 

34. Scholium. The problem is, by $ 14, impossible, when the 
given values of the leg and its opposite angle are such, that one is 
obtuse, while the other is acute, or that one is equal to 90^, while the 
other differs from 90** ; and, by ^ 15, it is impossible, when the given 
value of the angle differs more from SO" than that of the leg. 

85. Example. 

Given in the spherical right triangle, (iig. 30), a = 35" 44', and 
-A = 37" 28' ; to solve the triangle. 

Ans. h = 73" 45' 15' \ r A = 106" 14' 45" 

B = 77"54' J or ^ J?= 102" 6' 
5 = 69" 50' 24") ( ft = 110* 9' 86". 

36. Prpblem. To solve a spherical right triangle^ when one 
of its legs and the adjacent angle are given. 

Solution. Let ABC (fig. 30) be the triangle, a the given leg, and 
B the given angle. 

First. To find the hypothenuse h; co. B is the middle part, and 
CO. h and a are adjacent parts. Hence 

cos. B = tang, a cotan. h ; 

and, by (6), 

. cos. B ^ ^ 

cotan. h = = cotan. a cos. B. 

tang, a 

Secondly. To find the other angle A ; co. A is the middle part, 
and CO. B and a are opposite parts. Hence 

COS. A =s cos. a sin. B. 
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Thirdly. To find the other leg 5 ; a is the middle part, and co. B 
and b are adjacent parts. Hence 

sin. a sss tang, h cotan. B ; 

and, by (6), 

- sin. a . ' 

tang. = = = sin. a tang. B, 

^ cotan. B ^ 



37. Example. 

Given in the spherical right triangle (iig. 30), a = 118^ 54', and 
B = 12** 19' ; to solve the triangle. 

Ans. A =118*' 20' 20", 

A=i 95** 55' 2", 

h= 10M9'17". 

38. Problem. To solve a spherical right trianghy when its 
two legs are given. 

Solution. Let ABC (fig. 30) be the triangle, a and b the given 
legs. 

First To find the hypothenuse h; co. A is the middle part, a and 
b are opposite parts. Hence 

COS. h = COS. a COS. b 

Secondly. To find one of the angles, as ii ; 5 is the middle part, 
and CO. A and a are adjacent parts. Hence 

sin. b = tang, a cotan. A ; 
and, by (6), 

cotan. A = = cotan. a sm. J. 

tang, a 

In the same way, 

cotan. B = cotan. & sin. a. 
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39. Example. 

Given in the spherical right triangle (fig. 30), a = l"*, and h z=z 
100® ; to solve the triangle. 

Am. a = 99® 59' 54", 
A= V 0^56", 
B = 90® 10' 35". 

40. Problem. To solve a spherical right triangle^ when the 
two angles are given. 

Solution. Let ABC (fig. 90) he the triangle, A and B the given 
angles. 

First, To find the hypothennse h\ co. & is the midcUe part, and 
eo. A and eo. B are adfjacent parts. Hence^ 

COS. h = cotan. A cotan. B. 

Secondly. To find one of the legs, as « ; ce. ^ is the midAe 
part, and co. B and a are the opposite parts. Hence* 

COS. A = COS. a sin. B^ 
aDi,b)r(«), 

COS. a = -; — = = COS. A cosec. B. 
sin. B 

In the same way, 

COS. l = eosec. A cos. B. 

41. Scholium. The problem is, by § 20, impossible, when lAe 
sum of the given vabes of A and B is less than 90®, or greater 
than 270®, or when their difierence is greater than 90®. 

42; ExAKPLX. 

Given in the spherical right triangle (fig. 30), it =r 91® 11', aad 
B =z 111® 11' ; to solve the triangle. 

Ans. hz=z 89® 32' 29", 

a = 91® 16' 8", 

»= 111® IF 16". 
I9* 
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CHAPTER III. 

SPHERICAL OBLIQUE TRIANGLES. 

43. Theorem. The sines of the sides in any spherical trian- 
glcj are proportional to the sines of the opposite angles. [B. 
p- 437.] 

Proof. Let ABC (figs. 32 and 33) be the given triangle. Denote 
by a, &} 09 the sides respectively opposite to the angles Ay J3, C. 
From either of the vertices let fall the perpendicular BP upon the 
opposite side AC. Then, in the right triangle ABP^ making BP 
the middle part, co. e and co. BAP are the opposite parts. Hence, 
by Napier's Rules, 

sin. BP z=z sin. e sin. BAP z= sin. e sin A. 

For BAP is either the same as il, or it is its supplement, and in 
either case has the same sine, by (98). 

Again, in triangle BPC^ making BP the middle part, co. a and 
CO. C are the opposite parts. Hence, by Napier's Rules, 

sin. BP = sin. a sin. C; 

and, from the two pret^edmg equations, ' 

sin. c sin. il = sin a sin C, 

which may be written as a proportion, as follows : 

sin. a : sin. A = sin. c : sin. C 

In the same way, 

sin. a : sin. A = sin. h : sin. B. 

44. Theorem. BowditcKs Rules for Oblique Triangles. 
If, in a spherical triangle, two right triangles are formed by a 
perpendicular let fall from one of its verticles upon the oppo- 



$45.] SPHERICAL OBLIQUE TBIAN6LES. 139 

site side; and if, in the two right triangles, the middle parts 
are so taken that the perpendicular is an adjacent part in both 
of them ; then 

T7te sines of the middle parts in the two triangles are pro* 
portional to the tangents of the adjacent parts. 

But, if the perpendicular is an opposite part in both the 
triangles, then 

The sines of the middle parts are proportional to the cosines 
of the opposite parts, [B. p. 437.] 

Proof. Let Jtf denote the middle part in one of the right triangles, 
A an adjacent part, and O an opposite part. Also let m denote the \ \ 
middle part in the other right triangle, a an adjacent part, and o an \ 
opposite part, and let p denote the perpendicular. 

First. If the perpendicular is an adjacent part in both triangles, 
we have, by Napier's Rules, \ 

sin. M = tang. A tang, j?, 

sin. m == tang, a tang, p ; 



whence 



sin. M tang. A tang, p tang. A 

sin. ffi tang, a tang, p tang, a * 



or sin. M : sin. m = tang. A : tang. a. 

Secondly. If the perpendicular is an opposite part in both the 
triangles, we have, by Napier's Rules, 

sin. M =z cos. O cos. j?, 

sin* m = cos. o cos. p ; 



whence 



sin. M COS. cos. p cos. O 

sin. m COS. o cos. p cos. o * 



• or sin. M : sin. m = cos. : cos. o. 

45. Problem. To solve a spherical triangle, when two of Us 
sides and the included angle qfe given. [B. p. 438.] 
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Solution. Let ABC (figs. 82 and 33) be the triangle, a and 3 fha 
'f iven sides, £um} C the given angle. Fiom B let SblU on AC the 
perpendicular BP, 

Frst, To find PC^ we know, in the right triangle BPC^ the hypo* 
thenuse a and the angle C. Hence, by means of Napier's Kules, 

tang. PC = COS. C tang. a. (298) 

Secondly. AP is the difference between AC and PC^ that is, 
(fig. S2)AP=zh — PC, or (fig. 33) AP=zPC— h. (299) 

Thirdly. To find the side c. If, in the triangle BPC, co. a is 
the middle part, PC and PJ^ are opposite parts ; and if, in the tri- 
angle APBy CO. c is the middle part, BP and AP are the opposite 
parts. ' Hence, by Bowditch's Rules, 

cos. PC : COS. AP = sin. (co. a) : sin. (co. c), 

or COS. PC : cos. AP =i cos. a : cos. c. (300) 

Fourthly. To find the angle ^. If, ia the triangle BPC, PC is 
the middle part, co. C and BP are adjacent parts ; and if, in the 
triangle APB, AP is the middle part, co. BAP and BP are adjacent 
parts. Hence, by Bowditch's Rules, 

sin. PC :3m.PA = cotan. C : cotan. BAP ; (301) 

and BAP is the angle A (fig. 32), when the perpendicular falls 
within the triangle ; or it is the supplement of A (fig. 33), when the 
perpendicular falls without the triangle. 

Fifthly. B is found by means of ^ 43, 

sin. c : sin. C = sin. b : sin. B. (302) 

46. Scholium. In determining PC, c, and BAP, by (298), (300), 
and (301), the signs of the several terms must be carefully attended 
to ; by means of Pi. Trig. ^ 62. 

But to determine which value of B, determined by (302), is the 
true value, regard must be had to the following rules, which are 
proved in Geometry. 

L The grecUer side of a splierical triangle is always opposite 
to the greater angle. ^ 
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II. E(u:h side is less i/ian the sum of the other two, 

III. Thesumof the sides is less than 360**. 

IV. Each angle is greater than the difference between 180®, 
and the sum of the other two angles. 

There are, however, cases in which these conditions are all satis- 
fied by each of the values of B. In any such case this angle can 
be determined in the same way in which the angle A was deter- 
mined, by letting fall a perpendicular from the vertex A on the side 
BC. But this diflBculty can always be avoided, by letting fall the 
perpendicular upon that of the two given sides which differs the 
most from 90*. 

47. Corollary. By (299), (111), and (35), we have 

cos. AP = COS. (h — PC) = COS. {PC — h) 

= COS. h COS. PC + sin. h sin. PC, (303) 

which, substituted in (300), gives 

COS. PC : COS. b cos. PC -|- sin. b sin. PC = cod. a : cos. c. 

Dividing the two terms of the first ratio by cos. PC, we have by (7), 

1 : cos. b -|- sin. b tang. PC = cos. a : cos. c. (304) 

The product of the means being equal to that of the extremes, we 
have 

cos. e = COS. a cos. b -|- sin. b cos. a tang. PC. (305) 

But,.by (298), 

_,^ ^ COS. C sin. a 

tang. PC = COS. C tang, a = :— , 

*=* ® COS. a 

or COS. a tang. PC = cos. C sin. a; (306) 

which, substituted in (305), gives 

COS. c = COS. a COS. b -j- sin* a sin. b cos. C, (307) 

which is one of the fundamental equcUions of Spherical Trigo- 
nometry. 
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48. Corollary. We have, by (55), 

COS. C =: — 1 + 2 (COS.- J C)«, 
which, substituted in (307), gives, by (34), 

COS. c = cos. (a -|- 3) -|- 2 sin. a sin. J (cos. J C)*, (308) 

from which the value of the side c can readily be found by using the 
table of Natural Sines. 

49. Corollary. We have, by (56), 

COS. C = 1 — 2 (sin. J C)% 
which, substituted in (307), gives, by (35), 

COS. e = COS. (a — b) — 2 sin. a sin. h (sin. J C)^, (309) 
which can be used like formula (308). 

50. Corollary. The use of formula (309) is much facilitated by 
means of the column of Rising in Table XXIII of the Navigator. 
This column contains the values of 

log. 2 (sin. i C)^z=z2 log. sin. | C + log. 2 

= 2 log. sin. i C + 0.30103. (310) 

But the decimal point is supposed to be changed so as to corres- 
pond to the table of Natural Sines, that is, 5 is added to the logarithm ; 
and 20 is to be subtracted from the value of 2 log. sin. i C, which 
is given by Table XXVII, as is evident from PI. Trig. § 31. So that 
the column Rising of Table XXIII is constructed by the formula 

log. Ris. C = 2 log. sin. J C + 5.30102 — 20 

= 2 log. sin. iC— 14.69897, (311) 

which agrees with the explanation in the Preface to the Navigator. 

51. By using Table XXIII, the following rule is obtained 
for finding the third side, when two sides and the included 
angle are given. 

Add together the log. Rising of the given angle, and the log. 
sines of the two given sides. The sum is the logarithm of a 
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number J which is to be subtracted from the natural cosine qf 
the difference of two given sides {regard being /tad to the sign 
of this cosHie). The difference is the natural cosine of the 
required side. 



52. Examples. 




1. Calculate the value of log. Ris. of 4* 28». 




SoMum. 




J<4»a8") = 2»14» Bin. 


9.74189 


■ 


2 




19.48378 




— 14.69897 


loe. Bis. 4* 28'> 


= 4.78481 



2. Given in the spherical triangle two sides equal to 45^ 54' and 
138"^ 32', and ihe included angle 9&* 44' ; to solve the triangle. 



Solution. L By (298), 






<;= 98'44' 


cos. 


9.18187 


«= 45»54' 


tang. 


0.01365 



tang. 



9.19503O 



PC = 17l» 6' 48" 
By (299), 

AP = 171* 5'43" — 188" 82' = 82" 38' 48". 
By (300), 

PC = 171* 5' 43" cos. (ar.co.) 10.00527i> 
AP= 32* 33' 43" cos. 9.92573 

a =r 45*54' cos. ' 9.84255 



c = 126«25' 7" cos. 



9.77355» 
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By (301), 






PC = 


171" 5' 43" 




AP = 


32»33'43" 




C = 


98° 44' 



[cH. ni. 



sin. (ar. co.) 10.81024 
sin. 9.73095 

cotan. 9.l8644n 



BilP= US' 6'26" cotan. 9.72763» 

il = ISO" — lis* 6' 26" = 6V 53' 34". 
By (302), 



czzriaeogy 7" 


sin. 


(ar. CO.) 10.09436 


C= 98' 44' 


sin. 


9.99494 


J == 138° 32' 


sin. 
sin. 


9.82098 


B= 125* 84' 30" 


9.91028 




Ans. 


c=126'25' 7" 
A=: 61" 53' 34" 
B = 125' 34' 30". 



U. The third side is thus calculated by means of (308), 

2 log. 0.30103 

45»54' sin. 9.85620 

138^32' sin. 9.82098 

i (98» 44') = 49- 22' 2 cos. 19.62744 

0.40332 * 9.60565 

— 0.99701 = Nat cos. (138' 32' + 45" 54') = N. cos. 184' 26' 



— 0.59369= Nat cos. 126« 26' 10" = c. 

III. The third side is thus calculated by ^ 50. 

98'* 44' = 6* 34* 56* log. Ris. 5.06139 

45^54' sin. 9.85620 

138*^32' sin. 9.82098 



54774 4.73857 
92» 38' N. COS. — 4594 



c = 126' 25' 8" N. COS. — 69368 
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3. Calculate the log. Ris. pf 11* 12- 20*. Ans. 5.29632. 

4. Given in a spherical triangle two sides equal to 100®, and 125**, 
and the included angle equal to 45® ; to solve the triangle. 

Ans. The third side = 47"» 55' 52". 

The other two angles z= 69« 43' 48", and =* 128* 42' 48". 

63. Problem. To solve a spherical triangle, token one of its 
sides and the two adjacent angles are given. [B. p. 438.] 

Solution. Let ABC (figs. 32 and 33) be the triangle, a the given 
side, and B and C the given angles. From B let fall on AC the 
perpendicular BP. 

First. To find PBC. We know, in the right triangle BPC, the 
hypothenuse a and the angle C. Hence, by Napier^s Rules, 

cotan. PBC = cos. a tang. C. (312) 

Secondly. ABP is the difference between ABC and PBC, that 
is, 

(fig. 32) ABP =B — PBC, 
or (fig. 33) ABP = PBC — B. (313) 

Thirdly. To find the angle A. If, in the triangle PBC, co. C is 
the middle part, PB and co. PBC are the opposite parts ; and if, in 
the triangle ABP, co. BAP is the middle part, PB and co. ABP 
are the opposite parts. Hence, by Bowditch's Rules, 

cos. (co. BPC) : COS. (co. ABP) = sin. (co. C) : sin. (co. BAP), 

or sin. PBC : sin. ABP = cos. C : cos. BAP ; (314) 

and BAP is cither the angle A or its supplement. 

Fourthly. To find the side c. If, in the triangle PBC, co. PBC 
is the middle part, PB and co. a are the adjacent parts ; and if, in 
the triangle ABP, co. ABP is the middle part, PB and co. c are the 
adjacent parts. Hence, by Bowditch^s Rules, 

cos. PBC : COS. ABP = cotan. a : cotan. c. C^^^Y 

13 
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Fifthly, h is found by the proportion 

sin. C : sin. c = sin. B : sin. h, (316) 

54. Scholium. In determining PBC, J5ilP, and c by (312), (314), 
and (315), the signs of the several terms must be carefully attended 
to, by means of PL Trig. § 61. 

To determine which value of ft, obtained from (316), is the true 
value, regard must be had to the rules of ^ 46. But if all these 
conditions are satisfied by both values of ft, then ft may be calculated 
by letting fall a perpendicular from C on the side c in the same way 
in which e has been obtained in the preceding solution. But this case 
can be avoided by letting fall the perpendicular from the vertex of 
that one of the two given angles, which differs the most from 90*. 

55. Corollary. Since 180" — a, ISO" — ft, and 180" — c are the 
angles of the polar triangle, and 180" — -A, 180" —B, and 180" — C 
are its sides; we have given in the polar triangle the two sides 
180" — jB, and 180" — C, and the included 180" — a ; so that the polar 
triangle might be solved by § 45. 

56. Corollary, If formula (307) is applied to the polar triangle of 
the preceding section, it becomes by PI. Trig. ^61, 

— COS. A = cos. B cos. C — sin. B sin. C cos. a, 

or COS. A =z — cos. B cos. C -j- sin. B sin. C cos. a. (317) 

57. Corollary. In the same way (308) becomes by (99) and 
(123), 

cos. il = — COS. (B -j. C) — 2 sin. B sin. C (sin. i a)^, (318) 

from which the value of the third angle may be found by means of 
Table XXIII. 

58. Corollary. In the same way (309) becomes by (99), 
co3.A = — cos. (B — C) + 2 sm. B sin. C (cos. i a)^, (319) 

from which the value of the third side may be found. 
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59. Examples. 

1. Given in a spherical triangle one side equal to 175' 27', and 
the two adjacent angles equal to 126" 12', and 109'' 16' ; to solve the 
triangle. 

Solution. I. By (312), 

a = 175^27' COS. 9.99863» 

C = 109^ 16' tang. 0.45650» 

PBC=z 19^ 19' 24" cotan. 

By (313), 



0.45513 
ABP = 126'* 12' — 19- 19' 24" z= 106" 62' 36". 



By (314), 



By (315), 



PBC— 19* 19' 24" 
ABP= 106 52' 36" 

C = 109- 16' 
BAP =2 162-36' 

PBCziz 19' 19' 24" 

ABPzz: 106'»52'36" 

a = 175-27' 



sin. (ar. CO.) 10.48031 

sin. 9.98088 

cos. 9.51 847 » 

cos. 9.97966 » 

cos. (ar.co.) 10.02518 

cos. 9.46288 « 

cotan. 1.09920 » 



By (316), 



c= 14-30' 9" 


cotan. 0.58726 


A = BAP = 


162-36'. 


C = 109- 16' 


sin.^ (ar.co.) 10.02503 


c= 14- 30' 9" 


sin. 9.39867 


B = 126- 12' 


sin. 9.90685 



> = 167- 38' 21" 



sin. 9.33055 

Ans. Aziz 162-36' 

5= 167- 88' 21" 
c= 14-30' 9". 
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n. The third angle is thus calculated by means of (318). 
175''2r = 11* 41- 48' log. Ris. 5.30035 

126« 12' sin. 9.90685 

109" 16' sin. 9.97497 



— 152114 5.18217 

235»28' — N.cos. 56689 



ii = 162* 36' T' N. COS. — 95425 

m. The third angle is thus calculated by means of (319), 

2 log. 0.30103 

} (175- 27') = 87* 43' 30" 2 cos. 17.19748 

126M2' sin. 9.90685 

109M6' sin. 9.97497 



0.00240 7.38033 

16' 56' — N. cos. — 0.95664 



A = 162' 36' N. cos. — 0.95424 

2. Given in a spherical triangle one side = 45" 54', and the two 
adjacent angles = 125"* 37', and =98"* 44'; to solve the triangle. 

Am, The third triangle = 6P55'2"- 

The other two sides = 138'' 34' 22", and = 126*26' 11". 

60. Problem, To solve a spherical triangle, when two sides 
and an angle opposite one of them are given. [B. p. 437.] 

Solution. Let ABC (figs. 32 and 33) be the triangle, a and c the 
given sides, and C the given angle. From B let fall on AC the per- 
pendicular BP, 

First. To find PC. We know, in the right triangle PBC^ the 
side a and the angle C. Hence, by Napier^s Rules, 

tang. PC = COS. C tang. a. (320) 

Secondly. To find AP. If, in the triangle PBC^ co. a is the 
middle part, CP and PB are the opposite parts ; and if, in the tri- 
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angle ABP^ co. c is the middle part, AP and PB are the opposite 
parts. Hence, by Bowdilch's Rules, 

COS. a : cos. c = cos. PC : cos. AP, (321) 

Thirdly, To find h. There are, in general, two triangles which 
resolve the problem, in one of which (fig. 32) 

h = PC+ AP, (322) 

and in the other (fig. 33) 

h = PC — AP. (323) 

But, if AP is greater than PC, there is but one triangle, as in 
(fig. 32), and h is obtained by (322) ; or, if the sum of AP and PC 
]s greater than 180'', there is but one triangle, as in (fig. 33), and h 
is obtained by (323). 

Fourthly, A and B are found by the proportion 

sin. e : sin. C = sin. a : sin. A (324) 

sin. c : sin. C = sin. h : sin. A (325) 

61. Scholium. In determining PC and AP by (320) and (321), 
the signs of the several terms must be carefully attended to by means 
of PI. Trig. ^ 62. 

The two yalues of il, given by (324), correspond respectively to 
the two triangles which satisfy the problem ; and the one, which 
belongs to each triangle, is to be selected, so that the angle BAPj 
which is the same as ^ in (fig. 32), and the supplement of A in 
(fig. 33), may be obtuse if C is obtuse, and acute if C is acute. For 
BP is the side opposite BAP in the right triangle ABPj and the 
side opposite C in the triangle BCP ; and therefore, by § 14, J5P, 
BAP, and C are all at the same time acute, or all obtuse. 

Of the two values of JB, given by (325), the one which belongs to 
each triangle is to be determined by means of the rules of § 46. 

62. Scholium. The problem is, by a proposition of Geometry, 
impossible, when the given value of e difiers more from 90^ than 
that of a ; if, at the same time, the value of one of the two quanti- 
ties, e and C, is acute, while that of the other is obtuse. And in 

13» 
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this case we should find that AP was larger than PC^ and at the 
same time that the sum of AP and PC was more than 180^. 



63. Examples. 

1. Given in the spherical triangle, one side z=: 35^, a second side 
= 142^, the angle opposite the second side = 176^ ; to solve the 
triangle. 



Solution. By (320), 








c= ne* 


COS. 




9.99894. 


a= 35» 


tang, 
tang. 




9.84523 


PC = 145" 3' 56" 


9.84417* 


By (321), 








a= 35" 


COS. 


(ar. 


CO.) 10.08664 


PC = 145° 3' 56" 


COS. 




9.91371. 


c=142» 


COB. 
COS. 




9.89653. 


AP= 37° 56* 30" 


9.89688 


By<323), 








h = 145" 3' 66" - 


•3r56'30" 


= lOr 7' 26". 


By (324), 








c=142» 


sin. 


(ar. 


CO.) 10.21066 


C = 176' 


sin. 




8.84358 


a= 35» 


sin. 
sin. 




9.75659 


A= 8» 43' 34" 


8.81283 


By (325), 








c= 142» 


sin. 


(ar. 


CO.) 10.21066 


C = 176» 


sin. 




8.84358 


> = lOr 7' 26" 


sin. 
sin. 




9.98030 


B=z 6» 12' 58" 


9.03454 




Ant. 


h = 


: Itfr 7' 26" 






A = 


= 3» 43' 34" 






B = 


= 6' 12' 58". 
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2. Given in a spherical triangle, one side = 54^, a second side 
= 22®, the angle opposite the second side =i 12'' ; to solve the tri- 
angle. 

Ans. The third side = 73* 14' 29", or = 33" 32' 59". 

One angle = 26» 40' 49", or = 153" 19' 11". 

The third angle = 147'' 53' 51", or = 17' 51' 43'', 

64. Problem. To solve a spherical triangle^ when two 
angles and a side opposite one of them are given. [B. p. 438.] 

Solution. Let ABC (figs. 32 and 33) he the triangle, il and C 
the given angles, and a the given side. 

From B let fall on ilC the perpendicular BP. This perpendicu* 
lar must fall within the triangle, if A and C are either hoth ohtuse 
or both acute ; but it falls without, if one is obtuse and the other 
acute. 

First. PC may be found by (320). 

Secondly. To find AP. If, in the triangle PBC^ PC is the 

middle part, co. C and PB are the adjacent parts ; and if, in the 

triangle ABP^ AP is the middle part, co. BAP and BP are the 
adjacent parts. Hence, by Bowditch's Rules, 

cotan. C : cotan. BAP = sin. PC : sin. AP. (326) 

Thirdly. To find I. We have 

(fig. 32) J z= PC + AP, (327) 

(fig. 33) l = PC — AP. (328) 

Fourthly, c and B are found by the proportion 

sin. A : sin. a = sin. C : sin. c, (329) 

sin. a : sin. A = sin. h : sin. B. (330) 

65. Scholium. Either value of APy given by (326), may be used, 
and there will be two different triangles solving the problem, except 
when AP + PC (fig. 32) is greater than 180», or PC (fig. 83) ia 
less than AP. It may be that both values of AP satisfy the con* 
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ditions of the problem, or that only^ one value satisfies them, or that 
neither value does ; in which last case the problem is impossible. 

Of the values of c, determined by (329), the true value must be 
ascertained from the right triangle ABP by ^ 12 ; or since PB and 
C are both acute or both obtuse at the same time, it follows, from 
§ 12, that when C and AP are both acute or both obtyse, that c is 
acute ; but when one of them is obtuse and the other acute, c is 
obtuse. 

From the two values of B (330), the true vajue must be selected 
by means of the rules of ^ 46. 

66. Scholium, The problem is impossible, by Geometry, when A 
differs more from 90*' than does C, and when at the same time one 
of the two quantities a and A is acute, while the other is obtuse. 
This case is precisely the same as the impossible case of ^ 62. 

67. Examples. 

1. Given in a spherical triangle, one angle = 95°, a second angle 
z=i 104°, and the side opposite the first angle =r 138° ; to solve the 
triangle. 



Solution. By (320), 






C = 104- 


COS. 


9.38368 • 


a= 138" 


tang. 


9.95444 n 



PC = 12'* 17' 20" tang. 9.33812 

By (326), 

C= 104" cotan. (ar.co.) 0.60323 n 

PC=z 12Mr20" sin. 9.32805 

BAPz= 95* cotan. 8.94195 n 



AP=: 4'' 16' 59" sin. 8.87323 

By (327), 

b = 12' 17' 20" + 4° 16' 59" = 16" 34' 19". 
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By (329), 

A = 95» sin. (ar. co.) 10.00166 

a = 138* sin. 9,82551 

C = 104- sin. 9.98690 



c = 139* 19' 40" sin. 9.81407 
By (330), 

a = 138* sin. (ar. co.) 10.17449 

A =z 95* sin. 9.99834 

h= 16* 34' 19" sin. 9.45518 



jB= 25* 7' 38" sin. 9.62801 

Again, by (328), 

b = 12- 17' 20" — 4* 16' 59" = 8 0' 21" 

c = 180* — 139* 19' 40" = 40* 40' 20". 

By (330), . 

a = 138* sin. (ar. co.) 10.17449 

Az= 95* sin. 9.99834 

h=z 8*0' 21" sin. 9.14386 



B=z 11*58'0" sin. 9.31669 

Ans. h=z 16*34' 19" or = 8* 0'2r' 
c = 139* 19' 40" or = 40* 40' 20" 

B= 26* 7' 38" or =11* 58' 0". 

2. Given in a spherical triangle, one angle = 104*, a second 
angle = 95*, and the side opposite the first angle = 138* ; to solve 
the triangle. 

Ans. The two sides are 17* 22' 13", and 136* 36' 27". 
The other angle is 25* 39' 9". 

68. Problem. To solve a spherical triangle, when its three 
sides are given. 
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Solution, Equation (307) gives, by transposition and division, 

^ COS. c — COS. a COS. h /«*«,v 

COS. C =. : ; 5 , (331) 

Sin. a sm. h ' 

whence the value of the angle C may be calculated, and in the same 
way either of the other angles. 

69. Corollary. An equation, more easy for calculation by loga- 
rithms, may be obtained from (308), which gives, by transposition 
and division, 

2 (COS. i Cf = «=-??^--<^%(?+^. (332) 

^ ^ ' sin. a sin. b ^ ' 

Now, letting 5 denote half the sum of the sides, or 
if we make in (42) 

N =: ^ {a '\'h — c) = 8 — c; 
we have M -\' N =z a -|- J, 

M—N=c; 

and (42) becomes 

COS. c — cos. (a-^-b) =2 sin. s sin. (s — c) ; 

which, substituted in (332), gives 

^ ^vo 2 sin. 8 sin. (s — c) 

2 (cos. i C)3 = : .^ , \ 

^ ^ ' sm. a sin. b 

and 



(334) 



COS. 



/8in,^sin^(£-c)V (335) 

^ \ sm. a sm. b J \ § 



70. Corollary, The angles A and B may be found by the two 
following equations, which are easily deduced from (335), 



cos. 



cos. 



^ \ sm. b sin. c / ^ ' 

^B = V^( ""!"''"-<'- A>y (337) 

^ \ sm. a sin. c / ^ ' 
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71. Corollary. Another equation, equally simple in calculation, 
can be obtained from (309), which gives, by transposition and di- 
viqioQ, 

2(sin.^0«= ^'"-^^-^).-r' . (338) 

^ ^ ' sm. a sm. b ^ ' 

whence C can be found by Table XX III. 

72. Corollary. If, in (42), we make 

M=i{a—b + c)=s—h 

N=zi{—a + b + c) = 8 — a, 
we have 

M+N=c 

M—N=a — l, 
and (42) becomes 

COS. (a — I) — COS. c = 2 sin. {s — a) sin. {s — h) ; 

which, substituted in (338) gives 

8 (sin. } C)S = ?iiMi- «) «lMi=l^, 
^ ^ ' sm. a sm. b 

and 



sm. 



/ sin.(,-a)8in.(,-5) y 
^ ^ \ sm. a sm. b f 



73. Corollary. In the same way we might 'deduce the following 

equations : 

. - . ,/8m.(s — 5)sin. (« — c)\ ,„^,^ 

sm.iA = A/[ ^^—. — ^— ^ ^ ). (341) 

* \ sm. b sm. c / ^ ' 

ID / /sin. (« — a) sin. (* — c) \ ,^_. 

sm. } 5 = V I ^— ^ — —' — ^^ ). (342) 

\ sm. a sm. c / ^ ' 

74. Corollary. The quotient of (341), divided by (336), is by (7), 

^ - sin. A^ ,/sm,(s — ft) sin. (« — c)\ ^«.^. 

tang. iA = ^—=2a/ I ? ' , ^ J. (343) 

* cos. i A \ sm. s sm. (« — a) / ^ ' 

In the same way, 

1 T> # /sin. (« — a) sin. (« — c) \ .^^^^ 

tang. J JB = // ( ^ / , ,, ). (344) 

^ ^ \ sm. 8 sm. (« — b) ) ^ * 

1 n / /sin- (« — «) sin. (« — b\ \ ,^^^. 

tang.^C=V( 3in..sin.(>-c) } (345) 
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75. Examples. 



[CH. III. 



I. Given in the spherical triangle ABC the three sides equal to 
46% 72% and 68" ; to solve the triangle. 

Solution. I. By (335), by (336), by (337), 

a= 46' sin. (ar. co.) 10. 14307 (ar. co.) 10.14307 

5= 72° sin. (ar. co.) 10.02179 * (ar. co.) 10.02179 

c=68''8in.(ar.co.) 10.03283 (ar. co.) 10.03283 



8=93° sin. 


9.99940 


9.99940 


9.99940 


«— 0=47° sin. 


9.86413 






«— J=2r8in. 




9.55433 




«— c=25"Bin. 






9.62595 




2)19.91815 


2)19.72963 


2)19.79021 



COS. 9.95908 9.86482 9.89510 

iAz=z2i 29% J5 = 42'»54%iC = 38M4'24". 
Ans. il = 48"»58% JB = 85^48% G = 76' 28' 48". 

n. By Table XXIII and equation (338), 

a — ft = 26« N. COS. 89879 
c = 68» N. COS. 37461 



52418 



a = 46* 
ft = 72' 

C = 5* 5- 55' = 76' 28' 45" 



log. 4,71948 
sin. (ar. co.) 0.14307 
sin. (ar. co.) 0.02179 



log. Ris. 4.88434 

2. Given in a spherical triangle the three sides equal to 3% 4', and 
5* ; to solve the triangle. 

Ans. The three angles are 36' 54% 53' 10% and 90" 2'. 

76. Napier obtained two theorems for the solution of a 
spherical triangle, when a side and the two adjacent angles 
are given, by which the two sides can be calculated without 
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the necessity of calculating the third angle. These theorems, 
which are given in § 79 and 80, can be obtained from 
equations (343-345) by the assistance of the following 
lemmas. 



(346) 



(347) 



77. Lemma. If we have the equation 

tang. M X 

tang. iV ■*" y' 

we can deduce from it the following equation, 

sin. {M+ N) _ a? + y 
sin. {M — iV) X — y' 

Proof. We have from (7) 

-- sin. M , _- sin. N 

tang. M = rp, and tang, N = z^r ; 

^ cos. M' ^ cos. iV' 

which, substituted in (346), give 

sin. M cos. N x 

cos. M sin. JV y' 

This equation is the same as the proportion 

sin. M cos. N : cos. M sin. N =z x:y; 
hence, by the theory of proportions, 

sin. M cos. JV + cos. M sin. N : sin. M cos. N 
— COS. M sin. N = X'\- y : X — y, 
or, by (33) and (34), 

sin. {M'\' N) : sin. {M — N) =z x -\- y : x — y; 
which may be written in the form of an equation, as in (347)^ 

78. Lemma. If we have the equation 

tang. M tang. iV = ~ ; (348) 



we can deduce from it the equation 

cos. {M -\- N) _^y — X 



COS. (M — A) ■" y + X ^^^) 



U 



158 SPHERICAL TRIGONOMETRT. [CH. III. 

Proof. We have, by (318) and (7), 

sin. M sin. N x 

COS. M COS. N y' 

This equation is the same as the proportion 

COS. M COS. N : sin. M sin. N =i y \ x\ 
hence, by the theory of proportions, 

COS. Mcos. N — sin. Msin. N : cos. Jlf cos. N 

+ sin. M sin. N z= y — «:«-}" y» 
or, by (35) and (36), 

COS. (M -|- N) : COS. {M — N) =i y — x : y -\- x\ 
which may h^ written as in (349). 

79. Theorem. T^e sine of half the sum of iv>o angles of a 
spherical triangle is to the sine of half their difference^ €ts the 
tangent of half the side to which they are both adjacent is to the 
tangent of half the difference of the other two sides ; that is, in 
the spherical triangle ABC (figs. 32 and 33), 

sin. i (it + C) : sin. ^{A—C) = tang. J h : tang. J (a — c). (350) 

Proof The quotient of (343) divided by (345) is, by an easy 
reduction, 

tang, i C sm. (s — a) ^ ' 

Hence, by § 77, 

sin. i {A -{- C) sin. (» — c) + sin. (s — a) 

sin. i {A — C) sin. {s — c) — sin. (« — a)' 

If we make in equation (47) 

A =z 8 — c = i {a'\-h — c), 

JB = * — a=J(— a + ft + c); 
we have 

A+B=h, 

A — B= a — c; 
and (47) becomes 

sin. {s — c) + sin. {s — a) tang, i h 

sin. {s — c) — sin. {s — a) tang. ^ (a — c 
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This equation, substituted in the second number of (352), gives 

sin. iJA + C) _ tang, j h ^ . . 

sin. J (^ — C) "" tang. ^ (a — c)' ^^^' 

which is the same as (350). 

80. TTieorem. The cosine of half the sum of two angles of 
a spherical triangle is to the cosine of half their difference, as 
the tangent of half the side to which they are both adjacent is 
to the tangent of half the sum of the other two sides; that is, 
in the spherical triangle ABC (figs. 32 and 33), 

cos. J (il+ C) : cos J (-4— C) = tang. J 5 : tang, i (a + e). (354) 

Proof. The product of (343) and (345) is, by a simple reduc- 
tion, 

•i M ^ ^ sin. Is — h) 

hence, by § 78, 

cos. J (-4 + C) sin. $ — sin, {a — h) (2S&\ 

COS. J (il — C) sin. s 4- sin. (« — I)* 

If in equation (47) inverted we make 

^ = s = i(a+J + c), 

B = 8 — lz=.^{a — h'\-c)\ 

we have 

j1 + B = a + c, 

A — B = h\ 
and (47) becomes 

sin. 8 — sin. (« — h) tang, i h 

sin. « + sin. (« — h) "" tang. ^ (a-^-c)' 

This equation, substituted in (355), gives 

cos. iJA + C ) __ tang, jr h -^ 

cos. i {A — C) "" tang, i (a + c)* ^ ^ 

which is the same as (354). 

81. Scholium. In using (350) and (354), the signs of the terms 
must be attended to by means of PI. Trig. ^61. 
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82. Examples* 

1. Given in a spherical triangle two angles = 158"*, and = 98*, 
and the included side = 144" ; to find the other sides. 

Solution. By (350), 

i{A+ C) = 128* sin. (ar. co.) 10.10347 

J (^ — C) = 30« sin. 9.69897 

i b =72- tang. 0,48822 

i{a—c) = 62*'53'1" tang. 0.29066 

By (354), 

i (^ + C) = 128" cos. (ar. co.) 10.2 1066 » 

i{A—C)= 80* COS. 9.93758 

i h =72- tang. 0.48822 

i{a + c) = 103- 0' 25" tang. 0.63641 n 

Ans. fl = 165''53'26", 
c= 40" T24". 

2. Given in a spherical triangle two angles = 170**, and = 2*, 
and the included side == 92° ; to find the other sides. 

Ans. a =103' 6' 44", 
c= llMri6'. 

83. Problem. To solve a spherical triangle^ when its three 
angles are given. 

Solution. If A^ By C are the angles of the given triangle, and 
a, J, c its sides, 180' —A^ 180' — Bj 180" — C are the sides of the 
polar triangle, and 180° —a, 180' —J, 180' —c the angles of the 
polar triangle, the sides are then given in the polar triangle ; to find 
the angles. For this purpose we may use the formulas of the pre- 
ceding prohlem. 

84. Corollary. Applying (331) to the polar triangle gives 

COS. C + cos.^jI and B .oc*»\ 

cos. c = . . . p (357) 

sm. A sm. B 
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85. Coronary. Equations (335-337) give, for the polar triangle, 
il we put 

S=J(^ + B+C), (358) 

and use (98 and 99), 

, /— COS. S COS. {S—A)\ ,„^^, 

^ ^ \ sm. A sm. C / ^ ' 

- /— COS. 5 COS. (S — C) \ .„^,, 



sin. 



sm. 



86. Corollary, Equations (340-342), applied to the polar triangle, 
give 



cos. 



COS. 



COS. 






87. Corollary. Equations (343-345), applied to the polar triangle, 
give 

t »l — COS. Scos. (S— -4) \ ,„-^. 

^T // — cos.Scos.(S— B) \ .„^^, 

// — cos.5cos.(S— C) \ ,„^„, 

88. Corollary. Equation (332), applied to the polar triangle, is 

n / • 1 \o — ^^- C — COS. (A + ^) /«^«v 

'*(''"'•*'')' = sin. ^ Bin. B ' (^) 



which may be used like equation (338). 



I 



162 SPHSEIGAL TEIG050M£TRT. [CH. Ill, 

89. ExAJfPLS. 

Given in the spherical triangle ABC^ ihe three angles equal to 
89", 5**, and 88* ; to solve the triangle. 

Arts. The three sides are 53** 10', 4*, and 53* 8^. 

90. Theorem, The sine of half the sum of two sides of a 
spherical triangle is to the sine of half their difference, as the 
cotangent of half the included angle is to the tangent of half 
the difference of the other two angles^ that is, in ABC (figs. 32 
and 33), 

sin. J (a + c) : sin. J (a — c) = cotan. J B : tang. i{A — C). (369) 

Proof This theorem is at once obtained by applying § 79 to the 
polar triangle. 

91. ITieorem. The cosine of half the sum of two sides of a 
triangle is to the cosine of half their difference, as the cotangent 
of/ialfthe included angle is to the tangent of half the sum of 
the other two angles, ox in (figs. 32 and 33), 

cos. i (a + c) : cos. ^{a — c)= cotan. ^ B : tang. J (-4 -|- C). (370) 

Proof This theorem is at once obtained by applying ^ 80 to the 
polar triangle. 

92. Corollary. These two theorems, similar to $ 79 and 
$ 80, were given by Napier for the solution of the case, in 
which two sides and the included angle are given. By means 
of them the other two angles can be found without the necessity 
of calculating the third side. In using them, regard must be 
had to the signs of the terms by means of PI. Trig. $ 61. 

93. Examples. 

1. Given in a spherical triangle two sides = 149*, and = 49", and 
the included angle = 88'' ; to find the other angles. 
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Solution. By ^ 90, 










i(« + c) = 99' 


sin. 


(ar. 


CO.) 


10.00538 


J (a — c) = SO* 


sin. 






9.88425 


JB =44* 


cotan. 
tang. 






0.01516 


J(il—C)= 38-46' 10" 


9.90479 


By §91, 










i(a + e) = 99' 


COS. 


(ar, 


.CO.) 


10.80567- 


J(«-c) = 50^ 


COS. 






9.80807 


iS =44' 


cotan. 
tang. 






0.01516 


J(i + C)=103'13'31" 


0.62890 » 


- 


Ant. 


il = 


HI" 59' 41", 








C = 


64° 26' 21". 



2. Given in a spherical triangle two sides = 13"*, and ^ 9', and 
the included angle = 176 ; to find the other angles. 

Ans. 2« 13' 12", and V 51' 14". 
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SPHERICAL ASTRONOMY. 



CHAPTER I. 

THE CELESTIAL SPHERE AND ITS CIRCLES. 

1. Astronomy is the science which treats of the heavenly 
bodies. 

2. MtUhematical Astronomy is the science which treats of 
the positions and motions of the heavenly bodies. 

The elements of position of a heavenly body are (Greo. ^ 8) dis- 
tance and direction. 

3. Spherical Astronomy regards only one of the elements of 
position, namely, direction, and usually refers all directions to 
the centre of the earth. 

4. In spherical astronomy, all the stars may, then, be re- 
garded as at the same distance from the earth's centre, upon 
the surface of a sphere, which is called the celestial sphere. 

Upon this imaginary sphere are supposed to be drawn various 
circles, which are divided into the well known classes of great and 
unaU circles. [B. p. 47.] 

^* All angular distances on the surface of the sphere, to an eye at 
the centre, are measured by arcs of great circles/^ [B. p. 48.] 
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6. "Secondaries to a great circle are great circles which 
pass through its poles, and are consequently perpendicular to 
it." [B. p. 48.] 

6. '4f the plane of the terrestrial equator be produced to the 
celestial sphere, it marks out a circle called the celestial equator; 
and if the axis of the earth be produced in like manner, it be- 
comes the axis of ^he celestial sphere ; and the pdints of the 
heavens, to which it is produced, are called the poles, being the 
poles of the celestial equator." 

" The star nearest to the north pole is called the north pole 
star.'' [B. p. 48.] 

7. " Secondaries to the celestial equator are called circles of 
declination ; of these, 24, which divide the equator into equal 
parts of 15^ each, are called hour circles.'' 

"Small circles, parallel to the celestial equator, are called 
parallels of declination." [B. p. 48.] 

The parallels of declination correspond, therefore, to the terres* 
trial parallels of latitude, and the circles of declination to the terres- 
trial meridians. A certain point of the celestial equator has been 
fixed by astronomers, and is called the vernal equinox. The circle 
of declination, which passes through the vernal equinox, bears the 
same relation to other circles of declination, which the first meridian 
does to other terrestrial meridians. 

8. "The declination of a star is its angular distance from 
the celestial equator," measured upon its circle of declination. 
[B. p. 49.] 

9. The right ascension of a star is the arc of the equator 
intercepted between its circle of declination and the vernal 
equinox. [B. p. 49.] 

Right ascension is either estimated in degrees, minutes, &c. from 
0" to 360® ; or in hours, minutes, &c. of time, 15 degrees being 
allowed for each hour, as in Sph. Trig. § 3. 
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The positions of the stars are completely determined upon the 
celestial sphere, when their right ascensions and declinations are 
known. Catalogues of the stars have accordingly been given, con- 
taining their right ascensions and declinations. [B. Table Vill. p. 80.] 

10. "The sensible honzoti is that circle in the heavens, 
whose plane touches the earth at the spectator.'' 

"The rational horizon is a great circle of the celestial sphere 
parallel to the sensible horizon." [B. p. 48.] 

11. The radinsi which is drawn to the observer, is called the 
vertical line. 

The point, where the vertical line meets the celestial sphere 
above the observer, is called the zenith; the opposite point, 
where this line meets the sphere below the observer, is called 
the nadir. 

Hence the vertical line is a radius of the celestial sphere perpen- 
dicular to the horizon ; and the zenith and nadir are the poles of the 
horizon. [B. p. 48.] 

12. Circles whose planes pass through the vertical line are 
called tertiecU circles. [B. p. 48.] 

The vertical circles are secondaries to the horizon. 



13. The vertical circle at any place, which is also a circle 
of declination, is called the celestial meridian of that place. 
[H. p. 48.] 

The plane of the celestial meridian of a place is the same with 
that of the terrestrial meridian. 

14. The points, where the celestial meridian cuts the horizon, 
are called the north and south points. [B. p. 48.] 

The north point corresponds to the north pole, and the south point 
to the south pole. 

15 
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16. The vertical circle, \ehich is perpendicular to the me- 
ridian, is called the prime vertical. [B. p. 48.] 

16. The points, where the prime vertical cuts the horizon, 
are called the east and west points. [B. p. 48.] 

" To an observer, whose face is directed towards the south, the 
east point is to his left hand, and the west to his right hand. Hence 
the east and west points are 90*^ distant from the north and south. 
These four are called the cardinal points." 

" The meridian of any place divides the heavens into two hem- 
ispheres, lying to the east and west ; that lying to the east is called 
the eastern hemisphere, and the other the western hemisphere.** 

17. The altitude of a star is its angular distance from the 
horizon, measured upon the vertical circle passing through the 
star. [B. p. 48.] 

18. The azimuth of a star is the arc of the horizon jnter- 
cepted between its vertical circle and the north or south point 
[B. p. 48.] 

A star may be found without difficulty, when its altitude and azi- 
muth are known. But these elements of position are constantly 
varying. 
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CHAPTER II. 

THE DIURNAL MOTION. 

19. *' Stars are distinguished into two kinds, fixed and wan- 
dering.^^ [B. p. 45.] 

Most of the stars are fixed, that is, retain constantly almost the 
same relative position ; so that the same celestial globes and maps 
continue to be accurate representations of the firmament for many 
years. This is a fact of fundamental importance, and furnishes the 
fixed points for arriving at a complete knowledge of the celestial 
motions. Small changes of position have, indeed, been detected 
even in the fixed stars, as will be shown in the course of this treatise ; 
but these changes are too small to disturb the general fact ; they 
are, indeed, too small ever to have been detected, if the positions of 
the stars had been subject to great variations. 

20. Of the wandering stars there are eleven, which are 
called planets. They are Mercury ( jj ), Venus ( 9 ), the 
Earth (0), Mars (^), Vesta (g), Jtmo (8), Pallas {i), 
Ceres (9), Jupiter (jjf), Saturn (^2), and Uranus (v). 
[B. p. 45.] 

21. For the sake of remembering the stars with greater 
ease, they have been divided into groups called constellations ; 
and to give distinctness to the constellations, they have been 
supposed to be circumscribed by the outlines of some figure 
which they were imagined to resemble. [B. p. 45.] 

The stars have also been distinguished according to their 
brilliancy, as of the firsts second^ &c. magnitude. 

Proper names have been given to the constellations and to 
the most remarkable stars. 
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The catalogues and the maps of the stars are now so accurate, 
that no new star could appear without being detected ; and any 
change in the place of any of tlie larger stars would be immediately 
discovered. 

22. All the stars appear to have a common motion, by which 
they are carried round the earth from east to west in 24 hours. 
This rotation of the heavens, or of the celestial sphere, is 
called the diurnal motion. 

By its diurnal motion, the celestial sphere rotates, with the most 
perfect uniformity, about its axis. The pole star would, therefore, 
if it were exactly at the pole, remain stationary ; but since it is not 
exactly at the pole, it revolves in a very small parallel of declination 
about the stationary pole. 

Any star in the equator revolves in the plane of the equator, and 
all other stars revolve in the planes of the parallels of declination in 
which they are situated. 

If O (fig. 34) is tbe place of the observer, NESW his horizon, 
Z his zenith, P and P' the poles, the star which is at the distance 
from P, 

PM=PM' 

will appear to describe the circumference MHM'H. It will rise in 
the east at H and set at IT, if the distance PM' from the pole is 
greater than the altitude PN of the pole. But if its distance from 
the pole 

PL = PL' 

is less than PN^ the star will not set, but will describe a circle above 
the horizon ; and if its distance from the pole 

PG = PG' 

is greater than the greatest distance PS from the pole to the horizon, 
the star will never rise so as to be seen by the observer at O, but 
will describe a circle below the horizon. 

23. The time which it takes a star to pass from any position 
round again to the same position, is called a sideral day, that 
is, literally, a star-day. This day is divided into 24 hours. 
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and clocks regulated to this time are said to denote sideral 
time. [B. p. 147.] 

24. Each point of the celestial equator passes the meridian 
once in a sideral day ; and the arc contained between two hour 
circles passes it in a sideral hour. The sideral time, therefore, 
which has elapsed since the vernal equinox was upon the 
equator, is equal to the right ascension of the meridian ex- 
pressed in time. [B. p. 20S.J 

The meridian changes its right ascension at each instant, precisely 
as if ihe celestial sphere were stationary, while the observer, with 
his meridian and zenifh, is carried uniformly round the earth^s centre 
from west to east once in a sideral day. 

25. The angle ZPB (fig. 35), which the circle of declina- 
tion of the star makes with the meridian, is called its hour 
angle. 

While the star moves from the point of C in the meridian to 
the point B with an uniform motion, the arc CP is carried to the 
position PB^ and the angle CPB is described with an uniform mo- 
tion. This angle converted into time is, then, the sideral time since 
the passage of the star over the meridian. 

26. Corollary, The difierence of the right ascensions of the star 
and of the meridian is the hour angle of the star. 

27. The distance of a star from the east or west points of 
the horizon, at the time of its rising or setting, is the ampli-^ 
tude of the star. [B. p. 48.] 

28. Problem. To find ihe altitude and azinittih of a star^ 
when its declination and hour angle are known^ and also the 
latitude of the place. 

Solution. If P (fig. 35) is the pole, Z the zenith, and B the star, 
we have 

PZ = polar dist. of zenith = co. latitude == SO* — I, 
15» 
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PiY=90** — PZ=L, 

PB z=z polar dist of star = p, 

z= CO. declination of star, when it is on the same side of 
the equator with the pole. 

= 90^ -f- declination of star, when it is on the difierent 
side of the equator from the pole. 

= 9(r =F D, 

ZB = zenith dist of star = z, 

= CO. altitude of star, when it is ahove the horizon. 

= 90* -|- depression of star, when it is below the horizon. 

ZPB = *'s hour angle = A, 

PZB = azimuth of star counted from the direction of the ele- 
vated pole. 

= a = azimuth, when less than 9(f^ 

= 180' — azimuth, when greater than 90**. 

There are, then, given in the spherical triangle PZB^ the two sides 
PZ and PBy and the included angle ZPB ; so that the side BZ 
and the angle PZB can be calculated by Sph. Trig. § 45. 

If we let fall the perpendicular BC upon PZ^ 

tang. PC = cos. h tang. (90** =F ^) = ± cos. h cotan. D (371) 

cz=ipz — pc=z 90** — (L + pq, 

or =PC — PZ=z{L + Pq — 90\ (372) 

Hence, by (300), 

COS. PC : sin. (L + PC) = ± sin. D : cos. z ; (373) 

in which formulas the upper sign is used when the star is upon the 
same side of the equator with the elevated pole, that is, when D'and 
L are of the same name ; and, by (301), 

sin. PC : dt cos. (L + PC) = cotan. h : cotan. a. (374) 

29. Corollary. When the altitude and azimuth are both to be 
found, the calculation by the above method is as short as by any 
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Other ; but when, as is usually the case, the altitude only is required, 
the following method is preferable. 

We have 

PZ + PB= 180'' — L =F D = 180** — (L =b 1)) 

PB — PZ = :T^ D + L = ( L =F D) ; 

whence, by (308) and (309), 

COS. « = — COS. (L =b 1>) + 2 COS. D cos. L (cos. ^h)^ (375) 

COS. z = COS. (L q= D) — 2 COS. D cos. L (sin. J h)^, (376) 

which may be used at once, and (376) may be calculated by the aid 
of the column of Rising in Table XXIII. The rule obtained from 
(376) is the same with that on p. 250 of the Navigator, remember- 
ing that when the star is above the horizon 

cos. z = sin. 3|c's alt. (377) 

But when the star is below the horizon 

cos. z =z — sin. 9|c^s depression. (378) 

30. Corollary. If the given hour angle is 6* = 90®, the problem 
is at once reduced to the solution of a right triangle. We in this 
case have, by Napier^s Rules, 

COS. z = sin. L cos. j?, 
or sin. *'s alt. = ± sin. L sin. D (379) 

cotan. a =='cos. L cotan. p 
cotan. 9|c^s azimuth = db cos. L tang. 2). (380) 

The upper sign is to be used in formulas (379) and (380), when 
the declination is of the same name with the latitude ; otherwise the 
lower sign. In the former case, therefore, the star is above the 
horizon when its hour angle is six hours, and on the same side of the 
prime vertical with the elevated pole ; but, in the latter case, it is 
below the horizon, and on the same side of the prime vertical with 
the depressed pole. 
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31. Corollary. If the star is in the celestial equator, as in (fig. 36), 
we have in the right triangle J?ZQ, 

Bq=^BP(i = h 

ZQ^L 
QZB = 180** — a 
whence cos. z = cos. L cos. A, 

or sin. 9|c's alt. = cos. L cos. h (381) 

cotan. (180® — a) = sin. L cotan. A, 
or cotan. a = — sin. L cotan. A. 



Hence, if the hour angle is less than six hours, the star which 
moves in the celestial equator is ahove the horizon, and on the same 
side of the prime vertical with the depressed pole ; hut if the hour 
angle is greater than six hours, this star is hclow the horizon, and on 
the same side of the prime vertical with the elevated pole. 

32. Corollary. If the place is at the equator, as in (fig. 37), Ae 
celestial equator of ZE is the prime vertical, so that if the hour 
circle PB is produced to C, we have in the right triangle ZBC^ 

ZC = ZPB = h 
BZC = 90® — a 

whence cos. % = cos. D cos. A, 

or sin. 3|c's alt. = cos. B cos. A (383) 

cotan. (90® — fl) = sin- A cotan. D, 

or tang, a = sin. A cotan. D ; (384) 

80 that the star is ahove the horizon when the hour angle is less than 
six hours, and helow the horizon when the hour angle is greater than 
six hours. 

33. Examples. 

1. Find the altitude and azimuth of Aldebaran to an observer at 
Boston, in the year 1830, when the hour angle of this star is 3^ 
25* 12'. 
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Solution. We find by Tables VIII and LIV 

D = 16** IC N. L = 42° 21' N. 



Hence 



A = 3* 26* 12* 
£ = 42* 21' 

D = 16** icy 



log. col. Ris. 

COS. 
COS. 



Ir — D = 26M(y 
alt. = 39- icy 



nat. COS. 



26601 
89752 



4.57375 
9.86867 
9.98248 

4.42490 



nat. sin. 63151 sec. 10.11052 

A = 5V 18' sin. 9.89233 

D cos. 9.98248 



azimuth from South = 75*" 11' 



sin. 9.98533 



2. Find the altitude and azimuth of Aldebaran at Boston, in the 
year 1830, six hours after it has passed the meridian. 

Solution. By formulas (379) and (380), 
Lzz:42'21' sin. 9.82844 

I>=16*10' sin. 9.44472 



COS. 9.86867 
tang. 9.46224 



alt. = 10* 49' sin. 9.27316 

azimuth from north = 77° 54' 



cotan. 9.33091 



3. Find the altitude and azimuth of a star in the celestial equator 
to an observer at Boston, when the hour angle of the star is 3^ 
25* 12'. 



Solution. By formulas (381) and (382), 
L = 42*21' cos. 9.86867 

A = 51' IS' cos. 9.79605 



sin. 9.82844 
cotan. 9.90371 



alt = 27- 31' sin. 9.66472 

azimuth from South = 6V 39' 



cotan. 9.73215 



4. Find the altitude and azimuth of Aldebaran to an observer at 
the equator, in the year 1830, when the hour angle of the star is 
3*25-12'. 
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Solution. By formulas (383) and (384), 

D= 16' 10' COS. 9.98248 cotan. 10.53776 

h = 6V 1& COS. 9.79605 sin. 9.89233 



alt = 36' 54' sin. 9.77853 



azimuth from North = 69 37' tang. 10.43009 

5. Find the altitude and azimuth of Fomalhaut to an ohserver at 
Boston, in the year 1840, when its hour angle is 2* 3"* 20*. 

Arts. Its altitude . . . =1P59'. 
Its azimuth from the South = 26* 51'. 

6. Find the altitude and azimuth of Duhhe to an ohserver at 
Boston, in the year 1840, when its hour angle is 9^ 30"*. 

Arts. Its altitude . . . = 19* 11'. 
Its azimuth from the North = 17** 15'. 

7. Find the altitude and azimuth of Fomalhaut to an observer at 
Boston, in the year 1840, when its hour angle is 6\ 

Ans, Its depression below the horizon = 19* 58'. 
Its azimuth from the South z= 66* 30'. 

8. Find the altitude and azimuth of Dubhe to an observer at 
Boston, in the year 1840, when its hour angle is 6\ 

Ans. Its altitude . . . = 36* 44'. 
Its azimuth from the North = 35** 2'. 

9. Find the ahitude and azimuth of a star in the celestial equator 
to an observer at Stockholm, when its hour angle is 2* 3" 20*. 

Ans. Its altitude . . .=25'' 58'. 
Its azimuth from the South = 34° 45'. 

10. Find the altitude and azimuth of a star in the celestial equator 
to an observer at Stockholm, when the hour angle is 9^ 30"*. 

Ans. Its depression below the horizon = 23* 51'. 
Its azimuth from the North = 41* 45'. 
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11. Find the altitude and azimuth of Fomalhaut to an observer at 
the equator, in the year 1840, when its hour angle is 2* 3* 20'. 

Ans. Its altitude . . . = 4T 45'. 
Its azimuth from the South = 41® 4'. 

12. Find the altitude and azimuth of Dubhe to an observer at the 
equator, in the year 1840, when its hour angle is 9* 30". 

Ans. Its depression below the horizon = 21" 24'. 
Its azimuth from the North z= 17® 30'. 

34 In the triangle ZPB (fig. 35) other parts might be 
given instead of the two sides ZP, PB, and the included 
angle P, and the triangle might be resolved. Of the problems 
thus derived, we shall only, for the present, consider two 
cases. 

35. Problem. To find a given starts hour angle and aliUude^ 
when it is upon the prime vertical. 

Solution. The angle PZB is, in this case, a right angle, and if 
we use the preceding notation, we have 

COS. h = colan. L cotan. p = ±: cotan. L tang. D (385) 
cos. z =, COS. p cosec. L, 
or sin. 3|c's alt. = ± sin. D cosec. L ; 



80 that when the declination and latitude are of the same name, the 
hour angle is less than 6 hours, and the star is above the horizon ; 
but when the declination and latitude are of difierent names, the hour 
angle is greater than 6 hours, and the star is below the horizon. 

36. Scholium. The problem is, by Sph. Trig. § 27, impossible, 
when the declination is greater than the latitude; so that, in this case, 
the star is never exactly east or west of the observer. 

37. Scholium. The problem is, by Sph. Trig. § 28, indeterminate, 
when the latitude and declination are both equal to zero ; so that, in 
this case, the star is always upon the prime vertical. 
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38. Examples. 

L Find the hour angle and altitude of Aldebaran, when it is 
exactly east or west of an observer at Boston, in the year 1840. 
Ans. The hour angle z= 4* 45* 44'. 
The altitude = 24' 26'. 

2. Find the hour angle and altitude of Fomalhaut, when it is 
exactly east or west of an observer at Boston, in the year 1840. 

Ans. The hour angle . . z= 8* 40* 51'. ' 

The depression below the horizon = 48® 49'. 

3. Find the hour angle and altitude of Dubhe, when it ia exactly 
east or west of an observer at Boston, in the year 1840. 

Ans. Dubhe is never upon the prime vertical of Boston. 

4. Find the hour angle and altitude of Canopus, when it is exacdy 
east or west of an observer at Boston, in the year 1840. 

Ans. Canopus is never upon the prime vertical of Boston. 

39. Problem. To find the hour angle and amplitude of a 
star, when it is in the horizon. 

Solution. In this case the side ZB (fig. 35) of the triangle ZPB 
is 90®. The corresponding angle of the polar triangle is, therefore, 
a right angle, and the polar triangle is a right triangle, of which die 
Other two angles are 

160® —PZ = 180® — (90® —I) == 90® + L, 

and 180® —PB = 160® — (90® q= 2>) = 90® ± I>. 

The hypothenuse of the polar triangle is 180® — A, and the leg, 
opposite the angle, 90® ± D, is 180® — a. 

Hence, by Sph. Trig. § 40, and PI. Trig. § 60 and 62, 

— cos. A = d:= tang. L tang. D» 

^ or cos. A rz =p tang. L tang. D (3^) 

— COS. a = =p sin. D sec. L, 

or COS. a = =fc sin. D sec. L ; (388) 

in which the upper sign is used when the latitude and declination 



$ 41.] • mURNAL MOTION. 181 

have the same name, and the lower sign when they have different 
names ; so that in the former case the hour angle is greater than 6 
hours, and the azimuth is counted fronts the direction of the elevated 
pole ; but in the latter case, the hour angle is less than 6 hours, and 
the azimuth is counted from the direction of the depressed pole. 
The amplitude is the diiSerencc between the azimuth a and 90^. 
Hence 

cos. ^^s azim. = sin. 9|c's amp. = sin. B sec. L. 



40. Scholium, The problem is, by Sph. Trig. § 41, impossible, 
when the sum of the declination and latitude is greater than 90' ; so 
that, in this case, the star does not rise or set. 

41. Examples. 

1. Find the hour angle and amplitude of Aldebaran, when it rises 
or sets, to an observer at Boston, in the year 1840. 

Ans. The hour angle = 7* 1" 21'. 
The amplitude = 22^ 9' N. 

2. Find the hour angle and amplitude of Fomalhaut, when it rises 
or sets, to an observer at Boston, in the year 1840. 

Ans. The hour angle z=: 3* 50" 18'. 

The amplitude = 43* 19' S. 

3. Find the hour angle and amplitude of Dubhe, when it rises or 
sets, to an observer at Boston, in the year 1840. 

Ans. Dubhe neither rises nor sets at Boston. 

4. Find the hour angle and amplitude of Canopus, when it rises or 
sets, to an observer at Boston, in the year 1840. 

Ans. Canopus neither rises nor sets at Boston. 



16 
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CHAPTER III. 

THE MERIDIAN. 

42. The intersection of the plane of the meridian with that 
cf the horizon, is called the meridian line. 

43. Problem. To determine the meridian line. 

Solution. First Method. Stars obviously rise to their greatest 
altitude in the plane of the meridian ; so that if their progress could 
be traced with perfect accuracy, and the instant of their rising to 
their greatest height be observed, the direction of the meridian line 
could be exactly determined. But stars, when they are at their 
greatest height, change their altitude so slowly, that this method is of 
)Hit little practical value. 

Second Method. A star is evidently at equal altitudes when it is 
at equal distances from the meridian on opposite sides of it If, 
therefore, the direction and altitude of a star are observed before it 
comes to the meridian ; and if its direction is also observed, when it 
has descended again to the same altitude, after passing the meridian; 
the horizontal line, which bisects the angle of the two horizontal lines 
drawn in the direction thus determined, is the meridian line. 

Third Method. [B. p. 147.] The time which elapses between 
the superior and inferior passage of a star over the meridian is just 
half of a sideral day. If, then, a telescope were placed so as to 
revolve on a horizontal axis in the plane of the meridian, the two 
intervals of time between three successive passages of a star over the 
central wire, must be exactly equal. But if the vertical plane of the 
telescope is not that of the meridian, these two intervals will not be 
equal, and the position of the telescope must be changed until they 
become equal. 
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Thus, if 2 JJf f» J)f (fig. 38) is the plane of the meridian, Z SiT 
that of the vertical circle descrihed by the telescope, M SWs tn B 
the circle of declination described by the star about the pole P ; thid 
star wilt be observed at the points <S and 8 instead of at the points 
M and m. Now the star describes the circle of declination with an 
uniform motion, and therefore the arc SP moves uniformly with the 
star around the pole, so that the angle SPM is proportional to the 
time of its description ;" that is, the angle SPM^ reduced to time, 
denotes the sideral time of its description. 

Let then 

T =. the sideral time of describing the arc SAf, 
t z= the sidefol time of describing the arc s m, 
1 = interval from the observation at iS to that at <, 
t = interval from the observation at s to that at <S, 
^i = the difierence of these two intervals ; 
we have then, in sideral time, 

1= 12*— T— < = 12* — (T+O 
f =12*+ T+t= 12*+(r+0 

ai = i — J=2(r+0; (390)* 

so that if T and t were equal to each other, and they are nearly so 
in the case of the pole«star, we should have 

at = 4 r=4/ 

T= <== fat; 

that is, the time of describing the arc MS or m sis nearly one qaar* 
ier part of the difference between the intervals. 

But the error of this result can be calculated without much diffi- 
culty. For this purpose, let 

L = the latitude of the place z= 90" — PZ^ 

j? = the polar distance of the star = PS =iPsy 

a = the azimuth of ZST z= TN = TZN. 

The arcs MS and m « are so small, that they do not differ sensibly 
from the arcs of great circles drawn from S and s perpendicular to 
ZPN. 
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If, then, in the two right triangles PSM and ZSM^ Pitf and ZM 
are the middle parts, SM^ co. SZM^ and co. SPM are the adjacent 
parts, so that 

sin. PM : sin. ZM = cotan. SPM : cotan. SZM 

= __L__ 1 

tang. SPM * tang. SZM 

= tang. SZM : tang. SPM. 

But ZM= ZP — P3f=90^ — L— p, 

and the angles SZM and SPM are so small, that they are sensibly 
proportional to their tangents, whence 

sin. p : COS. (/? + i) = a : SPMy (391) 

or a : SPM = sin. p : cos. p cos. L — sin. p sin. L 

= 1 : cotan. p cos. L — sin. i, 
and if T is expressed in sideral hours 

r . 15" = SPM = a cotan. j? cos. L — a sin. i. 
In like manner, we find 

t . 15" = « P m = a cotan. p cos. L -[• a sin. L. 
Hence, by (390), 

(r+ f) 15" = ^ a i . 15" = 2 a cotan. ji COS. L 
a cotan. p cos. L = ^ a t . 15" 
T . 15° = i rl t . 15" — a sin. L 
/ . 15" = i a t . 15" + a sin. L 
a = ^ a i . 15" tang, p sec. L (392) 

T=^<Jt — jat tang, p tang. L 
<=jat-j-J^ai tang, p tang. L, 
«o that the correction is 

i si tang. p tang. L, (393) 

which is to he added to the quarter interval at the lower transit ; and 
to he subtracted from the quarter interval at the upper transit. 

This correction is proportional to the quarter interval, so that if it 
is computed for any supposed value of this interval, it may be com- 
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puted for any other interval by a simple proportion. Now Table A, 
page 151, of the Navigator, is the value of this correction, whenthe 
interval is 1000*. It may be observed, that it is not necessary that 
this time should be sideral time, because all the terms of the values 
of T and t are expressed in the same time, which may be that of the 
clock. 

The azimuth a is given in Table B [B. p. 151], and may be com- 
puted from the formula (392). But the interval in the formula id 
supposed to be sideral time, whereas the time of the table is that 
called solar time^ to which clocks are usually regulated, and which 
is soon to be described ; all that need be known for the present is^ 
that an interval of sideral time is reduced to solar time by Table LII 
of the Navigator, or by the formula 

an interval of solar time . ^^m.^^^^ /.*«>. v 

— . r-?-ri — T-- — = 0.9972695. (3941 

an interval of sideral time ^ * 

Fourth Method. [B. p. 149.] This method of determining the 
meridian is by means of two known circumpolar stars, which differ 
nearly 12 hours in right ascension. The upper passage of one of 
these stars is to be observed, and the lower passage of the other. 
Then any deviation in the plane of the instrument from the meridian, 
will evidently produce contrary effects upon the observed times of 
transit, exactly as in the upper and lower transits of the same star. 
The time, which elapses between the two observations, will differ 
from the time which should elapse by the sum of the effects of the 
deviation upon the two stars. In the use of this method, therefore, 
the time of the clock must be known, so that it can readily be 
reduced to sideral time. 

The deviations in the time of passage of a star, corresponding to 
any azimuth, can be calculated by means of equation (391). F<a 
this formula gives for the time of .describing the arc SAf 

T . 15* = a COS. {p -\- L) cosec. p, 

or T = ^ a COS. {p + L) cosec. p ; (895) 

which may be used if T is expressed in sideral seconds, and the arc 
a in seconds of space. But if T is expressed in solar time, we Iiave^ 
by (394), 

T = 0.0664846 a cos. {p + L) cosec. p. (396) 

16» 
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In the same way the value of t for an inferior passage is found to 
be 

t = 0.0664846 a cos. (p — L) cosec. p. (397) 

Now, since these values of T and t are proportional to the azinrath 
0, their values may be computed for a given value of the azimuth, as 
1000", and arranged in a table like Table C, p. 152 of the Navigator, 
and their values for any other azimuth can be obtained by a simple 
proportion. 

Fifth Method, [B. p. 149.] This method consists in observing the 
transits of two stars, which differ but little in right ascension. The 
error in the position of the telescope is, in this case, equal to the 
difference in the errors of the observed transits, instead of the sum, 
as in the preceding method. 

« 44. In making calculations where angles are introduced as 
factors, some labor, in reducing them to the same denomination, 
is often saved by means of a table of Proportional Logarithms, 
such as Table XXII of the Navigator. 

This table was particularly designed for reducing lunar distances, 
given in the Nautical Almanac, for every 3 hours to any intermediate 
time. It contains, on this account, the logarithm of the ratio of 3 
hours to each angle expressed in time ; that is, if A is the angle. 
34 

Prop. log. A = log. -T- =z log. 3* — log. A = log. 180" — log. A 
A 

= log. 10800' — log. A, (398) 

so that if A in the second member is reduced to seconds. 

Prop. log. A = 4.03342 — log. A in seconds ; (399) 

neglecting the right hand figure, so as to retain only four decimal 
places. This agrees with the explanation of the table in the Introduc- 
tion to the Navigator ; and it is evident that it is immaterial whether 
the angles, whose ratios are sought, arc given in time or in de- 
grees, &c. 

Suppose, now, that the logarithm of the ratio of two angles is 
sought, A and a ; we have, evidently, 

log. — = log. A — log. a = Prop. log. a — Prop. log. A ; (400) 
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\ 

SO that if this ratio, which we will denote by JIf, were known, and if 
a were known, A might be calculated by the formula 

Prop. log. A = Prop. log. a — log. M 

z= Prop. log. a + (ar. co.) log. M; (401) 

which is, therefore, the formula for calculating the value of A^ given 

by the equation 

AzuaM. (402) 

Finally, the use of formula (401) is facilitated by remembering that 
the arithmetical complements of the logarithms of the sine^ cosine^ 
tangent^ cotangent^ secant^ and cosecant of an angle^ are respectively 
the logarithms of its cosecant^ secant^ cotangent^ tangent^ cosine^ and 
sine. 

45. Examples. 

1. Calculate the proportional logarithm of 0° 5' 45". 
Soluiion. By (399), 4.03342 

0« y 45" = 345". 2.53782 



Prop. log. 5' 45" = 1.4956 

as in Table XXII. 

2. Calculate the corrections of Tables A and B [B. p. 151], when 
the latitude is 42"*, and the polar distance of the stdr 30\ 

Solution, By means of proportional logarithms, and equations 
(392) and (393), 

J . 1000' = 4* 10* Prop. log. 1.6355 1.6355 

L = 42'' cotan. 10.0456 cos. 9.8711 

30** cotan. 10.2386 10.2386 



corr. A z= 130^ z= 2'" 10* Prop. log. 1.9197 



0.0664846 8.8227 



corr. B = 48' 41" Prop. log. 0.5679 

3. Calculate the corrections of Table C [B. p. 152] for the pole* 
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Star and the latitude of 30*, when the polar distance of this star it 
!• 32' 37". 

Solution. By (396) and (397), ^ 

0.0664846 8.82273 8.82273 

a = 1000'' 3.OOO0O 3.00000 

1? = 1» 32' 37" cosec. 11.66964 11.56964 
p + L = 3P32'37" cos. 9.93056 

i? — i = — 28* 27' 23" 9.94407 



corr. C upper trans. = 2103' 3.32293 

corr. C lower trans. = 2170* 3.33644 

4. An observer in Boston in the year 1840, wishing to determine 
his meridian line, observed three successive transits of ys Cephei over 
the central vertical wire of his transit instrument, by means of a clock 
regulated to solar time, and found them to occur as follows ; the first 
upper transit at 7* 45"" 28* P. M., the next inferior transit the next day 
af7* 41* A. M., the third transit at 7* 41- 32* P. M. What were the 
times of the star's passing the meridian the second day ? and what 
was the azimuth error in the position of the instrument ? 

Solution. 

The first interval = 19* 41"» — 7* 45« 28* = 1 1* 55* 8» 
The second interval = 19* 41"» 32* — 7* 41« z= 12* 0« 32*. 
Hence ^i = ^ = 300*. 

Now L = 42» 21', D = 69' 52', p = 20* 8'. 

Hence, by Tables A and B 

corr. il = 83» X 0.3 = 25», 
corr. B = 31' 6" X 0.3 = 9' 19" ; 
so that the error in the time of the upper transit is 
i . 300* — 25* z= 75' — 25' = 50*, 
and the error in the time of the lower transit is 

i.300'4.25'=75' + 25'=100'z=:l*40% 
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The times of the star's passing the meridian the second day were, 
then, 

7*41* + 1- 40'= 7* 42* 40* A. M. 

and 7* 41- 32* — 50' =z 7* 40- 42' P. M. 

The error in the azimuth of the instrument was 9' 19" to the west of 
north. 

5. An observer at Boston, wishing to determine his meridian ]ine, 
on the morning of January 1, 1840, observed, by means of a clock 
regulated to solar time, the superior transit of y UrssB Majoris at 
5*6* 54' A. M., and the inferior transit of Polaris at 6* 12* 23* A. M. 
What was the azimuth error in the position of the transit instrument? 

Solution, The interval between these two transits is 
6* 12* 23* — 5* 6* 54* = 1* 5* 29*. 
But, by the Nautical Almanac, 

12* + E. A. of Polaris = 13* 1* 59* 

E. A. of y Ursffi Majoris =11* 45* 25* 



Sideral Interval = 1* 16* 34' 



Solar Interval = 1* 16* 22* 

Observed Interval = 1* 5* 29* 



Error of Interval = 10* 53' = 653 . 

Now for 1000" of azimuth error, and the latitude of Boston, 
Table C gives, since 

Dec. of y Ursae Majoris . . . = 54* 35' 

Error of lower trans, of Polaris . • = 1866* 

Error of upper trans, of y Ursse Majoris . = 25* 

Sum of errors . • . . = 1891' 

Then the proportion 

1891' : 653* = 1000^' : azimuth error, 
gives 

azimuth error = 345" = 5' 45" W. 
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6. An observer at Boston wishing to determine his meridian lin6, 
in the evening of December 17, 1839, observed by means of 4 
clock regulated to solar time, the superior transit of » CassiopesB at 
6*48'« 35« P. M., and that of Polaris at 6* 53« 15» P. M. What was 
the azimuth error in the position of the transit instrument ? 

Solution. By the Nautical Almanac, 

R. A. of Polaris =1* 2~ 26» 

R. A. of » CassiopeaD = 0* 31« 28» 



Sideral Interval = 0* 30« 58« 



Solar Interval = 0* 30« 63* 

Observed Interval = 0* 4« 40* 



Error of Interval = 0* 26« 13« = 167». 

Now Table C gives, for 1000" of azimuth error and the latitude of 
Boston, since 

Dec. of a Cassiopeae = 55' 40^ 

Error of trans, of Polaris = 1777' 

Error of trans, of » Cassiopess =: 26' 

Diff. of errors = 1751' 

Then, the proportion 

1751* : 1573* = 1000" : azimuth error 
gives 

azimuth error = 900" : = 15' 0" E. 

7. Calculate the proportional logarithm of 0* 2' 33". 

Ans. 1.8487. 

8. Calculate the proportional logarithm of 2'' 59' 12". 

Ans. 0.0019. 

9. Calculate the corrections of Tables A and B, when the latitude 
is 54", and the star's polar distance 20°. 

Ans, Corr. A = 125*. 

Corr. B = 38' 48". 



f 45.] THB MERIDIAN. 191 

10. Calculate the corrections of Table C, when the latitude is 20"", 
and the polar distance 5". 

Ans. For the upper transit, corr. C = 691*. 

For the lower transit, corr. C = 737'. 

11. An observer at Boston, in the year 1840, wishing to deter- 
mine his meridian line, observed three successive transits of Polaris, 
by means of a clock regulated to solar time. The first lower transit 
was observed at 6* A. M., the next transit at 6* 2" 11* P. M., and the 
second lower transit at 5* SB" 4* A. M. What was the time of the 
starts passing the meridian the second morning ? and what was the 
azimuth error in the position of the instrument ? 

An$. The time of the third mend, trans, was 5* 58^49* A. M. 
The azimuth error ts 15' 27'' W. 

12. An observer at Boston, wishing to determine his meridian line 
by means of a clook regulated to solar time, observed the inferior 
transit of Polaris on April 4, 1639, at 0* A. M., and the superior 
transit of n UrsiB Majoris at 0^ 53*^ 59* A. M. What was the azimuth 
error in the position of hi9 transit instrument ? 

The R. A. of Polaris is 1*0^ 50«, that of n Urse Majoris is 
13* 41* 14», and the declination of , UrssB Majoris is 50** T N. 

Ans. The azimuth error = 7' 18" W. 

13. An observer at Boston, wishing to determine his meridiaq 
line, in the evening of May 1, 1839, observed, by means of a clock 
regulated to solar time, the lower transit of Polaris at 9*49^22' 
P. M., and that of » Cassiopes at 9* 52^ P. M. What was the azi< 
muth error of the instrument ? 

The.R. A. of Polaris = 1* 0^ 5C*. 

The R. A. of » Cassiopeae = 0* 3l« 22*. 

The Dec. of a CassiopesB = 55** 39' N. 

Ans. The azimuth error = 18' 34" W. 
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CHAPTER ly. 

LATITUDE. 

46. Problem, To find the latitude of a place. 

Solution, The latitude of the place is evidently, from (fig. 34), 
equal to the altitude of the pole ; so that this problem is the same 
as to find tiie altitude of the pole, which would be done without 
difficulty if the pole were a visible point of the celestial sphere. 

First Method. By Meridian Altitudes. [B. p. 166-175.] 

Observe the altitude of a star at its transit over the meridian, and 
let 

A = the altitude of the star, 

il' = :|c's dist. from point of horizon below the pole ; 

then, if the notation of ^ 28 is used, it is evident, from (fig. 34), 
that 

L^A'^^p\ (403) 

the upper sign being used when the transit is a superior one, and the 
lower sign when it is an inferior one. 

I. Suppose the observed transit to be a superior one ; then, if it 
passes upon the side of the zenith opposite to the pole, we have 

A' = 180** — il, jp = 90** =F D, 

and (403) becomes 

L = 90*»— (il=F2>) = (90*»— il)±2) = 2±D; (404) 

the upper sign being used when the declination and latitude are of 
the same name, and the lower sign when they are of different names. 

But if the star passes upon the same side of the zenith with the 
pole, we have 

il' = il,jp = 90*— A 
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and (403) becomes 

L = {i! + 2)) — 90« = 2) — (90«— i4) = D— «. (405) 

n. If the transit is an inferior one, we have 

A* = A, jp = 90**— A 
and (403) becomes 

L = (il — 2)) + 90* = il + (90*»— D). (406) 

Equations (404) and (405) agree with the rule of Case I, [B. p. 166], 
and (406) with Case n, [B. p. 167.] 

in. If both transits are observed, and if A' and A are referred 
to the upper transits, and 

ilj = the altitude at the lower transit, 
we have, by (403), 

i = A'—f 

the sum of which is 

i = i(il'+^J; (407) 

SO that the latitude is determined in this case without knowing the 
starts declination. 

Second Method. By a Single Altitude. 
Observe the altitude and the time of the observation. 

L If the star is considerably distant from the meridian, we have 
given in the triangle PBZ (fig. 35), PB, BZy and BPZ to find PZ^ 
which may be solved by Sph. Trig. § 60, and gives by the notation 
of ^ 28, 

tang. PC = COS. h tang, p = ± cos. h cotan. D (408) 

COS. ZC = COS. PC . COS. z sec. p 

= ± cos. PC . COS. X cosec. D, (^09) 

in which the upper sign is used if the declination and latitude are of 
the same name, otherwise the lower sign. 

9(y'—L=::PZ^PC±ZC 

i = 90' — (PC ±ZC); (410) 

17 
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in which both signs may be used if they give values of L contained 
between 0** and 90% and in this case other data must be resorted to, 
in order to determine which is the true value of L, 

Scholium. The problem is, by Sph. Trig. § 61,' impossible, if the 
altitude is greater than the declination, when the hour angle is more 
than six hours. 

n. If the latitude is known within a few miles, it may be exactly 
calculated by means of (376), or 

COS. X = cos. [90* — (L + jp)] — 2 cos. L cos. D (sin. i h)^. (411) 

But if A is the starts observed altitude, and il^ its meridian altitude 
at its upper transit, (403) gives 

il, = L + JPi or = 180* — (i +p), 

and (411) becomes, by transposition, 

sin. A I = sin. A -{-2 cos. L cos. D (sin. } h)^ ; (412) 

from which the meridian altitude may be calculated by means of 
Table XXIII, as in the Rule. [B. p. 200.] 

in. A formula can also be obtained from (340), which is partic- 
ularly valuable when the star is, as it always should be in these 
observations, near the meridian. 

In this case we have in (340) applied to PBZ 

2#=:90'' — L +/> + «= 180- .— L+p~j1 (413) 

2s — iPZz=zL+p — A 

= ill — il or = ISO* — (il, + ^) («4) 

2$'^2PB=zlS0r — L'-p — A 

= 180« — {A^+A)or=:A^—A; (415) 

and if these values are substituted in (340), after it is squared and 
freed from fractions, they give 

(sin. i A)2 COS. L COS. D = sin. J (ill — il) COS. J (ill + -4), (416) 

or 

ain. J (ill — il) = (sin. i *)« cos. L cos. DaecHA^ + A); (417) 
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tnd ir, in the second member of this equation, the yalue of il ^ is used, 
which is obtained from the approximate value of the latitude, the 
difierence between the observed and the meridian altitudes may be 
found at once; and this difference is to be added to the observed 
altitude to obtain the meridian altitude. 

IV. If the star is very near the meridian, J (-Aj — j1) and i h 
will be so small, that we may put * 

sin. i{A^—A)=zi (il'— A) sin. 1" 
sin. ih = ih sin. 1* = y A sin. 1" ; 

which, substituted in (417) give, by supposing A^ equal to il in the 
second member, which is very nearly the case, 

-A , — A=i^ h^ sin. 1* cos. L cos. D sec. -A ,. (418) 

This value of ^^ — il is proportional to A^, so that if it were cal- 
eukted for 

any other value might be calculated by multiplying by Ifl. Now 
Table XXXII, of the Navigator, contains the values of il, — il for 
all latitudes and for all declinations less than 24^, excepting a few 
latitudes in which the meridian transit of the observed body is too 
near the zenith for this observation to be accurate; and Table 
XXXIII contains all the values of Jfij where h is less than 13". 

V. If the observed star is very near the pole, we have in (408) 

tang. PC = COS. h tang, p ; (419) 

so that as ^ is very small, PC must be likewise small, and we have 

tang. PC PC 

COS. h = — 2 :^ 

taug. p p 

PC = p COS. i; (420) 

and, by PI. Trig. § 22, 

COS. PC = 1, sin. D = cos. ji zz 1, 

whence, by (409), and (410), 

COS. ZC = COS. 2, ZC = z, 

L = 90* — PC — ZC = 90'' — « — PC 

=zA^pcos.h; (421) 
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80 that p COS. h may be regarded as a correction to be subtracted 
from A when it is positive, that is, when the hour angle is less than 
6 hours, or greater than 18 hours ; and it is to be added when the 
hour angle is greater than 6 hours and less than 18 hours. 

The table [B. p. 206] for the pole star was calculated for the year 
1840, when 

its R. A. = 1* 2* ; its dec. = 88* 27' nearly. 

VI. The method of determining the latitude by means of the pole 
star is so accurate in practice, that tables are given in the Nautical 
Almanac for correcting the observed altitude for differences of 
latitude, and for changes in the right ascension and declination of the 
star. Of these corrections the first is the same as that of the 
Navigator, and is computed from (421) by using the pole star's 
mean right ascension and declination for the year ; and the third is 
the correction for the change in the star's right ascension and 
declination. Both of these corrections may, however, be full as 
readily obtained by direct computation from (421), if the actual 
right ascension and declination of the star are at once substituted in 
the formula. The second correction of the Nautical Almanac arises 
from the error in supposing ZC to be equal to z, and is so small that 
the mean right ascension and declination of the pole star may he 
used in its computation. 

We have then, in the right triangle J3PC, since p and BC are 
small, 

BC sin. BC . ^ 

= — : = Sm. A, 

p sm. p 

or BC = p sin. h ; 

and the right triangle BCZ gives, since 
jBZ=90* — i! 
02=90**— PC — L= 90*— pcos.fc — L 

cos. BZ z=. COS. CZ COS. BC 

sin. A = sin. (p cos. A -f- L) cos. BC 

sin. (p COS. h-j-L) — sin. A = sin. (p cos. A -f- L) (1 — cos. BC) 

2 COS. i (p cos. h'\' L'\' A) sin. ^ (jp cos. A -f- L — A) 

= 2 sin. (p COS. h + L) sin.^ J BC ; 
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or, since A differs but little from L, and p and BC are small, 

COS. L.{pcoa.h-^L — A) sin. 1" = i sin. L.(BC)^ sin.'. 1" 

jpcoe. A + i— il = J|>»tan. i . sin.« . * sin. 1", (422) 

which gives the required second correction, and this method of com- 
puting the latitude is most accurate when h is nearly 6 or 18 hours. 

VII. The formula (417) may, however, be used directly for obser- 
vations of the pole star more readily than the tables of the Nautical 
Almanac, and gives at once 

L z= Ap -^p (sin. i h)^ cos. L sec. jj (il + I. -j-^), (423) 

and is most accurate when h is small. 

Vin. By applying (417) to the lower transit of the pole star, that 
ia, substituting its supplement for &, and making 

Ai=iL — p, 
it becomes 

L = A +1? —p (cos. i h)^ cos. L sec. J (il + M—p)^ (424) 
which is most accurate when h is nearly 12 hours. 

Third Method, By Circummeridian Altitudes, 

I. If several altitudes are observed near the meridian, each obser- 
vation may be reduced separately by (417) and (418), and the mean 
of the resulting latitudes is the correct latitude. 

II. But if (418) is used, the mean of the values of ^^ — A is 
evidently obtained by multiplying the mean of the values of h^ by 
the constant factor ; and if to the mean of the values o£ A^ — il, the 
mean of the values of A is added, the sum is the mean of the value 
of il^, whenoe precisely the same mean of resulting latitude is ob- 
tained as by the former method, but with much less calculation. 

ni. If the star is changing its declination in the course of the 
cifaservations, this change may, in all cases which can occur if the 
hour ^gle is small, be neglected in the value of cos. D. But the 
value of il J will not, in this case, be at each observation equal to the 
meridian altitude, but will differ from it by the difference of the star's 
declination. Let the change of the star's declination in one minute 
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be denoted by * 2), which is positive when the star is approaching the 
elevated pole ; and if h is the starts hour angle at the time of obser- 
vation, which is negative before the star arrives at the meridian and 
afterwards positive, the whole change of declination vp ^ 2), so that 
the correct meridian altitude is 

A^ — MD, 

The mean of the values of the corrected meridian altitude is, there- 
fore, equal to the mean of the values of A j diminished by the mean 
of the values of A a D ; and, if H denotes the mean of the hour 
Angles h (regard being had to their signs), the correct meridian 
altitude is the mean of the values of A^ diminished by H 9 D, 

Fourth Method. By Double Altitudes. 

I. Let two altitudes of a star, which does not change its declination, 
be observed, and the intervening time. Then (fig. 39) let Z be the 
zenith, P the pole, S and S* the positions of the star ; join ZS, ZS^ PS^ 
PS', and SS'ilf ; draw PT to the middle T of SS'y join ZT, and 
draw Z V perpendicular to PT. Let 

p = PS= P5^ = 90° — D, SPS* = elapsed time = h 
ST=Az=zS'T,PT=90' — B 

4 J = 90* — ZS, j1 ; =z 90** — ZS' 
ZTP = r, ZT=i F,ZV=C 
r7z=Z,P7z=:90° — £; 

in which D and B are positive, when the latitude and declination are 
of the same name, but negative, if they are of contrary names ; Z is 
positive, if the zenith is nearer the elevated pole than the point If. 

Now the triangle TPS gives 

sin. A = sin. PS sin. SPT = cos. D sin. i h 
cos. PS = COS. PT COS. j1, or sin. D = sin. B cos. il, (425) 
or cosec. A = sec. D cosec. i h (426) 

cosec. B = cos. A cosec. D. (487) 

The triangles ZTS and ZT^ give ♦ ♦ 

sin. A J = COS. F cos. A — sin. F. sin. A sin. T, (428) 

am.A[=z COS. F cos. A + sin. P. sin. il sin. T. (429) 
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The sum and difference of which is, hy (43) and (44), } 
>"»• i (-^1 + ^i) cos* i (-^i — -Ai) = COS. Pcos. it, (430) 

sin. i {A\—A^) COS. i{A^+A[) = sin. Psin. A sin. T. (431) 

But triangle ZTF gives 

sin. C = sin. F sin. 7, (432) 

COS. F = COS. C COS. Z ; (433) 

"which, substituted in (430) and (431), give 

sin. C= 8in.i{A[ — ilj cos. J(ilj 4-^i)oosec. il, (434) 

sec. Zz=: cos.il COS. Csec.i{A^ — A[)co9ec.i{A['{-A^). (435) 
But PV=PT—Tr, 

or 90** — £ = 90* — J? — Z 

E=B + Z. (436) 

Lastly, triangle ZPF gives 

COS. PZ=: COS. z7cos. FV 

sin. L = COS. C sin. E. (437) 

Equations (426, 427, 434-437) correspond to the rule and formula 
given in the Navigator. [B. p. 180.] 

n. Another method of calculating the values of B^ C, and Z, has 
been given, which dispenses with A and one opening oi the tables, 
and may therefore be preferred by some computers, although it 
requires one more logarithm. Triangle TPS gives 

tang. PT = COS. J A tang. PS, 

or cotan. B •=, cos. \ h cotan. D. (^^) 

The substitution of (426) in (434) gives 

sin. C = COS. J (ill + -Ai) sin. i {A\ — il,) sec. D cosec. J h. (439) 

Triangle PTS gives 

COS. il = sin. D cosec. B ; (440) 

which, substituted in (435), gives (^41) 

sec. ^ = COS. C . sm. D cosec. JB cosec. J (ili + -^i) sec J (ill — Ai). 
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Corollary. The hour angle ZPTia the metn between the hoar 
angles ZPS and ZPS^ and if we put 

ZPT=zH, 
the triangle ZP V gives 

tang. H = tang. C sec £, (442) 

as in [B. p. 161.] 

m. When the latitude is known within a few miles, in this can 
let 

L' =z the assumed latitude, 

and the triangle ZPV gives 

sin. C = COS. L' sin. JET; (443) 

whence, hy (439), (444) 

sin. H = COS. i (ill -f- -^i) ^^^' i (^1 — -^0 sfic. £' sec. D cosec. } JL 
ZPS = H — ih, (445) 

(Whence the hour angle ZPSy corresponding to the observation at 9, 
is known, and the latitude may be found by the method of a siqgle 
altitude. 

IV. DouwsU Method. Formula (444) is, by (44), 
2 sin. ff = (sin. A[ — sin. A^) sec. U sec. D cosec ^ h. (446) 

The combination of the formulas (446, 445), and the method of 
computing the latitude by a single altitude, corresponds exactly to the 
rule given in the Navigator. [B. p. 185.] 

The log. cosec. ^ A is not only given in Table XXVII, but also in 
Table XXIII, where it is called the log. J elapsed time of j^ A. 

The value of 

log. 2 sin. JET — 5 = log. sin. H + log. 2 — 5 

= log. sin. H — ar. co. log. 2 + ^ 

= log. sin. fl — 4.69897 

= 5.30103 — log. elapsed time of ff (447) 
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is inserted in Table XXIH, and is called the log. middle time of IL 
The 5 is subtracted from log. 2 sin. H^ on account of the different 
values of the radius in Tables XXIV and XXVII. 

Scholium. When the calculated latitudes differ much from the 
assumed latitude, the calculation must be gone over again, with the 
calculated latitude instead of the assumed latitude. This labor may 
be avoided by noticing, in the course of the original calculation, the 
difierence which would arise from a change of 10' in the value of the 
assumed latitude, and calculating the correction of the latitude by the 
rule of double position. The error of the hypothesis is, in each case, 
the excess of the calculated above the assumed latitude, and the 
proportion is 

diff. of errors : diff. of hyp. = least error : corr. of hyp. (448) 

y. If the star has increased its declination a little during the 
interval between the observations, the second altitude will also be 
increased, and will require a reduction, before applying either of 
these methods, in which the declination is supposed to be unchanged; 
or else the first declination and the first altitude must be increased. 

Thus if iS a is the increase of declination, and if a 5 is drawn perpen« 
dicular to ZS, S b will be the increase of altitude. By putting 

Sa=:dD, Sh = dA, 

we have a -4 = cos. 5 . a D, (449) 

or, from the triangle ZSP^ 

^^^8in..L-sin.^,sin..P , 

cos. A^ COS. V ' 

and, by (41) and (42), 

^ ^ 2 sin. L - COS. (A-D) + cos^ ^ + D) ^ 
* cos. (ill — •^) + c^^- (-^1 + •^) 

in which 2) is to be negative, when the latitude and declination are 
of contrary names. Hence the value of ^ il ^ can be computed by 
this formula, and it is to be added to the first altitude when the decli- 
nation is increasing, and subtracted when the declination is decreasing. 
Since the value o£ S A^^ is proportional to a D, it may be computed 
for some assumed value of a D, and arranged in a table like Table 
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XL VI of the Navigator, and the value o£d Aj^ can he computed from 
this tahle hy a simple proportion. The rest of the calculation can be 
conducted according to the preceding methods, as in [B. p. 189.] 

VI. If two stars are observed, whose declinations are quite different 
Then, if P (fig. 40) is the pole, Z the zenith, Sand S the places of 
the stars. 

Ai = 90' — ZS = the less altitude, 

ii; ss 90*" — ZS=zihe greater altitude, 

D = 90* — PS = the declination of star at S, 

D' = 90» — PS^ =z the declination of star at S'^ 

Hz= SPS' = hour angle = interv. of sideral time. 

Then, in the triangle PSS\ PS, PSy and jff, are given to find 

SS = C, and SSP = 90- — P. 

Next, in the triangle ZSS', the three sides are known, to find the 
angle 

ZSS' = z. 

Hence ^SP= 90*» — G = S(f — F — Z 

G = P + Z. 

Lastly, in the triangles ZSP, ZS, SP, and the included angle ZSP 
are given to find 

^Pz=90*— L. 

This solution is precisely similar to the Rule in [B. p. 193] ; and it 
is easy to prove the rules for the signs which are there given. 

VII. If the distance SS' were observed, the angles ZSS^ and SSP 
might be found from the triangles ZSS* and S'SP, in which the sides 
are all known, and the rest of the calculation would be as in the 
last method, and this method corresponds exactly to the Rale in 
[B. p. 197.] 

47. Examples. 
L The correct meridian altitude of Aldeburaa was found by 
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obsenration, in the year 1838, to be 55^ 45^, when its bearing was 
sauth ; what was the latitude ? 

Solution. The zenith distance z=i 34'' 15' N. 

The declination = 16^ IV N. 



The latitude = 50** 26' N. 

2. The correct meridian altitude of Canopus was found hy obser- 
ration, in the year 1639, to be 16® 25', when its bearing was south ; 
what was the latitude ? 

Sohaian. The zenith distance = TS"" 35' N. 

The declination = 5T 86' S. 



The latitude = 20* 59' N. 

3. The correct meridian altitude of Dubhe was found by obser- 
tation, in the year 1830, to be 50"* 45', when its bearing was north ; 
what was the latitude ? 

Solution. The zenith distance = 39** 15' S. 

The declination = 62* 40' N. 



The latitude = 23** 25' N. 

4. If the correct meridian altitude of Dubhe, at its greatest 
eleyation, were found by observation, in the year 1830, to be 50*^ 45', 
when its bearing was south ; what would be the latitude ? 

Solution. The zenith distance = 39^ 15' N. 

The declination = 62M0' N. 



The latitude == 107« 55* N. 

The problem is impossible. 

5. The correct meridian altitude of Dubhe, at its least eleyation, 
was found by observation, in the year 1830, to be 50** 45' ; what was 
the latitude ? 

Solution. The polar distance =27*20' 

The altitude = 50** 45' 



The latitude =78* 5'N. 
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6. The correct meridian altitudes of 4)ubhe, at its greatest and 
least elevations, which were on opposite sides of the zenith, were 
found by observation to be 72° 4' and bSf" 16'; what was the latitude? 

Solution. The greatest altitude = 72° 4' 

The least altitude = 53° 16' 



Diff. of altitudes = 18° 46' 

180- — Diff. of altitudes = 161° 12' 

Latitude = 80° 36' 

7. The correct meridian altitudes of Dubhe, at its greatest and 
least altitudes, which were on the same side of the zenith, were found 
by observation to be 15° 1' and 69° 41' ; what was the latitude ? 

Solution. Greatest alt = 69° 41' 

Least alt. = 15° 1' 



Sum qf alts. = 84 42' 
Latitude = 42°21'N. 

8. In a northern latitude, the altitude of Aldebaran was found by 
observation, in the year 1839, to be 25° 38', when its hour angle was 
4* 12" 20' ; what was the latitude ? 

Solution. By (408, 409, 410), 

h= 4*12«20' COS. 9.65580 

D = 16° 11' cotan. 10.53729 cosec. 10.65484 



9a> — PC = 32° 40' cotan. 10.19309 sin. 9.73215 

il = 25°38' sin. 9.63610 



^C = 33° 6' COS. 9.92309 



L = 65° 46' N. 



9. In lat 65° 40' N. nearly, the latitude of Aldebaran was found 
by observation, in the year 1839, to be 25° 38', when its hour angle 
was 4^ 12" 20* ; what was the true latitude ? 
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Solution. I. By (412), 

66-40' 

ie»ll' 

4* 12"» 20' 

Nat num. 21657 

25' 38^ Nat sin. 43261 



49- 31' N. 
16- 11' N. 



Nat COS. 64918 



COS. 9.61494 

COS. 9.98244 

log. Ris. 4.73823 



4.33561 



65- «' N. = the latitude. 

Had the assumed latitude been taken 10' more, the calculated 
latitude would have been 65- 48^' N. ; hence, by (448), 

3J : li = W : 4' := corr. of second hypothesis, 

or the latitude == 65- 46' N., as in the preceding example. 



n. By (417), 



J A = 2* 6* 10' 2 log. sin. 9.43720 
L = 65- 40' COS. 9.61494 



D= 16-11' 



COS. 9.98244 



-4 = 25- 



^1^ = 40-31' 

A = 25- 38' 



A^A — =i 14- 51' i (A^ +^) = 33- 4J' sec. 10.07678 

ili = 40-29'i(^i— il)= 7-25J' sin. 9.11136 

corr. ^1 = 2' := corr. lat 

Lat = 65- 40' + 2' = 65- 42' as before. 

10. Calculate the variation of a star's altitude in one minute from 
the meridian, when the declination is 12- N., and the latitude 5- N. 
18 
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SobUian. If A^ — A\a required in seconds, (418) gives 
• A^ — Az= 450 sin. l* cos. L cos. D sec. A^^ 
100.450 sin. 1* = log. 450 + bg. sin. 1« 

= 2.65321 + 7.63982 = 0.29303 
D = 12'' cos. 9.99040 

X = 5^ cos. 9.99834 

il^ = 83** sec 0.91411 

A^ — A = 15".7, as in Table XXXII. 1.19688 

11. Calculate the tabular number for 11* 48* in Table XXXm. 
SohUian. 11* 48* zz: 708* log. ^85003 

60* log. 1.77815 

1.07188 



139.2, as in Table XXXIIL 2. 14376 

12. In lat 450 28' N. nearly, the correct altitude of Aldebaran was 
found by observation, in the year 1839, to be 60"* 40' 20'S vfaen its 
hour angle was 7* 17'. What was the true latitude, if the declinatioa 
of Aldebaran was 16^ 11' 9''.2 N. ? 

SobUian. From Table XXXII 2''.7 

From Table XXXIII 53 



2' 23'M = 143M 
60» 40' 20" 



Third alt = 60' 42' 43".l 
Dec. = 16*11' 9".2 



Lat. =45*28^26''.1N. 



13. In lat. 40® N. nearly, the sum of ten correct central altitudes 
of the sun, when its declination was 20^ S. were SOO"* 6' 40". The 
hour angles of these observations were 4^* 15», 3*", 2* 6*, 1* 8», 30*, 
fiO», 1* 12», 2* 15», 9^ 10«, 4« 25*. What is the true latitude, if the 
chftBge of declination is neglected ? 
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8 of Table 3 


t. 


ion. The numbei 


IXXUl 


4- 


IS* 


gives 


18.1 


8 







9.0 


a 


6 




4.4 


1 


8 




1.3 





30 




OJi 





50 




0.7 


1 


13 




1.4 


2 


15 




5.1 


8 


10 




10.0 


4 


25 




19.5 






Sum = 


= 69.7 






Mean = 


= 6.97 


Table XXXll 


gives 


i".e 








11" 


Mean of obserrat 


ions: 
alt 


= 30" 


0'40" 


Merid. 


= 30" 


0'51«' 


Dec. 




= 20^ 





s. 

Lat =39"'59' 9"K. 

14. At Grottingen, in lat. 51° 32' N. nearly, the correct central alti* 
tudes of the sun on the 11th of March, 1794, were by observation 
34" 54' 46" when the hour angle waB — 9" 41* 

34 55 26 — 8 19 

34 56 8 — 6 39 

34 56 31 — 5 1« 

84 56 68 —8 49 

84 57 6 — 2 47 

84 57 18 19 

84 57 11 2 5 

84 57 3 8 9 

84 56 48 4 86 

84 56 26 6 8 
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The sun^s meridian declination was 3* 30' 38" S., and it was de- 
creasing at the rate of 0''.98 in a minute. What is the true latitude ? 

Solution. The mean of the altitude is 34*" 56' 3(y'.5 ; 
that of the numbers of Table XXXIII is 
30".0; which, multiplied by 1^5 from Table 
XXXII, gives • . . . 45".0 

The mean of the hour angles is, regarding 
their signs, — 1* 50*, which, multiplied by 
0".98, gives by (418), for the correction of 
the meridian altitude • . • 1".8 



The meridian altitude = 34" 57' 17".3 
The declination =3^30' 38" S. 



The latitude = 51* 32' 4".7N. 

which agrees exactly with the calculations of Littrow in his Astro- 
nomy. 

15. Calculate the correction for the altitude of the pole star [B. p. 
206], when the right ascension of the zenith is 2* 7". 

Solution. By (421), 

A = 2* 7- — 1* 2* zi: 1* 5* sec. 0.0177 

p = 1- 33' Prop. log. 0.2868 

Corr. alt = 1' 29', as in the table. Prop. log. 0.3045 

16. When the right asceneion of the zenith was 7* 9J*, the alti- 
tude of the pole star was. observed at Newbuiyport to be 42*44^ 
What is the latitude of Newburyport ? 

Solution. The correction of table z= 0" 3' 

Altitude . . . =z42*44' 



Latitude . . . =42M7' 

17. Calculate the log. elapsed time and log. middle time of Table 
XXm for3*7«10«. 
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Solution. By Table XXVII and (447), 

3A 7m lo* cosec. 0.13635 = log. elap^ tiknd 
5.S0103 



5. 19368 = log. mid. time. 

18. Calculate the variation of the altitude of a star arising Anom 
the change of 100 seconds in the declination, when the latitude is 
40", the declination 10% and the altitude 30'. 

Solution. By (451), 

L = 40% 2 X Nat. sin. 1.2856 1.2856 

A^ — D = 20' Nat. cos. 0.9397 — 0.9397 0.9397 

ill + D = 40** Nat COS. 0.7660 0.7660 — 0.7660 



1.7057 1.1119 1.4593 
1.7057 (ar. co.) 9.7681 9.7681 
100'' X 1.1119 2.0461 
100" X 1.4593 2.1641 



■- Y Ml 



65" = var.whenDis+, 1.8142 

86" = var. when D is — , 1.9322 

19. The moon^s correct central altitude was foandy by obser- 
vation, to be 53" 43% when her declination was 14" 16' N. After an 
interval, in which the hour angle was 1* 44"^ 15*, her correct central 
altitude was 42** 29% and her declination 13*" 52' N. The latitude 
\ 48° 50' nearly ; what was it exactly ? 

SobUion. Table XLVI gives, for the second alt ^ 88" 
Whole change of declination • • . 94' 

Correction of second altitude ... 20' 

Corrected second alt. = 42* 49', dec. ±i 14* Iff If. 
18* 
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I. By Bowditch^s first method. 
Ih 44m i5f cosec. 0.64689 

14'' 16' sec. 0.01360 cosec. 0.60630 



cosec. 0.66049 



COS. 9.98937 cos. 9.98937 



B = W 38' N. cosec. 0.59767 

cos. 9.82326 i sum alts. = 48'' 16' cosec. 0.12712 
sin. 8.97762 i diff. alts. = 5* 27' sec. 0.00197 



sin. 9.46137 



COS. 9.98102 COS. 9.98102 



Z z= 37* 19' N. 



sec. 0.09948 



£=6P57'N. 



^ Latitude = 48^ 55' N- 



sin. 9.89624 



sin. 9.67726 



n. By the method (438-441). 

1* 44« 15» COS. 9.98867 ,cosec. 0.64689 

14* 16' cotan. 0.59469 sec. 0.01360 sin. 9.39170 



£=14'38'N.cotan. 0.58336 cosec. 0.59767 

i sum alts. = 48" 16' cos. 9.82326 cosec. 0.12712 
i diff. alts. z= 5« 27' sin. 8.97762 sec. 0.00197 



COS. 9.98102 sin. 9.46137 cos. 9.98102 



Z=37*17'N. 



sec. 0.09948 



JS=51*57'N.sin. 9.89624 



Lat=48*55'N.sin. 9.87726 
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HI. By Douwes^s method. 
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53-43' N. sin. 80610 


1643 
80610 


48* 50' sec. 0.18161 
14* 16' sec. 0.01360 


42*49' N.sin. 67965 


log. ratio 0.19521 


12645 
j(l»44»15.)— 52m 7J. 


log. 4.10192 
log. el. time 0.64674 


1»44»15J« 


log. mid. time 4.94387 


52"» 8* 


log. ris. 3.41097 
log. ratio 0.19521 




log. 3.21576 


84«39i'N. N. COS. 
14' 16' N. 


62253 





Lat=4d° 55i' N. 

IV. By Bowditch's fourth method. 
1* 44« 15» sec. 0.04657 
14» 16' N. tan. 9.40531 sin. 9.39170 



il=15''48J'S. tan. 9.45188 cosec. 0.56485 

13* 52' N, 
B= l*56i'S. COS. 9.99975 



tan. 9.68938 

COS. 9.98336 
cosec. 1.47003 



C=25* 16J' cosec. 0.36961 cos. 9.95630 

jF= 4- 65' N. cotan. 1.14367 



53^43' 



42*29' 



^=5P38' N. 



G = 55- 44J' N. 
sec. 0.13225 sin. 9.82955 



sin. 9.91724 
cotan. 0.03820 



}sum=60'44' 
Rem.= 7» 1' 



COS. 9.68920 I sec. 0.12938 tan. 9.95544 
sin. 9.08692 f sin. 9.91823 J =42' 4' N. 



2) 19.27798 lat. sin. 9.87716 



13- 52' N. 



i Z = 25M9' N. sin. 9.63899 lat = 48* 54 J' N. Z= 55* 66' N. 
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20. The correct meridian altitude of Aldebaran was, by observa- 
tion, W 25' W* bearing south, and its declination at the time of the 
observation was 16" 9^ 44^' N. ; what was the latitude ? 

Ans. 49«43'4"N. 

21. The correct meridian altitude of Sinus was 70* 59' 33'' bearing 
north, and its decimation 16'* 23' 9" S. ; what was the latitude ? 

Ans. 35'^ 28' 36' S. 

22. The meridian altitude of the sun's centre was 25» 38' 30" 
bearing south, and its declination 22** 18' 14" S. ; what was the 
latitude ? 

Ans. Aar 3' 16" N. 

23. The meridian altitude of the planet Jupiter was 50* 20' 8" 
bearing south, and its declination 18* 47' 37" N. ; what was the 
latitude ? 

Ans. 58* 27' 29" N. 

24. The altitude of the pole star was 30* 1' 30" below the pole, 
and its polar distance 1* 38' 2" ; what was the latitude ? 

Ans. 31* 39' 32" N. 

25. The altitude of Capella on the meridian below the pole was 
9* 52' 42", and its polar distance 44* 11' 33" ; what was the latitude? 

Ans. 54*4' 15" N. 

26. The meridian altitude of the sun's centre was 7* 9* 11" below 
the pole, and its declination 23* 8' 17" N. ; what was the latitude ? 

Ans. 74*0'54"N. 

27. The two meridian altitudes of a northern circumpolar star 
were 61* 49' 13" and 47* 24' 27" ; what was the latitude ? 

Ans. 54* 36' 50" N. 

28. In a northern latitude, the altitude of the sun's centre was 
54* 9', when its hour angle was 32« 40», and its declination 1 1* 17' N. ; 
what was the latitude ? 

Ans. 46*2rN. 



^ 47.] LATITUDE. 218 

29. In latitude 49** 15' N. nearly, the altitude of the sun's centre 
was 14"* 15', when its hour angle was 1^ 40"*, and its declination 
23" 28' S. ; what was the true latitude ? 

Ans. 48«55'N. 

30. Calculate the variation of a star's altitude in one minute from 
the meridian, when the declination is 3" and the latitude 7^ 

Ans. It is 27". 9 when the dec. and lat. are of the same name, 
and 11". 2 when they are of contrary names. 

31. Calculate the tabular number for 13« 59* in Table XXXIII. 

Ana. 168.6. 

32. In lat. 50^ 30' N. nearly, the altitude of Sinus was 22" 59' 36", 
when its hour angle was 4^ 15*, and its declination 16^29' 11"S. ; 
what was the true latitude ? 

Ans. 50'' 30' 49" N. 

33. In lat. 20" 27' N. nearly, the sum of seven altitudes of Sirius 
was 371* 21'; the hour angles of the observations were 7'**, 5"»3% 
2* 12«, 9«, 3«, 4« 6«, 8» 13» ; what was the true latitude, if the 
declination of Sirius was 16"* 29' 30 ' S. ? 

Ans. 20^ 26' 18" N. 

34. In lat. 60* N. nearly, the sum of twelve central altitudes of 
the moon was 590" ; the hour angles of the observations were 
_ 9m 3.^ _7m 40.^ _ 6m 12*, ^ 5" 30», — 3« 2', — l"*, — 12% 
— 60*, l'"59', 4'", 7'»30*, 10^; the moon's meridian declination 
was 19°0'58".4 N., and her change of declination for one minute 
13". 875 ; what was the true latitude ? 

Ans. 59" 50' 2'. 6 N. 

35. Calculate the correction for the altitude of the pole star 
[B. p. 206], when the right ascension of the zenith is 9* 7"». 

Ans. 48'. 

36. The altitude of the pole star was 25"* 9', when the right ascen- 
sion of the zenith was 21* 47"» ; what was the latitude ? 

Ans. 24- 8' N. 
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S7. Calculate the log. elapsed time and log. middle time of TaUe 
XXIII for 6* 58« ICy. 

Ant. Log. elapsed time = 0.00001 
Log. middle time = 5.30102. 

36. Calculate the variation of the altitude of a star arising from 

the change of 100 seconds in declination, when the latitude is 60", 

the declination 20", the altitude 30% and the declination and latitude 

of the same name. 

Ans. 85.'' 

39. Calculate the Tariation of the altitude of a star arising from 
the change of 100 seconds in declination, when the latitude is 50*, 
the declination 24'', and the altitude 20\ 

Ans. It is 73'' when the lat. and dec. are of the same name, 
and 105" when they are of contrary names. 

40. The sun^s correct central altitudes were found hy observation 
to be 30'' 13' and 50'' 4' ; his declination was 20"* T N., and the 
interval of solar time between the observations was 2^ 55* 32' ; the 
assumed latitude was 56'' 29' N. ; what was the true latitude ? 

Ans. SfiMTN. 

41. The sun's correct central altitude was 41" 33' 12", his de- 
clination W N. ; aAer an interval of 1^ 30", his correct central 
altitude was 50" 1' 12", and declination 13" 59' 38" N. ; the assumed 
latitude was 52" 5' N. ; what was the true latitude ? 

Ana. 62" 6' N. 

42. The moon's correct central altitude was 55" 38', her declina- 
tion 0" 20' S. ; after an interval in which the hour angle was 
5* 30' 49% her correct central altitude was 29" 57', and her declina- 
tion 1" 10* N. ; the assumed latitude was 23" 25' S. ; what was the 
true latitude ? 

Ans. 23"24'S. 

43. The sun's correct cfentral altitude was 16" 6', his declination 
8" 18' N. ; aAer an interval in which the hour angle was 3\ his 
correct central altitude was 42" 14' 9", and his declination 6" Id' N.; 
the assumed latitude was 49" N. ; what was the true latitude ? 

Ans. 48"50'N. 
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44. The moon^B coirect central altitude was 35"* 21', and ker de- 
clination 5** 31 ' 6^' S. ; af^er an interval in which the hour angle was 
3^ 20", her correct central altitude was 7tX* \\ and her declination 
l^*" 28' 54" S. ; the assumed latitude was P dO^ S. ; what was the true 
latitude ? 

Ans. V 33" S. 

45. The altitude of Capella was 60^ 45' 36'S and her declination 
45* 48' 21" N. ; at the same instant, the altitude of Sirius was 
17*" 54' 12", and his declination 16" 28' 40" S. ; the hour angle be- 
tween the stars was 1* 33"" 37', and the latitude was about 53** 15' N. ; 

what was the true latitude ? 

An9. 53* 19' N. 

46. The altitude of » Bootis was 50° 3' 39", and its declination 

90" lO' 56" N. ; the altitude of » Aquilaa was 41* 27', and its declioa- 

tion 8* 22' 35" N. ; the difference of the hour angles of the obser« 

ipations was 5* 35"* 5^\ and tb& assumed latitude 38* 27' N. ; what 

was the true latitude ? 

An$. 38*28'N. 

47. The distance of the centres of the sun and moon was found, 
by observation, to be 75* ; the sun^s central altitude was 37° 40' ; the 
Bioon^s central altitude was 55** 20' ; the sun^s declination was- 
0* 17' S. ; the moon^s declination was 0* 36' N. ; what was the 
Uiittade, supposing it to b^ north? 

Ana. 23*24'N- 

48. The observer has been supposed stationary, in the preceding* 
observations ; but if he is in motion, his second altitude will differ 
fh>m the altitude ft>r this time at the first station, by the number of 
minutes by which the observer has approached the star or receded 
from it ; so that the correction arising from this change of place is 
obviously computed by the method in [B. p. 183.] 

49. In observing the meridian altitude of a star, the position of the 
meridian has been supposed to be known ; but if it were not known, 
the meridian altitude can be distinguished from any other altitude 
from the fact that it is the greatest or the least altitude ; so that it is 
Qoly necessary to observe the greatest or the least altitude of the 
star. 
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50. But if the star changes its declination, the greatest altitude 
ceases to be the meridian altitude. Let h denote the hour angle of 
the star at the time of observation. Then if the star did not change 
its declination, and if B were the number of seconds given by Table 
XXXII for the diminution of altitude in one minute from the meridian 
passage, h^ B would be the diminution of altitude in h minutes. But, 
since h is small, the altitude, at this time, is increased by the change 
of declination ; so that if ii is the number of minutes by which the 
star changes its declination in one hour, that is, the number of 
seconds by which it changes its declination in one minute, h A wili 
be the increase of altitude in the time of A, so that the altitude at the 
time h exceeds the meridian altitude by 

hA-^h^B. (452) 

If, then, h denotes the time of the greatest altitude, and h-^-ih 
a time which differs very slightly from the greatest altitude ; the 
greatest altitude exceeds the altitude at the time A -{- a A by the 
quantity 

{hA — h^B) — [{h + Sh)A — {h + i A)9 E] 

= Sh[{—A + 2Bh) + Bsh], (453) 

and a h can be supposed so small that B Sh may be insensible, and 
(453) becomes 

ih{—A+2Bh). (454) 

Now — A -\'2 B h cannot be negative, because A -is supposed to 
correspond to the greatest altitude, and cannot be less than the 
altitude at the time A + a A. Neither can — -4 -(- 2 5 A be positive, 
for the altitude at the time A exceeds that at the time A — a A by the 
quantity 

_ a A (— il + 2 J? A), 

which, in this case, would be negative, and the altitude at the 
time A — a A would exceed the greatest altitude. Since, then, 
— A -\-2 B h can neither be greater nor less than zero, we must 
have 

— ^+2J?A = 

or *=2^' (^) 
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and this value of h, substitued in (452), gives 

for the excess of the greatest altitude above the meridian altitude 

51. If the observer were not at rest, his change of latitude will 
afiect his observed greatest altitude in the same way in which it 
would be affected by an equal change in the declination of the star ; 
so that the calculation of the correction on this account may be 
made by means of (455) and (456) precisely as in [B. p. 169.] 

52. Examples. 

1. An observer sailing N. N. W. 9 miles per hour, found, by obser- 
vation, the greatest central altitude of the moon, bearing south, to be 
54^ 18' ; what was the latitude, if the moon's declination ^as 6^ 30' 
S., and her increase of declination per hour 16^.52 ? 

Solution. 3> 's zenith dist. z= 35* 42' N. 

3> 's dec. = 6* 30' S. 



Approx. lat. = 29" 12' N. 
3) 's increase of dec. per hour = 16'.52 S.. 
Ship's change of lat. = 8'.3 

A = 24.82, il9 = ai6.0 
By Table XXXII B = 2.9,4 5= 11.6 

Corr. of gr. alt. = corr. of lat. = 52" = 1' nearly* 
Lat. = 29'' 12' + r = 29** 13' N. 

2. An observer sailing south 12^ miles per hour, found, by obser- 
vation, the greatest central altitude of the moon bearing south, to be 
25** 15' ; what was the latitude, if the moon's declination was 1" 12f 
N., and her increase of declination per hour 18'.5 ? 

Ans. 66* 1' N. 
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CHAPTER V- 

THE ECLIPTia 

63. Th£ careful observation of the sun's motion shows this 
body to move nearly in the circumference of a great ciicla. 
This great circle is called the ecliptic, [B. p. 48.J 

64. The angle which the ecliptic makes with the equator is 
called the obliquity of the ecliptic 

66. The points, where the ecliptic intersects the equator, ai« 
called the equinoctial points ; or the equinoxes. The point 
through which the sun ascends from the southern to the 
northern side of the equator, is called the vernal cquhiox; and 
the other equinox is called the autumnal equinox. 

The points 90"* distant from the ecliptic are called the 
solstitial points^ or the solstices, [B. p. 49.] 

66. The circumference of the ecliptic is divided into twelve 
equal parts, called signs, beginning with the vernal equinox, 
and proceeding with the sun from west to east 

The names of these signs are Aries (T), Taurus (g ), Gmim 
(n), Cancer (s), Leo (St)i Virgo (-br), Lihra (£i:), Scorpio (n)» 
Sagittarius ( f ), Capricomus (VJ), Aquarius (;K?), Pisces (X)» 
The vernal equinox is therefore the first pointy or beginning of Aries, 
and the autumnal equinox is the first point of Libra ; the first six 
signs are north of the equator, and the last six south of the equator. 
The northern solstice is the first point of Cancer, and the southern 
« solstice the first point of Capricorn. [B. p. 49.] 

67. Secondary circles drawn perpendicular to the ecliptic are 
called circles of latitude. 
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The circle of latitude drawn through the equinoxes is called 
the equinoctial colure. 

The circle of latitude drawn through the solstices is called 
the solsiUial colure. [B. p. 49.] 

Corollary. The solstitial colure is also a secondary to the equator, 
so that it passes through the poles of both the equator and the 
ecliptic. 

68. Small circles, drawn parallel to the equator through the 
solstitial points, are called tropics. 

The northern tropic is called the tropic of Cancer; the 
southern tropic the tropic of Capricorn. 

Small circles, drawn at the same distance from the poles 
which the tropics are from the equator, are called polar circles. 

The northern polar circle is called the arctic circle^ the 
southern the antarctic. 

69. The latitude of a star is its distance from the ecliptic 
measured upon the circle of latitude, which passes through the 
star. If the observer is supposed to be at the earth, the latitude 
is called geocentric latitude; but if he is at the sun, it is 
heliocentric latitude. [B. p. 49.] 

60. The longitude of a star is the arc of the ecliptic con- 
tained between the circle of latitude drawn through the star 
and the vernal equinox. [B. p. 60.] 

Corollary. The longitude and right ascension of the first point of 
Cancer are each equal to 6^, and those of the first point of Capricorn 
are each equal to 18^. 

61. The nonagesimal point of the ecliptic is the highest 
point at any time. 

Corollary. The distance of the nonagesimal from the zenith is 
therefore equal to the distance of the zenith from the ecliptic, that b, 
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to the celestial latitude of the zenith ; and the longitude of the 
nonagesimal is the celestial longitude of the zenith. 



62. Problem. To find the latitude and longitude of a Har, 
when its right ascension and declination are known, 

SohUion. Let P (fig. 35) be the north pole of the equator, Z the 
north pole of the ecliptic, and B the star. Then EQW vf'iW be the 
equator, NESW the ecliptic, and NPZS the solstitial colure, so 
that the point iS is the southern solstice, and N the northern solstice. 
Now if the arc PB be produced to cut the equator at M^ and ZB to 
cut the ecliptic at L ; the angle ZPB is measured by the arc Qilf, 
that is, by the difierence of the right ascensions of Q and Jlf, or by 
the difference of the 3|c's right ascension and 18^; that is, 

ZPB = 18*— R. A. = 24* — (6* + R. A.) 
or = R. A. — 18* = (R. A. + 6*) —24* 

or =24* + R.A. — 18* = R.A. + 6*- 

Id the same way 

PZB = NL= Long. — 90» 

or = 360« — (Long. — 90') 

= — (Long.— 90«), 

in which the first values of ZPB and PZB correspond to the star's 
being east of the solstitial colure ; the second and third values to 
the star's being west of the colure. We also have 

PB = 90' — Dec. 
BZ = 90r — Lat. 
PZ = 90'* —ZQ=QS 

= obliquity of ecliptic = =fc £, (457) 

in which the declination and latitude are positive when north, and 
negative when south, and E has the same sign with R. A. — 12*. 

The present problem does not, then, differ from that of § 28, and 
if we put 

dzA = PC — 90% 



§ 63.] THB ECLIPTIC. 221 

in which the upper sign is used, when R. A. — 12^ is positive, and 
otherwise the lower sign, we have by (298, 299, and 300), 

tang. PC = =F cotan. A = cos. (R. A. + 6*) cotan. Dec. 

:= — sin. R, A. cotan. Dec. (458) 

in which the signs are used as in the preceding equation ; so that A 
and Dec. are always positive or negative at the same time. Instead 
of (458), its reciprocal may be used, which is 

=p tang. Az=: — cosec. R. A. tang. Dec. (459) 

If, then, B=E + A, (460) 

we have 

i!P = =F£ — 90*:Fil==FJ? — 90' (461) 

or =90':t^±£ = 90*± J5, 

m which the upper or lower signs are used, as in (457). Hence 

COS. PC : COS. AP = =F sin. A : ^ sin. B = sin. A : sin. B 

= sin. Dec. : sm. Lat. (462) 

so that, since Dec. and A are both positive or both negative, B and 
Lat. must also be both positive or both negative. Again, 

sin. PC : sin. PA = cos. A : ± cos. B (463) 

= ± cotan. (R. A + 6*) : ± cotan. (Long. — 90'') 
= ± tang. R. A. : ± tang. Long. 

in which the signs may be neglected, and Long, is to be found in 
the same quadrant with R. A., unless the foot P of the perpendicular 
falls within the triangle ; in which case the first value of AP (461) 
is used, so that B is obtuse. In this case, the longitude is in the 
adjacent quadrant on the same side of the solstitial colure with the 
right ascension. These results agree with the Rule in [B. p. 145.] 

63. Corollary. The latitude and longitude of the zenith, that is, 

the zenith distance and longitude of the nonagesimal, might be found 

by the same method. But another rule can be used, which is of 

peculiar advantage, where these quantities are often to be calculated 

19» 
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for the same place. We have hy (369) and (370), calling B the 
zenith, and putting 

r= 24*— ZPB or = ZPB 

F=i {PZB— ZBP) or = 180« — J {PZB— ZBP) (464) 

G = i {PZB + ZBP) or = 180- — i (PZB + ZPB) (465) 

tang! F = — cosec. J (PJ5 + PZ) sin. J (PJ5— PZ) cot. J T 

=:tang. (24* — F) (466) 

tang. G = — sec. } (PJ5 + PZ) cos. J (PJ5 — PZ) cot. J T (467) 

90« + p-l- G = PZB + 90* or = 360' — PZJ5 + 90* (468) 

= Long, or = 360' + Long. (469) 

in which the first member of (466) is used when PB is greater than 
PZ^ and the third when PB is less than PZ^ that is, within the north 
polar circle ; and the second members of (464, 465, 468) corres- 
pond to the position of the zenith at the east of the solstitial coluie, 
but the third members to the west of the colure. 

Again, by (354), 

tang. ^ (90° — lat.) = tang. ^ alt nonagesimal 

= COS. G . sec. F tang. J (PJ5+ PZ), (470) 

and the preceding formulas correspond to the rule in [B. p. 402.] 

64. Scholium. The rule with regard to the values of G appears 
to be a little different, but the difference is only apparent; for it 
follows from (467), that G and 12* — J T are, at the same time, 
both acute or both obtuse, unless 

i(PS+PZ)>90% 

or PB > 180'— PZ, (471) 

which corresponds to the south polar circle. 

65. The abridged method of calculating the altitude and longi- 
tude of the nonagesimal [B. p. 403], only consists in the previous 
computation of the values 
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A = log. [cos. J (PB — TZ) sec. \ {PB + PZ)] (472) ' 

C = log. tang, i {PB + PZ) (473) 

B = log. tang, i {PB — PZ)—C (474) 
= log. [tang, i {PB — PZ) cotan. i {PB + PZ)] 

= log. [cosec. i {PB + PZ) sin. i {PB — PZ)] — A, 
whence 

log. [cosec. i{PB + PZ) sin. i {PB — PZ)] '=zB+A (475) 

and log. tang. G = A + log. (—cotan. i T) (476) 

log. tang. P = il + B + log. (— cotan. J 7) (477) 

= log. tang. G + jB 

log. tang. J alt. non. = log. cos. G + log. sec. F '\' C, (478) 

66. The rule in [B. p. 436] for finding right ascension and decli- 
nation, when the longitude and latitude are given, may be obtained 
by a process precisely similar to that for the rule before it. 

67. ExiLMPLES. 

1. Calculate the latitude and longitude of the moon, when its right 
ascension is 4* 42" 56% and its declination 27'' 21' 58'' N., and the 
obliquity of the ecliptic 23"* 27' 45". 

Solution. 27^ 21' 58" N. tang. 9.71400 

4* 42* 56* tang. 0.45650 cosec. 0.02503 

il = 28M4'12"N. sec. 0.05708 tang. 9.73903 
E =z 23* 27' 45" S. 



B=: 5M6'27"N. cos. 9.99816 tang. 8.96524 . 

long. = 72* 53' 31" tang. 0.51174 sin. 9.98034 

lat. z= 5** 2'33"N. tang. 8.94558 

2. Calculate the values of A, P, and C, for the obliquity 23* 77' 
40", and the reduced latitude of 42* 12' 2" N. 
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Solution. Polar dist. = 4T 47' 58* 

47** 47' 58" 
23' 27' 40" 



}sum = 35* 37' 49" sec. 0.09002 tang. 9.85535 = C 
Jdiff. = 12* 10' 9" COS. 9.99013 tang. 9.33374 
A = 0.03015, jB = 9.47839 

3. Calculate the altitude and longitude of the nonagesimal, when 
the right ascension of the meridian is 19^ 50", the latitude 42'' 12' 
2" N., and the obliquity 23** 27' 40". 

Solution. T = 19* 50- + 6* — 24* = 1* 50" 

J (1*50") cotan. 0.61137 

A = 0.08015 



G = 101** 30' 2" tang. 0.69152 cos. 9.29968 
gC* B= 9.47839 C = 9.85535 



F = 124** 4' 3" tang. 0.16991 sec. 0.25168 



long. = 315- 34' 5" 14* 18' 40" tang. 9.40671 

alt = 28** 37' 20". 

4. Calculate the latitude and longitude of the moon, when its right 
ascension is 18* 27- 12% and its declinaUon 2r 49' 38" S., and the 
obliquity of the ecliptic 23** 27' 45". 

Ans. The 3)'s long. = 276** 1' 44" 
Its lat= 4** 30' 27" a 

6. Calculate the values of A, B, and C, for Albany m reduced 
latitude 42** 27' 39", and for the obliquity 23** 27' 40". 

Ans. A = 0.07965 
B = 9.47565 
C = 9.85327 
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6. Calculate the longitude and altitude of the nonagesimal, when 
the obliquity of the ecliptic is 23'' 27' 40", the latitude 42^ 12' 2" N., 
and the R. A. of the meridian 10^ 10"". 

Ans. The long. = 138' 30' 25" 
alt. = 61** 18' 46". 

7. Calculate the moon^s right ascension and declination, when its 
latitude is 5' 0' 7" N., its longitude 64° 54' 1", and the obliquity of 
the ecliptic 23* 27' 45". 

Ans. Its R. A. = 4* 1^ 46». 
Its Dec. =26-3'0"N. 



68. Problem. To find the declination of a star. 

Solution. I. Observe its meridian altitude, and its declination is 
at once found by one of the equations (404-406). 

n. If the star does not set, and both its transits are observed, we 
have 

p=:9(^— Dec. = J (il, — A'). (478) 

69. Problem'. To find the position of the equinoctial points. 

Solution. Since the right ascension of all stars is counted from 
the vernal equinox, and since the two equinoxes are 12* apart, the 
present problem is the same as to find the right ascension of some 
one of the stars, which may aAerwards serve as a fixed point for 
determining the right ascension of the other stars. 

Observe the declination of the sun for several successive noons 
near the equinox, until two noons are found between which its decli- 
nation has changed its sign ; and observe also the instant of the sun's 
transit across the meridian on these days, by a clock whose rate of 
going is known. Then, by supposing the sun's motions in declina- 
tion and right ascension to be uniform at this time, which they 
nearly are, the time of the equinox, that is, of the sun's being in the 
equator, is found by the proportion 

the whole change of declination : either declination = the 
sideral interval between the transits — 24* : the sideral 
interval between the transits of the equinox and that of the 
sun at this declination ; {^^) 
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and this interval is the difference between the right ascensions of the 
sun at this declination and the equinox. If the passage of a star had 
been observed in the same day, the right ascension of the star woold 
have been the interval of sideral time of its passage after that of the 
vernal equinox. 

70. Examples. 

1. If the sun^s declination is found at one transit to be 7' 9''.5 S., 
and at the next transit to be 16' 3 I'M N. ; what is the sun^s right 
ascension at the second transit, if the sideral interval of the transits 
is 24* 3" 38'.21 ? 

Solution. 

r 9".5 + 16' 31".l = 23' 40 '.6 = 1420".6 = ar.co. 6.84753 
16' 31'M = 991'M 2.99612 

3- 38*.21 = 218*.21 2.33887 



©'s R. A. = 0* 2- 32'.2 152'.2 2. 18252 

2. If the sun^s declination is found at one transit to be 18' 38".8 S., 
and at the next transit to be 5' 3".2 N. ; what is the sun^s right 
ascension at the second transit, if the sideral interval of the transits 
is24*3*38*.4? 

Ans. 0*0*46*.6. 

3. If the sun^s declination is found at one transit to be 5' 57".9 N., 
and at the next transit to be 17' 26''.3 S. ; what is the sun's right 
ascension at the second transit, if the sideral interval of the transits 
is 24* S" 35'.71 ? 

Ana. 12* 2- 40'.7. 

71. Problem. To find the obUquiiy of the ecliptic. 

Solution. Observe the right ascension and declination of the sun, 
when he is nearly at his greatest declination ; 'that is, when his 
ascension is nearly 6* or 18*. If he were observed at exactly his 
greatest declination, the observed declination would obviously be the 
required obliquity. But for any other time, the sun's declination and 
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right asceostou are the legs of a right triaogle, of which the obliquity 
of the ecliptic is the angle opposite the declinatioo. Hence 

tang, ©'b Dec. = am. ©*« R. A. tang, obliq. (480) 

Now if we put 

* = the diff. of ©'s R. A. and R. A. of solstice, 

we have 

tang, ©'s Dec. 

cos. h = ^:=7rrjr (481) 

tang. Obliq. ^ ' 

and by (346) and (347), 

sin.2 i h 



sin. (obliq. — ©'s dec.) 1 — cos. h 2 sin 
sin. (obliq. + ©'s dec.) 1 — cos. h 2 cos 



C0S.2 ^ h 

= tang.9 ^ k (482) 

sin. (obliq. — ©*s dec.) = (obliq. — ©'s dec.) sin. 1" ' 

= tang.« i h sin. (obi. + ©'s dec.) (483) 
obi. — ©'s dec. = cosec. 1" tan.^ J h sin. (obi. + ©'s dec.) (484) 
= J A* cosec. 1" tan.« 1* sin. (obi. + ©'s dec.) 

and the second member of (484) may be regarded as a correction in 
seconds to be added to the ©'s dec. to obtain the obliquity, and the 
obliquity in the second member need only be known approximately, 

72. EXAMFLES. 

1. The right ascensions and declinations of the sun on several 
successive days were as follows : 



June 19, 


B.A. 


= 5* 50" 53', 


Dec. 


= 23"26'45".2N. 


20 




5 55 3 




23 27 27 .3 


21 




5 59 12 




23 27 44 .7 


22 




6 3 21 




23 27 37 .3 


23 




6 7 31 




23 27 4 ,6 



To find the obliquity of the ecliptic. 

Solution, Assume for the obliquity the greatest observed declina* 
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tion, or 23'' 2T 45'^ and the correctioDs of all the ohservations may 
he computed in the same way as that of the ^rst, which is thus found, 



i cosec. 1" tang.8 V z=^^ tang. 1" 
A = 9- 7* = 547* 
.23» 26' 45" -f 23' 27' 45" = 46'' 54' 30" 
cor. dec. = 59 '.59 
23' 26' 45".2 



6.43570 

2 log. 5.47598 

sin. 9.86348 



1.77616 



ohliquity = 23*- 27' 44".8 

In the same way the 2d observation gives 

the 3d observation gives 

the 4th observation gives 

tlie 5th observation gives 



= 23'27'44".8 
23 27 44 .9 
23 27 45 .2 
23 27 45 .3 
23 27 45 .3 



8um= 117M8'45".5 
The mean = 23'27'45".l 

2. The right ascensions and declinations of the sun on several 
successive days, were as follows : 

©'s R. A. = 17* 51* 14' 

17 55 40 

18 7 
18 4 33 
18 9 



Dec. 20 
21 
22 
23 
24 

what was the obliquity ? 



23'26'48".4S. 
23 27 30 .0 
23 27 44 .0 
23 27 29 .5 
23 26 45.5 



Ans. 23'27'44".7. 
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CHAPTER VI. 

PRECESSION AND NUTATION. 

73. The ecliptic is not a fixed, but a moving plane, and its 
observed position in the year 1750 has been adopted by astro- 
nomers as a fixed plane^ to which its situation at any other 
time is referred. 

The motion of the ecliptic is shown by the changes in the latitudes 
of the stars. 

74 Celestial motions are generally separated into two por- 
tions, secular and periodical 

Seadar motions are those portions of the celestial motions 
which either remain nearly unchanged, or else are subject to a 
nearly uniform increase or diminution, which lasts for so many 
ages, that their limits and times of duration have not yet been 
determined with any accuracy. 

Periodical motions are those whose limits are small, and 
periods so short, that they have been determined with consider- 
able accuracy. 

75. The true position of a heavenly body, or of a celestial 
plane, is that which it actually has; its mean position is that 
which it would have if it were freed from the effects of its 
periodical motions. 

The mean position is, consequently, subject to all the secular 
changes. 

76. The mean ecliptic has, from the time of the earliest 
observaiions, been approaching the plane of the equator at a 

80 
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little less than the half of a second each year, thus cansing a 
diminution of the obliquity of the ecliptic. 

Let NAA' (fig. 41) be the fixed plane of 1750, and NA^ the 
mean ecliptic for the number of years t after 1750. Let A be the 
vernal equinox of 1750, and A Q the equator. Let 

n = NA and w = the angle ANA^ ; 

then, upon the authority of Bessel, the point of intersection iV of 
the ecliptic, which is called the node of the ecliptic, with the fixed 
plane, has a retrograde motion, by which it approaches il at the 
annual rate of 5'M8, and if this point could have existed in 1750, 
its longitude would have been 17r 36' lO'', so that 

n = 17P 36' 10 ' — 5''.18 1. (485) 

Moreover, the angle which the mean ecliptic makes with the fixed 
plane increases at the annual rate of 0".48892, but this rate of in- 
crease is itself decreasing at such a rate, that at the time t this 
angle is 

ir = 0".48892 1 — O".O000030719 fi. (486) 

77. Problem. To find the change of the mean latitude of a 
star, which arises from the motion of the ecliptic. 

Solution. Let 

L = tBe 3|c*s lat. in 1750 
I L = its change of lat. 
Jtz=\\B long, in 1750 — \1V 86' 10" + 5". 18 1 (4fifr) 
r= its long, referred to the node of the ecliptic 
^ ^ = its change of long, from the node ; 

then, if Z (fig, 42) is the pole of the fixed plane, P that of the 
ecliptic, and B the star ; we have 

PZB = 90'' + J, P = 90'—J — 6J. 

Draw ZC perpendicular to PB, and we have, since PZ^ PC^ and 
CZ are very small, 

PC = PZ cos. P = «• sin. ( J + a A), 
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or * == * sin. JL 

COS. PZ : COS. PC = COS. BZ : cos. £C, 
or BZ = BC 

PC = PjB — BZ= — aI = *sm. X 
a i = — *^ sin. ul (488) 

= — (0".48892 « — 0".0000030719 /«) sin. J. 

Again, the triangle ZPJ3 gives, by (954), 
sin. J {^TZB->^F) : cos. i {PZB-^P) = tan. J » : tan. J (PJJ+PZ) 
But 

n i (PZB^^P) = 90» — J a J, J (PZB— P) =^J+i * ^, 
whence a ^ = «r cos. j tang. X (489) 

= (0".48892 t — 0".0000030719 <«) cos. ^ tang. I. 

78. The mean celestial equator has a motion by which its 
node upon the fixed plane moves from the node of the ecliptic 
a( the annual rate of about 50'', while its inclination to the 
fixed plane has a very small increase proportioned to the 
square of the time from 1750. 

Thus, if ^ Q (fig. 41) is the equator of 1750, and A' Q that for the 
time t, so that A is the vernal equinox of 1750, and A^ that for the 
time t. 

Let 4^ = ^^!', • = ^'^'Q', 

then A' moves from A at the annual rate of 50''.340499, and this rata 
is diminishing so that at the time t 

4^ = 50''.340499 t ^ O^'.OOO 12 17945 fi, (490) 

and the value of •» in the year 1750 was 

«/ = 23' 28' 18", 
and is increasing at a rate proportioned to the square of the time, so 
that 

• = 0/ 4- 0".00000984233 fi. (491) 

79. Problem. To find the change of the mean obliquity of 
the ecliptic and that of longitude* 
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Solution. Let (fig. 41) 

NA.Q'^^,, NA, = yl^, + n; 

then, by (369) and (370), 

8in.[77+^(>^ + 4/^)] _ tang.^(«+«i) 
sin. J (;j/ — ^/j ) tang. J x 

COS. [yr 4- ^ (4^ + ^Pi)] _. tang. ^ (c, — »») 
COS. i (>|/ — ^i) tang, i X 



(493) 



Now in calculating the parts of ^f^i — \f/ and «j — «, which are 
proportional to the time, we may, since \f^ and ^/^ differ but little as 
well as «» and o^, and since x is small, put 

tang. J » = i » tang. 1" = } » sin. 1" = J (0".48892) t sin. 1" 
i (« + „,) = »', tang. J (« J — «) = i («^ _ «) sin. 1" 

COS. ^(4/ — Tf/J = l, 

which, substituted in (492) and (493), give 

4/ — xf/j = '.48892 t sin. n cotan. «/ (494) 

«, — « = 0".48892 / COS. ir, (495) 

which are thus computed, 

0''.48892 9.68924 9.68924 

nr 36' 10" cos. 9.995321 sin. 9.16446 



— 0".48368 9.68456- 

23"' 28' 18" cotan. 0.36229 



0".164431 9.21599 

that is, «i — « = — 0".48368 t (496) 

^f' — 4/1= 0'M64431« (497) 

or 0,1 = 23' 28' 18" — 0".48368 1 (498) 

(p, = 50 ".340499 1 — 0".164431 1 = 50".176068 1. (499) 

But, in computing the parts of «i — « and \{/ — vj/^, which de- 
pend upon t% we need only retain the part depending upon t^ in the 
value of tang. ^ ^r, and neglect these parts in the other terms of 
(492) and (493), we thus have 
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ain. [it + i (4^ + 4^1)] = 8ut (» + 45"i)8 1) (500) 

= sin. i7 -f 45.''08 < sin. 1" cos. n 

COS. [zr + i (4/ + %f/ j)] z= COS. (n) — 45".08 / sin. 1" sin, n (601) 

tan.^:r= ^« sin. T'^^sin. I" (0''.48892 <— 0''.0000030719 1^ (502) 

cotan. ^ («-|- » J = cotan. (»' — 0^.24184 <) (503) 

_ 1 + 0^^24184 t sin. V tang. «/ 
■" tang. «' — 0".24ib4 < sin. 1" 

= cotan. «' 4- 0"JJ4184 t sin. 1" (1 + cotan,« •') 

= cotan. »' + 0''.24184 t sin. 1" cosec.^ it' 

COS. i (v// — t}/ J = 1. sin. i (vf/ — t}/ J = i (t^ — T^J sm. 1" 

sin. J («i — ">) = i ("i — •) 8in. 1", 

which, substituted in (492) and (493), give 

4^— 4^1 = 0".164431 1 + 0^48892 fi sin. I"45".08co8. ir cotan. ^ 

+ 0''.48892 <8 sin. 1'' X 0''.24184 sin. n ooeec.^ ^ (504) 

— 0".0000030719 <8 sin. IT cotan. •/ 

»i — » = — '.48368 « — 0".48892 fi sin. 1" 45".08 sin. u 

— 0".0000030719 <« cos. n, 

which are thus computed, 



4)".48892 


9.68924 




1" 


Bin. 4.68557 




45".08 


1.65398 




nr 86' 10" 


sin. 9.16446 


COS. 9.99582« 


~0".00001560& 


5.19325 




•f0".000003039 


0".0000080719 


4.48741 


— 0".000012566 


4.48273. 


0".0000080719 


4.4S741 





«)• 



234 SPHERICAL ASTBONOMT, [cH. YL 

lir^&W sin. 9.16446 cos. 9.99532* sin. 9.16446 
23'' 28' 18" cotan. 0.36229 0.36229 cosec.^ 0.79958 



— 0".000001033 


4.01416 sin. 

45".08 
0".48892 

0".24184 


1" 4.68557 
1.65398 
9.68924 


4.68557 
9.68924 


— 0".000243445 


6.38640- 


9.38353 


0".000000528 


8.72238 



— 0".000243950 

ao that 4/ — 4/, = 0".164431 1 — 0".000243950 <« 

«, — »=: — 0".48368 t —0".0000 12566 fi 
4/, = 50.'a76068 t — 0".0001217945 t^ + 0".000243950 fi 

z= 50'M76068 t + 0".000122156 fi (505) 

«, = 23* 28' 18" — 0".48368 t — 0".00Q002724 «», (506) 

or more accurately, from BessePs Fundamenta AstronomuB^ 

4^1 = 50'M76068 t + 0".0001221483 fi (507) 

«i = 23* 28' 18" — 0".48368 t — 0".00000272295 t. (508) 

These values were aflerward changed by Bessel in his Tabula 
Regiomontana to 

^i^ = 50^.37572 « — 0^.0001217945 ^ (509) 

^l^^ = 50".21 129 t -f 0".0001221483 fi (510) 

4/^ z= 23** 28' 18" — 0".48368 t — ".00000272295 <9. (511) 

But these formulas were obtained from the physical theory, and are, 
as Bessel says, subject to errors, on account of the uncertainty with 
regard to some of the data ; so that we shall adopt Poisson^s formulas, 
because they agree in the variation of the obliquity almost exactly 
with BessePs observations, and shall change the value of c' to that 
determined by Bessel from observations ; our formulas are, then, 
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•/ = 23*^ 28' 17".65 (512) 

\|/ = 60 '.37572 t — 0".00010905 fi (513) 

4/j = 50".2-2300 t + 0".00911637 t^ (514) 

m = 23' 28' 17".65 + 0".00009001 <a (515) 

•i = 23** 28' 17".65 — 0".45692 1 — 0".000002242 <3. (516) 

If, now, the value of \p^ is added to that of a ^ (489), the resulting 
value is the total change of a starts mean longitude. 

80. The backward motion ^^ of the equinoxes is called the 
precession of the equinoxes, 

81. Problem. To find the intersection of the mean equator 
with the equator of 1750 afid its inclination to it. 

Solution. Produce AQ and il'Q' (fig. 41) till thej meet at T, 
and let 

AT=^y A'T=^ 
and the triangle ATA^ gives, by (350, 354, and 369), 
cos. ^ («' — «) : COS. J (w' + «) = tang. ^ \f/ : tang. J (*' — *) (517) 
sin. J («/ — «) : sin. }(«' + «) = tang. J ^ : tang, i (*' + *) (518) 
sm i (*'+*) : sm. i (4^—*) = cotan. J T: cot i (o/ + «) (519) 
SO that f^ may be neglected in all the terms but \p, and we have 

1 : COS. 0/ = i >}/ sin. 1" : ^ (^^ — *) sin. 1" (520) 

: sin. «^ = i^ sin. 1" : tang. J (*' + *) (521) 

1 : ^ (^ _ 4>) sin. 1" = tang, a/ : ^ Tsin. 1". (522) 

Hence J (*' + *) = 90* (523) 

^ (^/ _ *) = J >{/ COS. 0/ (524) 

r = (^^ — 4>) tang. «', (526) 
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which are thus computed, 






•* 


COS. 


9.96249 


25". 18786 




1.40120 


23".103 


1.36369 


0".000054525 






0".000050013 






J 


tang. 


9.63771 


10'.032 




1.00140 


0'.000021717 







9.96249 



5.73660 

5.69909 
9.63T71 



5.33680 



so that 



* = 90- — 23".103 t + 0".000050013 <« 
r = 20".0640 i — 0".000043434 A 



(626) 
(527) 



82. Problem. To find the variation of a star's mean right 
ascension and declination. 

I. The variation, which arises from the change of the equator's 
inclination, may be found precisely in the same way in which the 
variations of latitude and longitude were found in § 77, for a similar 
change in the position of the ecliptic; so that formulas (488) and 
(489) give, by substituting for ^, L and «-, 

ui=*'sE.A. — 90- + 23".103 < = JB — 90* 

L = *'s Dec. = A » = r 
dD=z—Tcoa.R (528) 

a fiz= Tsin. jR tang. 2>; (529) 

or instead of counting the value of Tand t from 1750, they may be 
reduced to the beginning of each year, and the square of i may then 
be neglected. 

II. The variation in right ascension is to be increased by the 
change in the position of the equinox, arising from its precession, 
which is thus found. Had the ecliptic remained stationary, the 
equinox would have removed from A to A\ so that if AP is perpen* 
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dicular to the equator, we should have for the increase of right 
ascension hy (515) and (524), 

A'F = AA! COS. AA'P = ^f/ cos. » (530) 

= (*/ _ 4i) 

= 46".206 i — 0".000100026 ^. 

But the equinox advances upon the equator from the motion of the 
ecliptic by the arc A'A^^ which is thus found. We have, by (350), 

cos- i («i — «) : COS. i («j + «) = tang. ^ A'A^ : tang. J (^P — •vj'i). 

But COS. i (wj — ») = 1 

COS. i (a,j — «) = COS. (co' — 0^.22846 i) 

= COS. »' + 0".22846 i sin. 1" sin. «' 
sec. \ («i + w) = sec. w' — 0''.22846 i sin. 1" sin. w' sec.a a/ 
tang. J il'ili = J il'ili sin. 1" 
tang.i(4/-^,)= i (^P — ^J/J sin. 1'^ 

= J sin. 1" (0".15272 t — 0".00022542 i% 
whence A'A^ = CM 5272 < sec. w' 

— 0".00022542 t^ sec. «', 
which is thus computed, 



0".15272 


9.18390 
sec. 0.03751 


0.03751 


0".1665 


9.22141 




« 


0".00022542 


6.35299 



0".00024575 6.39050 

80 that 

AA^ = 0".1665 i — '.00024575 t\ ^ (531) 

and, by (489) and (490), 

* B = 46".0395 i + 0* 00016593 €^ + Tsin. B tang. 2?. (£32) 
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83. By the motions of precession and of diminution of the 
obliquity, the mean pole of the equator is carried round the 
pole of the ecliptic, gradually approaching it ; but the trae 
pole of the equator has a motion round the mean pole, which 
is called nutation. This motion is in an oval, at the centre of 
which is the mean pole, and is such that the position of the 
mean equinox differs from that of the true equinox by the 
longitude 

«long. = t8in.gt + t\8in.2Sl + *2 8in.2 7> +i,8in.2 ©, (533) 

where 

St = the mean longitude of that point of intersectioa of 
the moon's orbit with the ecliptic, through which the 
moon ascends from the south to the north side of the 
ecliptic, and which is called the moon's ascending 
node, 

}) = the moon's true longitude, 
O = the sun's true longitude. 

The values of t, t^, $,» *8» are given differently by different astrono- 
mers, and those which are, at present, adopted in the Nautical 
Almanac, are 

i = — ir'.2985, ii = 0".2082 (534) 

ta = — 0''.2074, tg = — 1".2650. 

This nutation of the pole causes also the true obliquity of the eclip- 
tic to change from the mean obliquity by the quantity 

a«, = ifccos. St + ifci COS. 2 St + *2 C0S.2 }) + ifca cos. 2 Q. (535) 

in which the values of k &c., at present adopted in the Nautical 
Almanac, are 

k = 9''.2500, k^ = — 00".0903 (536) 

A:a = 0".0900, itg = 0".5447. 

84. Corollary. The effect of nutation upon the right ascen- 
sions and declinations of the stars may be computed by $82, 
and the formulas which are obtained agree with those given in 
the Na\itical Almanac, and which depend upon the terms, 
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called C and D in the formulas for Reduction of the Almanac ; 
these terms contain also the changes arising from the mean 
motion of the equinoxes^ and the formulas are so reduced that 
t is counted from the beginning of each year. 

85. EXJLMFLBS. 

!• Find the mean obliquity of the ecliptic for the year 1840, and 
reduce the formulas for finding the variations of right ascension and 
declination to the beginning of that year. 

Solution. In (516) let t =: 1840—1750 =90, 

and it gives 

•^ = 23* 28' ir'.65 —41". 12 — 0",02 — 23^ 27' 36".5L 

In (527, 528, and 532), let <s:90-^<, and neglect the terms 
depending upon f^^ so that 

T = 30' 5".76 — 0".35 + 20".0640 V — 0".0078 «' 

= 30' 6",41 + 20",0562 1\ 

and the mean variations, counted from the beginning of the year, 
are 

a'2>z=20".0562£'cos. « 

9fR = 46".06a3 V + 20".0562 <' sia. R tang. J). 

Finally, the variations arising from nutation are thus found. The 
change in the obliquity of the ecliptic gives at once, from (488) and 
(489), by referring the positions to the mean ecliptic instead of to 
that of 1750, 

a'2> = — ^«j sin. R 

if 'Rz=. — a »j COS. B tang. D, 

and the change in the position of the equinox gives by (525, 528, 
529, and 530), 

r = — a ^ sin. «, 
$f D z=zi ^ sin. «j COS. R 
'^ R=i^ ^ COS. »i + ^ -^ sin. «j sin. R tang. D. 
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Hence, if we take 

46 '.0693 C = 46''.0693 t' + dJcoB.mi 

c = 46''.0693 + 20".0562 sin. R tang. D 

c' = 20".0562 COS. R 

d = COS. R tang. D 

d' = — sin. jR, 

r^ , • COS. «, . ,, , sin. «, 

wehave C = ^ + ^jj^;;^ a^ = ^ + _^ 

= r — 0.3448 sin, St+0.00415 sin.2 St 
— 0.00413 sin. 2 . J> —0.02502 sin. 2 Q, 

and the entire changes of declination and right ascension are 
a' D = C c' — a « . d' 
a'fi = Cc — a-'.d, 

which agree with the formulas in the Nautical Almanac, except in 
the coefficients of ^, which are 46''.0206 and 20''.0426 instead of 
46''.0693 and 20''.0620. 

If, again, we take 

/=46".0693C, 
g cos. G = 20". 0562 C, ^ sin. 6 = — a «, 
the ahove formulas become 

6' D=zg COS. G COS. R — g sin. G sin. R^=g cos. (G -J- B) 
i' R=zf'{'g sin. R COS. G tang. D-j^g sin. G cos. R tang. D 
^f+g sin. {R + G) tang. 27, 
as in the Nautical Almanac. 

2. Find the annual variations in the right ascension and declina* 
tion of » HydrBB for the year 1840, and its true place for mean 
midnight at Greenwich, January 1, 1840; its mean right ascension 
for January 1, 1839, being 9* 19" 40*. 620, and its declination 
— 7^ 57'49''.50, and using the numbers of the Nautical Almanac. 
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Solution. 

20".0426 
B = 9* 19- 40'.620 

a'2>=— 15".335 
D = — V 67' 49".50 
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1.30195 
COS. 9.88374n 



1. 18569 « 
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1.30195 
sin. 9.80872 

taog. 9.1458411 
0.2565111 



^ jR = 46".0206 — 1".8051 
= 44".2155 = 2'.948. 
Hence its mean place for Jan. 1, 1840, is 

B = 9* 19- 43'.568 
2> = — 7** 58' 4".83- 
To calculate the effects of nutation, we have 

St = 339*^ 40^, 3) = 242** 30', © = 28r 15' 

— 0.3448 sin. St = 0.1205, 9".2o cos. St= 8".673 
0.00415 sin. 2 St = — 0.0027,— '.0903 cos. 2 St = — 0".068 

— 0.004 13 sin, 2 5= — 0.0034, 0''.0900 cos. 2 J) = — 0".032 

— 0.02502 sin. 2 © = 0.0096, 0".5447 cos. 2 © z= — 0".504 



C = t' + 0.1240, a «i = 8".049 

Cc'z^c'tf-\- 20".0426 X 0.1240 cos. JR 

= c't'— 15".335 X 0.1240 = c' «' — 1".901 

— a « . d' = 8".049 sin. R = 5".181 

Ccz^et* + 0.1240 X 2'.948 = c «' + 0'.365 

— a « d = — 8".049 COS. R tang. JD = — 0".861 = — 0'.058, 

whence the variations arising from nutation are 

a'I> = 3''.28, a'JR = 0'.30, 

and the true places are 

2> = — r 58' 1".55, R = 9* 19- 43*.87. 

3. Find the mean obliquity of the ecliptic for the year 1950, and 
31 
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reduce the formulas for finding the variations of mean right ascension 
and declination to the heginning of that year. 

Ans. »i=23^26'36".18. 
^D=z 19".8903 «' cos. JR 
a' JR = 46'M059 t' -f 19''.8903 tf sin. JR tang. D. 

4. Find the annual variations in the right ascension and declination 
of /8 Ursse Minoris for the year 1839, and its true place for mean 
midnight at Greenwich, Aug. 9, 1839 ; its mean right ascension for 
Jan. 1, 1839, being 14*51" 14'.943, its declination 74** 48' 48''.89 N., 
the longitude of the moon^s ascending node for Aug. 9, 1839, being 
347*" 17', that of the moon 144'' 2', and that of the sun 136^ 30^, and 
using the constants of the Nautical Almanac, which give for Aug. 9, 
1839, 

/= 32".33, g = 16".70, G = 32r 30'. 

Ans. Var. in R. A. z= — 0'.277 ; var. in Dec. = 14".71 ; 

and for Aug. 9, 1839, 

R = 14* 51- 16\36 
D = 74** 48' 32'^46. 

5. Calculate the values of /, g^ and G for April 1 , 1839, mean 
midnight at Greenwich, when gt = 354** 10', © = IT 34', and J is 
neglected. 

Ans. /= 12".53, g = 11".05, G = 299** 34'. 

In Table XL of the Navigator, the decimal is neglected, and 20 
used instead of 20.0562. Table XLIII is calculated from the 
formulas of Besscl, which differ a little from those of Bailly used in 
the Nautical Almanac. The construction of these two tables is 
sufficiently simple from the calculations already given. 
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CHAPTER VII. 

TIME. 

86. The intervals between the successive returns of the 
mean place of a star to the meridian are precisely equal, and 
the mean daily motion of the star is perfectly uniform; so that 
sideral time is adapted to all the wants of astronomy. The 
instant, which has been adopted as the commencement of the 
sideral day, is the ujtper transit of the vernal equinox. 

The length of the sideral day, which is thus adopted, differs there- 
fore from the true sideral or star day by the daily change in the 
right ascension of the vernal equinox. But this change is annually 
about W or 3'.3, so that the daily change is less than 0*.01, and is 
altogether insensible. 

87. Corollary. The difference between the sideral time, of 
different places *is exactly equal to the difference of the longi- 
tude of the places. 

88. The interval between two successive upper transits of 
the sun over the meridian, is called a solar day ; and the hour 
angle of the sun is called solar time. This is the measure of 
time best fitted to the common purposes of life. 

The intervals between the successive returns of the sun to the 
meridian, are not exactly equal, but depend upon the variable motion 
of the sun in right ascension, and can only be determined by an 
accurate knowledge of this motion. 

89. The want of uniformity in the sun's motion in right 
ascension arises from two different causes. 
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I. The Sim does not move in the equator, but in the 
ecliptic. 

II. The sun's motion in the ecliptic is not uniform. 

The variable motion of the sun along the ecliptic, and its deviations 
from the plane of the mean ecliptic, cannot be distinctly represented, 
without reference to the variations of its distance from the earth, and 
to the nature of the curve which it describes. This portion of the 
subject, therefore, which involves the determination of the sun^s 
exact daily position, that is, the calculation of its ephemeris^ must be 
reserved for the Physical Astronomy, It is sufficient, for our present 
purpose, to know that the sun moves with the greatest velocity when 
it is nearest the earth, that is, in its perigee ; and that it moves most 
slowly when it is farthest from the earth, that is, in its apogee. 

90. The sun arrives at its perigee about 8 days after the 
winter solstice, and at its apogee about 8 days after the sum- 
mer solstice. The mean longitude of the perigee at the be- 
ginning of the year 1800, was 279** 30' 5", and it is advancing 
towards the eastward at the annual rate of about 11".8; so 
that, by adding the precession of the equinoxes, the annual 
increase of its longitude is about 62''. 

91. To avoid the irregularity of time arising from the want 
of uniformity of the sun's motion, a fictitious sun, called a 
mean sun, is supposed to move uniformly in the ecliptic, at 
such a rate as to return to the perigee at the same time with 
the true sun. A second mean sun is also supposed to move in 
the equator at the same rate with the first mean sun, and to 
return to each equinox at the same time with the first mean 
sun. 

We shall denote the first mean sun by © , , and the second mean 
sun by O^. 

92. Corollary, The right ascension of the second mean sun 
is equal to the longitude of the first mean sun. 

93. The time which is denoted by the second mean sun is 
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perfectly uniform in its increase, and is called mean time; 
while that, which is denoted by the true sun, is called true or 
appareniiime ; the difference between mean and true time is 
called the equation of time, 

94. The time which it takes the sun to complete a revolution 
about the earth, is called a year. 

The time which it takes the mean sun to return to the same 
longitude, is the common or tropical year. 

The time which it takes it to return to the -same star, is the 
sideral year ; and the time which it takes it to return to the 
perigee, is the anomalistic year. 

The length of the mean tropical year is 

r = 365^ 5* 48" 47'.808, (53T) 

80 that t)ie daily mean motion of the sun is found by the proportion 

r : 1" = 3C0^ : daily motion = 59' 8".3302. (538) 

95. The fraction of a day is necessarily neglected in the length of 
the year in common life, and the common year is taken equal to 265*, 
By this approximation, the error in four years amounts to 

23* 15- 11'.232 = 1" — 44- 48'.768, (539) 

or Dearly a day, and an additional day is consequently added to the 
fourth year, which is called the leap year. At the end of a centuiy 
the remaining error amounts to nearly — 0^.75, which is noticed by 
the neglect of three leap years in four centuries. For practical 
convenience, those years are taken as leap years which are exacdy 
divisible by 4, and the centurial years would thus be leap years, but 
only those are retained as leap years which are divisible by 400. 

96. When the mean sun has returned to tiie same mean longitude, 
it has not returned to the same star, because the equinox from which 
the longitude Is counted has retrograded by 50''.223, so that the mean 
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sun has 50^^223 farther to go, and the time of describmg this arc is 
the fourth term of the proportion 

59' 8''.3302 : l^* = 50".223 : 20" 22'.786, (540) 

so that the length of the sideral year is 

Y, = Y+ 20'" 22 .786 = 365" 6* 9" 10'.594. (541) 

97. The length of the mean solar day is also different from that of 
the sideral day, because when the O21 i° i^ diurnal motion, returns 
to the meridian, it is 59' 8".3302 advanced in right ascension; so 
that 360"* 59' 8".3302 pass the meridian in a solar day, instead of 
360^, which pass in a sideral day. Hence the excess of the solar day 
above the sideral day, expressed in solar time, is the fourth term of 
the proportion 

360** 59' 8 ".3302 : 59' 8''.3302 z= 1' : 0*.0027305 

or 3*55-.9094; . (542) 

that is, 1 sid. day = 0.9972695 sol. day, 

or 24* sid, time = 23* 56- 4'.0906 of solar time; • (543) 

which agrees with (394) and the table for changing sideral to solar 
time in the Nautical Almanac, and with Table LII of the Navigator. 

In the same way this excess expressed in sideral time is the fourth 
term of the proportion 

360** : 59' 8".3302 = 1' : 0^.002738 or 3" 56'.5554 ; 

that is, 1 sol. day = 1.002738 sid. day, (544) 

or 24* sol. time = 24* 3* 56'.5554 sid. time ; (545) 

which agrees with the table for changing solar to sideral time in the 
Nautical Almanac, and with Table LI of the Navigator. The remain- 
der of Tables LI and LII, as well as the corresponding ones given in 
the Nautical Almanac, are calculated by simple proportions from the 
Qurobors which are given for 24*. 

Tlio sideral day begins with the transit of the true vernal equinox. 
At the time of the transit of Oai then, that is, at mean nooit, we have 

the sid. time = R. A. of Qa f^^"^ the equinox 
= R. A. of O2 ^'^"^ mean equinox 

-{- Nutation of equinox in R. A. 
== sun^s mean long. -^ Nutation in R. A. (546) 
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98. The sun^s mean long, for Jan. 1, 1800, at Paris, was found by 
Bessel to be 279* 54' 11".36. Its longitude for Jan. 1, of any other 
year <, may thus be found. Let/ be the remainder af\er the division 
of t by 4, the number of days, then, by which Jan. 1 of the year t is 
removed from Jan. 1, 1800, is 

365i {t —f) + 365/= t . 365i — if 

= Y . « + « . 11- 12M92 — if (547) 

=zY.t + t. 0^.00778 — if 

But m Yt days the sun^s longitude increases exactly t • 360*, which 
is to be neglected ; and its increase in longitude is > 

59' 8".3302 {t + 0.00778 — J/) = i . 27".61 — /. 14' 47 '.083, (548) 

or more accurately from Bessel, the mean longitude £, for the first 
of January of the year 1800 -|- i at Paris, is 

E = 279* 54' 1".36 + t 27''.605844 + «» . 0".0001221805 

— /. 14' 47 ".083. (549) 

The mean longitude is found for the first of January, for any other 
meridian by the following proportion, derived from the interval of 
time between the O^^^ passage over this meridian and that of Paris. 

24* : long, from Par. = 59' 8".3302 : change in value of E. (550) 

The sun^s mean longitude for any mean noon n of the year after 
that of the first of Jan. is 

JB + n . 59' 8".3302. (551) 

Hence the sideral time of the mean noon n is 

S = 4" + » • ^^ 56'.555348 + Nutation in R. A. (552) 

so that the solar time of the transit of the equinox from the preceding 
noon is 

24* — S (converted into solar time). (553) 

99. Examples. 

1. Find the sideral interval which corresponds to 10* of solar time. 

Arts. 10* !»« 38».5647. 
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2. Find the solar interval which corresponds to 10^ of sideral time. 

Am. 9*58~2K7044. 

3. Find the sideral interval which corresponds to 10" of solar 
time. 

Ans. 10*K6428. 

4. Find the solar interval which corresponds to 10" of sidenl 
time. 

Ana. 9*58«.3617. 

5. Find the sideral interval which corresponds to 10* of solar time. 

Ans. 10«.0274, 

6. Find the solar interval which corresponds to 10' of sideral 
time. 

Ans. 9'.9727. 

7. Find the sideral interval which corresponds to 0*.85 of solar 

time. 

Ans. 0'.85233. 

8. Find the solar interval which corresponds to 0'.85 of sideral 
time. 

Ans. 0'.84768. 

9. Find the sun^s mean longitude at Greenwich for the mean noon 
of April 4, 1839, the sideral time at this noon, and the solar time of 
the transit of the vernal equinox from the preceding noon; the 
meridian of Greenwich is 9* 21'.5 west of that of Paris. 

Ans. The sun's mean longitude = 12* 7' 3".02. 

The sideral time of mean noon = 48"* 31*.27. 
Time of tran. ver. equi. = April 3d, 23* 11* 39'.68. 

100. Problem. To find the time by observation. 

Solution, First Method. By equal altitudes. 

I. If the star does not change its declination. Observe the times 
when tlie star 'is at equal altitudes before and afler passing the 
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meridian; the arithmetical mean between these two times is the 
time of the starts passing the meridian, which compared with the 
known time of this passage, gives the error of the clock at this 
time, and the correction of this error gives the time of each obser- 
vation. 

n. When the declination of the star is changing, the time of the 
starts arriving at the observed altitude A is affected ; thus if 

L = the latitude, 

D =. the declination at the meridian, 
i-D = the increase of declination from the meridian, 

A = the hour angle, supposing no change in the declination, 
ih =z the increase of the hour angle in time, 

we have, by (429), 

sin. A = sin. L sin. D -f- cos. L cos. D cos. h (554) 

= sin. L sin. {D-^9D)+ cos. L cos. (D+ aD) cos. (A-f ^A 
= sin. L sin. D -j-«'^sin. l"sin. Lcos.D-|-cos. Lcos. JDcos.A 
— dD sin. 1'' cos. L sin. D cos. A — 15 ^ A sin. T' cos. Lcos. D sin. A, 
whence 

=1 S D sin. L COS. D — ^ D cos. L sin. D cos. A 

— 15 ^ A COS. L cos. D sin. A 

^ A =: jV ^ D tang. L cosec. A — tV '^ -^ ^"g- -^ cotan. A 

*0 tR /555) 

15 cotan. L sin. A 15 cotan. D tang. A' ^ ' 

and since the two observations are at nearly the same distance from 
the meridian, the value of ^ A is the same for both of them ; so that 
their mean is augmented by 9 A, and ^ his consequently to be sub- 
tracted from the mean of the observed times, in order to obtain the 
true time of the starts passing the meridian. 

In calculating the value of ^ A, its two terms may be calculated 
separately. Now if ^ D is the daily variation of the starts declina- 
tion, we have 

,2,_*^^_2*JL?, (586) 
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and in using proportional logarithms, the proportional logarithm of 
the hours and minutes of 2 A, which is the elapsed time, may be 
taken as if they were minutes and seconds, provided the same is 
done with the 24* in the denominator. Finally, the value of ^ A is 
reduced from minutes and secouds to seconds and thirds by multi- 
plying by 60, so that if M is taken for the denominator of either of 
the parts of (555), this part P is calculated by the formula 

Prop. log. P=z — Prop. log. ^^ ^^^^^^ -flog. Jtf+Prop.log.2A 

+ Prop. log. V By (557) 

which agrees with [B. p. 219], for 

— Prop. log. ZJIJ^CIJI = _ Prop. log. 12- = — 1.1761 

= 8.8239. (558) 

ni. If the altitude at the two observations had differed slightly, 
the mean time would require to be corrected ; for this purpose, let 

e ^ = the excess of the second altitude above the first, 

^ A = the increase of the hour angle, 

and we easily deduce from (554) 

cos. A^ A =: — 15 COS. L cos. D sin. hSh^ (599) 

.1. . . T cos, A sA ,^^^. 

80 that Sh=z — rv 7 J. . , . (560) 

15 cos. L cos. D sm. h ^ ' 

The time of the second observation being thus increased by i *, 
that of the mean is increased by J (^ A, which is, therefore the cor- 
rection to be subtracted from this mean. 

The corrections (555) and (560) must be both of them applied 
when the star is changing its declination, and at the same time the 
observed altitudes are slightly different. 



Second Method, By a single altitude. [B. p. 208-218.] 
When a single altitude is observed, there are known in the triangle 
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PZB (fig. 35), the three sides, to find the hour angle ZPB, which 
IS thus found by (336), 

« = J(« + 90'— L + l?) ' (561) 

H X » I sin. z sin. (* — %\ \ *„^^x 

COS. J A z= V ( . ,ano — r, . ' |i (562) 

^ ^ \sin. (yO° — L)8in,pJ ^ ' 

which corresponds to [B. p. 210.] 

The hour angle may also be found by (341) ; thus if we put 

^=J(^ + i+J»). (563) 

we have 

«=J(1S0'» — il — L + i?)=90' — «' + j? = l)0* — il — L + «' 
5— 1? = SO'' — 5', *— (90** — L) = «' — ^ 

whence 

. 1 r » /cos.ysin. (** — A)\ /-/t^v 

sin. J A = V ( r-^^ ' J 1 (^4> 

^ \ cos. L sin. f i 

which corresponds to [B. p. 209.] 

Third Method. By the distance from a fixed terrestrial object. 

If the position of the terrestrial object has been before determined, 
its hour angle and polar distance may be considered as known. 

Hence, if T (fig. 40) is the position of the terrestrial object pro* 
jected upon the celestial sphere, P the pole, and S the star. Let the 
distance TS be observed, and let 

pr=p, ps = p, rs = d, 

TPZ=H, TPS=h\ SPZ = A, 

s=zi{P+p + d), (565) 

we haye 

rin. J A' = V (ElMLZ^fi^IlIi^lf)). (566) 

^ ^ \ Sin. P sin. p / ' ^ ' 

or 

cos, J A' = \/ ( -, — 5-A '" ), (567V 

^ ^ \ sin. P sin. J? / \ # 

A = fl -f A'. 
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If the polar distance and hour angle of the terrestrial ohject is not 
known, but only its altitude and azimuth, the polar distance and hour 
angl^ can be easily found by solving the triangle PZT. 

Fourth Method. By a meridian transit, [B. p. 221.] 

If the passage of a star is observed over the different wires of a 
transit instrument, the mean of the observed times is the time of the 
meridian transit, which should agree with the known time of this 
transit. This method surpasses all others in accuracy and brevity. 

Fifth Method, By a disappearance behind a terrestrial object. 

If the instant of a starts disappearance behind a vertical tower has 
been observed repeatedly with great care, the observed time of this 
disappearance may aAerwards be used for correcting the chronome- 
ter. For this purpose, the position of the observer must always be 
precisely the same. Any change in the right ascension of the star 
does not affect the starts hour angle, that is, the elapsed time from the 
meridian transit; this change, consequently, affects the observed time 
exactly as if the observation were that of a meridian transit. 

A small change in the declination of the star affects the hour angle, 
and therefore the time of observation. Thus, if P (fig. 44) is the 
pole, Z the zenith, ZSS' the vertical plane of the terrestrial object; 
then if the polar distance PS is diminished by 

RS = a D, 

the hour angle ZPS is diminished by the angle 

SPS' = a h. 

But S'Ris nearly perpendicular to SP, and the sides of SS'R are 
ao small, that their curvature may be neglected, whence 

RS' = a B tang. S z= 15 cos. D. 9 A, 

80 that 9k=i^^d D tang. S sec D, (568) 

101. Examples. 

1. On May 20, 1823, in latitude 54"" 20^ N., the sun was at equal 
altitudes, the observed interval was 6* l" 36* ; find the correction for 
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the mean of the ohserved times. The sun^s declination is 19^ 48' N., 
and his daily increase of declination 12' 44''. 



Solution. 


8.8239 






8.8239 


54° 20' 


cotan. 9.8559 


19° 48' 


cotan. 


0.4437 


6*1-86' 


sin. 9.8510 




tang. 


0.0030 


6-2* 


P.L. 1.4747 






1.4747 


12' 44" 


P.L. 1.1503 


2'.29 




1.1503 


— 12'. 57 


1.1558 


1.8956 


2'. 29 











— 10*. 3 = the required correction. 

2. On September 1, 1824, in latitude 46*" 50' N., the interval be- 
tween the observations, when the sun was at equal altitudes, was 
7^46" 35*; the sun^s declination was 8° 14' N., and his daily increase 
of declination — 21' 49"; what is the correction for the mean of 
the observations ? 

Arts. 16*. 4. 

3. On March 5, 1825, in latitude 38"" 34' N., the interval between 
the observations, when the sun was at equal altitudes, was b*29"28'; 
the sun^s declination was 6^2' S., and his daily increase of declina* 
tion was 23' 9" ; what is the correction for the mean of the obser- 
vations ? 

Ans. 15'. 4. 

4. On March 27, 1794, in latitude bV 32' N., the interval between 
the observations, when the sun was at equal altitudes, was 7* 29"* 55'; 
the sun's declination was 2^47'N., and his daily increase of declina- 
tion 23' 26" ; what is the correction for the mean of the observations ? 

Ans. — 21'.7. 

5. In latitude 20**26'N., the altitude of Aldebaran, before arriv 
ing at the meridian, was found to be 45^ 20', and, aAer passing the 
meridian, to be 45^ 10' ; the interval between the observations was 
7^ 16>" 35', and the declination of Aldebaran was 16"" 10' N. ; what is 
the correction for the mean of the observations ? 

Ans. 19'. 
S3 
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6. In latitude 36^ 39' S., the sun^s correct ceotral altitude wu 

found to be lO"" 40', when his declination was 9^ 27' N. ; what vas 

the hour angle ? 

Aru. 4*36*9'. 

7. In latitude IS** 17' N., the sun's correct central altitude was 

found to be 36^ 37/, when his declination was 22^ IC^ S. ; what was 

the hour angle ? 

Ans. 2*42«52». 

8. In latitude 50'' 56' 17" N., the zenith distance of a terrestrial 
object was found to be 90'' 24' 28", and its azimuth 35'' 47' 4" from 
the south ; what were its polar distance and hour angle ? 

Ans. Its polar distance = 121*6' 43" 
Its hour angle = 2* 52* 18*. 

9. From the preceding terrestrial object, three distances of the 
aun were found to be 78'' 9' 26", 77" 39' 26", and TT 29' 26", when 
his declination was 14" 7' 13" S. ; what were the sun's hour angles, 
if he was on the opposite side of the meridian from the terrestrial 
object ? 

Ans. 2*45«49», 2*43-»26', and 2*42«40». 
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CHAPTER VIIL 

LONGITUDE, 

102. Problem. To find the longitude of a place. 

First Method, By terrestrial measurement. 

If the longitude of a place is known, that of another place, which 
is near it, can be found by measuring the bearing and distance ; 
whence the difference of longitude may be calculated by the rules 
already given in Navigation. 

Second Method. By signals.. 

The stars, by their diurnal motion, pass round the earth once in 
24 sideral hours ; hence they arrive at each meridian by a difierence 
of sideral time equal to the difference of longitude. In the same 
way, the sun passes round the earth once in 24 solar hours ; so that 
it arrives at each meridian by a difference of solar time equal to the 
difierence of longitude. The difference of longitude of two places 
is, consequently, equal to their difference of time. Now if any sig- 
nal, as the bursting of a rocket, is observed at two places ; the 
instant of this event, as noticed by the clocks of the two places, gives 
their difference of time. 

T7nrd Method. By a chronometer. 

The difference of time of two places can, obviously, be deter> 
mined by carrying a chronometer, whose rate is well ascertained^ 
froni one place to the other ; and if the chronometer did not change 
its rate during the passage, this method would be perfectly accura46» 

Fourth Method. By an eclipse of one of Jupiter^s satellites. 
[B. p. 252.] 

The signal of the second method cannot be used, when the plaees 



256 SPHERICAL ASTRONOMT. [cH. Till, 

are more than 20 or 30 miles apart ; and, when the distance is veiy 
great, a celestial signal must be used, such as the immersion or emer- 
sion of one of Jupiter^s satellites. For this purpose, the instant, 
when any such event would happen to an observer at Greenwich, ig 
inserted in the Nautical Almanac ; and the observer at any other 
place has only to compare the time of his observation with that of 
th^ Almanac to obtain his longitude from Greenwich. 

Fifth Method. By an eclipse of the moon. [B. p. 253.] 

The beginning or ending of an eclipse of the moon may also be 
substituted for the signal of the second method to determine the 
difference of time. 

Sixth Method, By a meridian transit of the moon, [B. p. 431.] 

The motion of the moon is so rapid, that the instant of its arrival 
at a given place in the heavens may be used for the signal. Of the 
elements of its position its right ascension is changing most rapidly, 
and this element is easily determined at the instant of its passage 
over the meridian by the difference of time between its passage and 
that of a known star. The instant of Greenwich time, when the 
moon's right ascension is equal to the observed right ascension, 
might be determined from the right ascension, wnich is given in the 
Nautical Almanac for every hour. But this computation involves 
the observation of the solar time, whereas the observed interval 
gives at once the sideral time of the observation. 

The calculation is then more simple, by means of the Table of 
Moon-Culminating stars given in the Nautical Almanac, in which the 
right ascensions of the suitable stars and of the moon's bright limb 
are given at the instant of their upper transits over the meridian of 
Greenwich, and also the right ascension of the moon's bright limb 
at the instant of its lower transit. Hence the difference between the 
right ascensions of the moon's limb, at two successive transits, is the 
change of its right ascension in passing from the meridian of Green- 
wich to that which is 12* from Greenwich ; so that if the motion in 
right ascension were perfectly uniform, the right ascension, which 
corresponded to a given meridian, or the meridian, which corresponded 
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to a given right ascension, might be found by the following simplt 
proportion, 

12^ : long, of place = diff. of right ascensions for 12^ : diff. of 

right ascensions for long, of place, (569) 

in which the longitude of the place may be counted from the me* 
ridian 12* from that of Greenwich, provided the change of right 
ascension for an upper transit is computed from the preceding right 
ascension, which is that of a lower transit at Greenwich, that is, if 
the place is in east longitude. 

Let then T = long., if west, 
or = 12* — long, (if the long, is east) ; 

and let il = diff. of right ascension for he Greenwich transits, 

which immediately precede and follow the re- 
quired or observed transit, 

and let ^ A =. change of right ascension from the preceding- 

Greenwich transit to the observed transit, 
and we have, by (569), 

l^:T=A:dA, (570) 

whence ^ A = —j-, and T = — -^ — , (571) 

and if T is reduced to seconds, we have 

log. a A = log. A + log. T + (ar. co.) log. 43200 

= log. A + log. T -f 5.36452 (573) 

. _ 432 00 a ^ ,^^^^ 

and r= 2 (^^^) 

log. r = 4.63548 + (ar. co.) log. A + log. a A, (575) 

and formulas (573) and (575) agree with the parts of the rules in 
the Navigator, which depend upon A^ and are independent of the 
want of uniformity in the moon^s motion. 

The corrections which arise from the change of the moon's 
motion may be calculated, on the supposition that this motion u 

uniformly increasing or decreasing so that the mean motion for any 
S3* 
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interval is equal to the motion which it has at the middle instant of 
that interval. If we put, then, 

B = the increase of motion in 12\ (576) 

A is not the mean daily motion for the interval of longitude Tand 
the instant ^ T aAer the meridian transit at Greenwich, but for the 
interval 12^ and the instant 6* after this transit The mean daily 
^notion for tho instant j^ T is therefore, 



(6* — ^r)B 



«o that the correction for A is 



(6* — ^r)jg _ (21600* -->>^r)g 

12* " 43200 ' 



(577) 



(578) 



and the correction of ^ j1 in (572) is 

T{2ieO(r-i T) r (43200 -T) 

^^-" (43200*)^ ^- 2(43200)2 ^' (^^) 

and the value of ^ B is .Easily calculated and put into tables, like 
Table XLV of the Navigator. 

In correcting the value of T (574), the correction of ^ il is to be 
computed from Table XLV by means of the approximate value of T, 
and the correction of T is then found by the formula to be 

ar=i??^. (580) 

It only remains, to show how to find the value of B from the 
Nautical Almanac. Now if A* denotes the motion in right ascension 
for the 12* interval of longitude, which precedes that to which A 
corresponds ; and if A" denotes the motion in right ascension for the 
12* interval of longitude which follows that of ^ ; we have 

2B=A'' — A' 

B=zi (il'' — A% (581) 

«nd the calculation agrees entirely with that given in the Navigator. 

When the longitude is small, or nearly 12*, the correction for the 
variation of motion may be neglected, provided, instead of A^ the 
fnotion is used which corresponds to the time of the nearest Green- 
wich transit. Now, in the Nautical Almanac, this motion is given 
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for an hour^s interval, of which the middle instant is that of the 
transit, so that if If = this hourly motion, the motion for the time T 
may he found by the formula 

whence 

^- H H ^^^ 

log. T= 3.55630 + log. a A + (ar. co.) log. H, (583) 

which agrees with [B. p. 432]. 

The formula (583) may be rendered more correct, if the value of 
H is taken for the instant ^ 7 of longitude ; and the value can be 
computed precisely in the same way in which the right ascension 
was computed for the time T, by noticing the want of uniformity in 
its increase; and the formula thus corrected is accurate for small 
differences of longitude. 

Seventh Method, By a lunar distance. 

The distance of the moon from the sun or a star may be used as 
the signal; but the true places of these bodies differ from their 
apparent places, as will be shown in succeeding chapters, so that the 
observed distance requires to be corrected ; and the correction cannot 
be found without knowing the altitudes of the bodies. It is sufficient, 
for the present purpose, to know that the difference between the true 
and apparent places is only a difference of altitude, and not one of 
azimuth, and that the apparent place of the sun or a star is higher 
than its true place, while that of the moon is lower. The true dis- 
tance may, then, be calculated from the observed distance by one of 
the following methods. 

I. Let Z (fig. 45) be the zenith, 5 the apparent place of the sun or 
star, and S the true place, M the apparent place of the moon, JIT 
the true place ; let 

a = the starts apparent alt. = 90' — ZS 

a' = its true alt. = 90* — ZS' 

h =: the moon's app. alt = 90* — ZM 

6' = its true alt = 90** — ZM' 
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E =. the app. dist. = SM 

E' = the true dlst. = S'JfcP 

Z z= the angle Z 
da = SSf = a — a' 
a b = MM' =h' — h 
ihzizE —E. 
Then the triangles ZSM and ZSM' give, by (332), 

COS. a cos h COS. a cos. b* ^ ' 

T * cos. a' COS. J' 

Let COS. m = r, (585) 

2 COS. a COS. 6 ^ ' 

and we have, by (584), 
COS. E' -}- cos, (a' -[- ^') = 2 cos. m cos. JS + 2 cos. m cos. (a -f- ^) 

= cos.(E-}-m)-|-cos.(£ — m)-|-cos.(a-}-5-|-"*)"h*^^s-(^+^ — ") 
cos. £' = — COS. (a' + h') + cos. (£ + m) + cos. {E — m) 

J + COS. (fl 4" * + ^) + c^s. (a + * — «)> (586) 

whence £' can be found by a table of natural sines and cosines, 
when m has been found from (585). 

II. In the same way by (338), we find 

^ ^ ' cos. a cos. b COS. a' cos. b* 

cos. (a' — b') — COS. E' =z2 cos. m cos. (a — 5) — 2 cos. m cos. E 
=icos. (a — b-^m)-^ cos, {a — b — m)i — cos.(£-|-m) — cos.(£ — m) 
cos. E' = cos. (a' — 5') — COS. (a — b -{-^n) — cos. (a — b — m) 

+ cos. ( JS + to) -f COS. (£ — m). (588) 

III. The correction may be separated into two parts, one of which 
depends only upon the sun or star, and the other upon the moon ; 
and let 

a' E =1 the part of t E which depends upon the sun or star, 

i" E = the part which depends upon the moon. 
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Now if the correction were only to be made for the mooOi SM would 
be decreased to SJlf , whence 

SM' = JE + i"E, 

and if we put 

S =z ZSM, M = ZMS, 

5 = i(a + 5 + £), (589) 

the triangles SMM* and SZM giye 

i • 1 liTxo COS. s sin. (* — a) 

(sin. i M)^ = : — =r^ — -p-^ 

^ ' sin. E cos. b 

_ s in. [£+^ {S"E — S b)] Bi n.i{d"E + dh ) 
sin. a b sin. jB • 

= ^"^2tb^ [1 + i ^^^^' ^ "^- !"• (^' JB — a b)] (590) 

60- + d^-£=(5y42'--a3)+"^^'"'°'<J:-^>,^ 
' ^ ' ' sm. E COS. 6 

+ 18" — J cotan. E sin. 1" [(a" £)» — (a J)8]. (501) 

The triangles SSJtfand SZilf give, by (336) and (340), 

(COS. J S)» = <=o»(»-g) "'"•('-«) 
^ ' Sin. £ COS. a 

__ sin. [E + ^ («>^£ — a a)] sin. ^ (a^ E + a a) 
sm. a a sin. £ 

' ^ ' ' Sin. E COS. a ^ ' 

If now M'K and ;?£ are drawn perpendicular to JIf 5, and SL to 
IP 5, we have nearly 

S'M' =1 E -\- » E = SM' -\- SL' = E -{. i"E + SL 

*£ = a" £ + SL' = *" E + y £ + (SL' — fE) (594) 

i'E=SL = 'acoa.S (595) 
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SL'= * II COS. (SSL) = a 41 COS. (S— JIfSJIf ) 
= a a COS. jS -|- a a sId. 5 sin. MSM" 
= i'E+ SL sin. JIf SAT (596) 

SV—VE= S'L sin. J^f S3f . (597) 

But from M'SK^ 



whence 



and 



. -_^-^ sin. 3fJ8: JflTsin. \" 

sin. MSM! = : =— = : — =; — (598) 

sin. E Sin. E ' 



SL,_^£=S:LX^^i!^!lil (599) 

Sin. E 



>e = ,e + ^e + ^Il><J£E^:^ (600) 

' ' sm. E 



y+a£==(60^+a^£)+(6(y+a^^£) + ^'^^j^'^^'"'^\ (601) 

in which I* is added to a'£ and a"E, in order to render them 
j>08itive. Nowj of 60' + a' £ (593), the part CC — a a is given in 
Table XVII or Table XVIII; and the remaining terra is computed by 
proportional logarithms, and is the first correction of the First Method 
of the Navigator. [B. p. 231.] The proportional logarithm of the 
factor 2 a a sec. a, is the logarithm of the Table from which 60' — as 
is taken. 

In the same way, the two first terms of 60' + a" JB are taken from 
Table XIX and (591). The remainder of (591) combined with the 
third term of (601), is computed and inserted in Table XX of the 
Navigator. 

In calculating Table XX, the value -of a"£ is used, which is 
obtained from the two first terms of (591) ; and S'L and MK are 
found from SSL and MKM' in which the sides are so small that 
their curvature may be neglected, and we have, nearly, 

5*L = V(aa9 — a'JE«) (602) 

MK = ^/ (a ^ — a" JS^). (603) 

IV. The calculation of the values of a a and a h will be fully 
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explained in subsequent chapters ; but we need only remark, in this 
place, that the value of 9 a, for a star, is given in Table XII ; for the 
sun, it is the number of Table XII diminished by that of Table XIV ; 
and for a planet, it is that of Table Xll diminished by that of Table X, 
A. The value of ^ i is obtained by the formula 

a ft = P cos. 6 — a' J, (604) 

in which ^ ft is the number of Table XTI, and P is the number taken 
from the Nautical Almanac, and which is called the horizontal par- 
allax. In computing Table XX, the value of P is taken at its mean 
of 57' 30". 

In the formulas for the corrections, the zenith distances may be 
introduced instead of the altitudes, and if we put 

90^ — fl = Z, M** — ft = «, 

«, =J(* + Z + £), (605) 

we have, by neglecting the. term depending upon the correction of 
Table XX, as well as the other small quantities, 

' sm. E sm. % 

_ sin. [£ + ^ (^"^ + ^ ^)] sin> l{il — 9"E) 
sin. E sin. S b 



_ a ft -^ j^^ E 
•" 2 a ft 

sin. E sm. s 

- ^ -, sin. 5. sin. (s. — %) if E + a a 
* sm. E sm. Z 26 a 



(606) 
(607) 



' sm. E sm. Z ^ ' 

Then the second term of the value of 4' E is the first correction of 
the Third Method of the Navigator [B. p. 242], and the second term 
of the value oi^"E is the second correction of this method ; and the 
computation from (604, 607, 60S) agrees entirely with ihis method. 
The third correction is taken from Table XX, as in the first method 



(612) 



SPHERICAL ASTRONOMY. [cH. Tin. 

V. Draw ZN perpendicular to MS^ so as to make SN acute. In 
the right triangle ZSN and ZSM let 

B^dO^' — SN, B' = dO^ + MN, A =i{B' + B), (609) 

and we have 

E = MN+ SN= B' — B, (610) 

and, by Bowditch^s Rules for oblique triangles, 

cos. ZS : cos. ZM = cos. NS : cos. MN^ 
or sin. a : sin. I = sin. B : sin. B' ; (611) 

and, by the theory of proportions, 

sin. a + sin. h sin. B -f- s'n. B' 

sin. h^ — sin. a sin. B' — sin. B ' * 

that is, 

tang, i (a + ^) tang. A 

tang, ^{h — a) tang. ^ E 

tang. A = tang, i (a + 5) cotan. J (5 —a) tang. J £ (613) 

B' = il + i£, I/ = il — J£, (614) 

and the right triangles ZSN, MZN, SLS', MKM, give 

s'E 
COS. S = -- — = cotan. ZS tang, a cotan. B 

A 

— cos. M = — ^ = — cot ZJlf tang. MN = tang, i cotan. B' 

a'£ = a a tang, a cotan. B (615) 

9i'E=z9h tang. 5 cotan. F, (616) 

and the formulas (613-616) correspond to the Fourth Method of the 
Navigator. [B.p. 243.] 

It may be observed, that since cotan ^ {h — a) is the only term of 
(613) which can change its sign, A is acute when h is greater than 
a, and obtuse when h is less than a. 

VI. The most important of corrections of the distance arise from 
that term of a 5 (604), which depends upon the parallax. If we 
consider this, therefore, as the only correction of the moon^s alti- 
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tade, we may calculate the corrections of the distance arising from it 
by putting 

Sh := MM = P COS. h. (617) 

The triangles ZSM and M'MK^ give then 

-_ ^' E sin. a — cos. E sin. h /«,«v 

cos. J»f = — ^ r = ; — = =r (618) 

Pcos. sm. E COS. h ^ ' 

»'E = — P sin. a cosec £ + P cotan. E sin. 3, (619) 
aand if we put 

*i JS = P sin. a cosec. E (620) 

^a JS = ± P cotan. E sin. J, (621) 

in which the signs are taken^ so that ^2 ^ ^^ always positive, we have 

a" E = — ^1 JS ± a^ E 

10^ + a" E = (5** — ^j E) 4- (5* ±: 9^ -E). (623) 

Now Table XL VII is a common table of proportional logarithms, 
like Table XXII ; but the angle which is placed at the top of the 
table is 

5» _ the angle of Table XXII, (624) 

and the angle at the bottom of the table is 

6** + the angle of Table XXII ; (625) 

so that the terms of (623) may be directly obtained from these 
tables ; and this method of computing the corrections, which depend 
upon the moon's parallax, agrees with the second method of the 
Navigator. [B. p. 239.] 

The remaining corrections may be computed from the formulas 
(607 and 608), and the corrections of Table XX may be neglected, 
provided the value of E is corrected for the parallax. These com- 
bined» corrections may be inserted in a table like Table XLVIII, 
which serves for the star, and, by means of the part P, for the sun ; 
or like Tables XLIX and L, which serve for the planets. In calcu- 
lating those tables, the moon's horizontal parallax is taken at its 
mean value of 57' 30" ; and the planet's or sun's parallax in altitude 
is obtained from the formula 

a' a =r — P cos. a, 
23 
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in which P is the horizontal parallax. The value of P, used in the 
construction of the part P of Table XLVIII, is 8''.6 ; that used for 
Table XLIX is 35'' ; and since these corrections are proportional to 
the parallax, they are easily reduced to any other parallax. This 
reduction is actually made in Table L. 

Vn. The value of df* E (618), might be found by the formula 

Anp- 2ain.a — 8\n.{h^E) — B\u.{h — E) p 

2 sin. E ^ \ ) 

which is easily calculated by means of the table of natural sines and 
cosines. 

VIII. The true distance may be obtained from obserration \fj 
either of the preceding methods, and the time of the observation 
must be compared with the time when the distance is the same to an 
observer at Greenwich. Now this latter time can be obtained from 
|he Nautical Almanac by precisely the same process of interpolation, 
which has l>een applied to the changes of right ascension. The 
distances are given in the Nautical Almanac for every three hours, 
and the proportional logarithm of the difference of these distances. 
If, then, the distance increases uniformly at the rate of increase, F, 
for every three hours ; the interval T, at which it has increased by 
the quantity P, is found by the proportion 

P : P = 3* : r (627) 

Prop. log. T = Prop. log. P — Prop. log. P+ Prop. log. 3*. (628) 

But Prop. log. 3' = 0; (629) 

and if we put 

Prop. log. P=Q, (630) 

(628) becomes 

Prop. log. T = Prop. log. F — Q. (631) 

If the distance increased uniformly, the value of Q would be 
invariable ; but Q is variable, and must be regarded as belonging to 
the middle instant of the interval to which it belongs ; and it in- 
creases while the distance decreases, and the reverse. Let then 
9 Q =z the decrease of Q in three hours, 
^ T = the correction of 7\ arising from the change of Q, 
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and the value of Q for the interval T is 
Q0« XT 

ao that by (631) and (399) 

Prop. log. {T-\-»T) = Prop. log. T — «» Q (633) 

iog.(T4-ir) = iog.r4-<'Q (694) 

log. (7+ * T) - log. T= log. (1 + ^) = V q. (685) 
But if in (167) we substitute 

^ = < (686) 

we have, by (635), 

■o,..=(.+^)=i^. m 

io that by (632) and (164) 



(688) 



Ta^Q __( 180''' — T) TiQ 
' "^ log. e ~ 2 X 180*. X 0.4a4 

_ {l$Qr — T)Tiq ^ 
"■ 156" ' 

and the table [B. p. 245] for correcting by second differences may 
be calculated by this formula ; and, in order to obtain the value 
of ^ T expressed in seconds, the factor T should be expressed in 
seconds, while (ISO*" — T) is expressed in minutes ; and it must not 
be forgotten, that the proportional logarithms are decimals. 

IX. When the distance is observed for a star, whose distance is 
not given in the Nautical Almanac, the Greenwich time of the obser- 
vation can be found approximately by adding the assumed longitude, 
if west, to the observed time, or subtracting it if east ; or the time 
can be taken from the chronometer if it is regulated to Greenwich 
time* 

Find, in the Nautical Almanac, the right ascension and declination 
of the star, and the declination of the moon, for this time. Then, if 
T and S (fig. 40) are supposed to be the moon and star, and P the 
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pole of the equator, D and U their declinations, disregarding their 
names, so that their polar distances are 90* i: D and 90' ± D*, and 
if It' is their difference of right ascensions, we have, when their 
declination^ are of the same name, by putting 

S=:i{D + iy + E) (640) 

: •* . ««^ , / COS. S COS. (S — E)\ ,^... 

^ ^ \ COS. D COS. D J ^ ' 

But if the declinations are of the same name, 

. - «, . ^ <^T«*.« -/sin. S sin. (S — JS) \ .^^«. 

and the right ascension of the moon being thus found, the Greenwich 
time, when it has this right ascension, is easily found from the moon^s 
hourly ephemeris in the Nautical Almanac, and this method is the 
same with that in [B. p. 428]. 

X. The latitudes and longitudes may be used instead of the right 
ascensions and declinations, and the calculation will be as in [B. p. 
427]. The variation of daily motion is, in this case, to be had 
regard to, precisely as explained in (606-611). 

XI. The distances of the Nautical Almanac can be calculated from 
the right ascensions and declinations of the sun, moon, and stars, or 
their latitudes and longitudes, by resolving the triangles TPS (fig. 40) 
by either of the methods which have been given, when two sides and 
the included angle are known, as in [B. p. 434]. 

In calculating the distance of the sun and moon, the latitude of the 
sun may be usually neglected ; so that if SR (fig. 46) is an arc of 
the ecliptic, iS the sun's place, M the moon's, and MR perpendicular 
toSlZ, 

MR z= L = the moon's latitude, 
iSjR = Li = the difT. of long, of © and J) , 
and cos. E = cos. SM = cos. L cos. L^, (643) 

as in [B. p. 433]. 

It would, however, be rather more accurate to take 
L = the diff. of lat of and J>. 
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XII. The determination of the longitude by solar eclipses and 
occultations, will be reserved for another chapter. 



103. Examples. 
1. Calculate the correction of Table XLV, when 

T= 1* 50~, and 5 = 9« == 640*. 

SobUion. 1* 60« P. L. 1« W ar. co. 8.0080 

12* — 1* 50* = 10* 10« P. L. 10« 10« ar. co. 8.7519 

2 P. L. 12« 2.3522 

iB = 270* 2.4314 



corr. = 3^.9 1.5435 

2. Calcolate the correction of Table XLV, when 

r=3*10«, andB = ll«. 

Ans. 64'. 1. 

3. Find the right ascension of the moon^s bright limS, Sept. 25, 
1830, at the time of the transit over the meridian of New York. The 
right ascension of the moon for the two preceding and the two 
following transits at Greenwich are 

Sept. 25. Moon II. L. T. 2* 0-36'.69 

Moonn. U.T.2 30 38.08 

Sept. 26. Moonll. L.T. 3 1 33.18 

Moon n. U. T. 3 33 19 .89 

The Longitude of New York is 4 56 4 .5 . 

Atu. 2*43«14».4. 

4. At a place in west longitude, Oct. 25, 1839, the moon^s bright 
limb passed the meridian 10"> 6^.83 sideral time, before the star 
C. Tauri ; find the longitude of the place of observation. 

The right ascension of the star C. Tauri was 5* 43» 16'.84, and 
those of the moon 

24» 
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Oct 25. Moon II. L. T. 4* 43« 53..55 

MoonIL U. T. 5 18 28.40 

Oct. 26. Moonll. L.T.5 52 51.91 

MooqII. U. T. 6 26 40 M 

Afu. 76^ 53' 33" W. 

5. Find the moon^s parallax in altitude, and the correction and 
logarithm of Table XIX, when the altitude is 40^ 40', and the horizon- 
tal parallax is 58'. 

Solution. 



58' 


P. L. 0.4918 
sec. 0.1200 


Parallax in alt. = 44' 


P. L. 06118 


Table XII. Refrac. = 1' 6" 


9.6990 



Corr. = 16' 48" • = 59' 42" — 42' 54" P. L. 0. 



Log. of Table XIX = 0.2018 

6. Find the correction and logarithm of Table XVII for a star, 
when the iiltitude is IS"* 15'. 

Ans. Corr. = 56' 2", Log. z= 1.3433. 

7. Find the correction and logarithm of Table XVII for Venus or 
Mars, when the parallax is 20", and the altitude 24'' 30'. 

Ans. Corr. = 58' 14", Log. = 1.6647. 

8. Find the correction and logarithm of Table XVIII, when the 
altitude is 56^. 

Ans. Corr. = 69' 26", Log. = 1.9544. 

9. Find the correction and logarithm of Table XIX, when the alti- 
tude is 70^, and the horizontal parallax 54'. 

Ans. Corr. = 41' 34", Log. = 0.2299. 



* The n ambers of Table ZTX are so disposed in the Navigator, that the 
corrections of proportional parts of parallax are all additive. This is effected 
by placing each number opposite that parallax, which is 10'' less than the one 
to which it belongs. There is, therefore, a correction for 0" of parallax. 
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10. Compute the value of the auxiliary angle m, in the first and 
second methods of correcting the lunar distance, when the moon's, 
apparent altitude is 40^ 40', its horizontal parallax 56', and the sun's 
apparent altitude 70^. 

Solution. The values of m might be computed directly from (585), 
but it is more convenient to obtain it by some process of approxima- 
tion. For this purpose let 

m = 60* + * m, 
and we have 

2 COS. (60- + » m) = ''^- (*+/^)co«- ('»-*«) 
^ * ' cos. b cos. a 

= 2 cos. eOf" COS. a m — 2 sin. 60"" sin. 9 m (644) 

= (cos. Sh — tang, h sin. 9 h) (cos. ^ a -f- tang, a sin. 6 a), 

in which we may put 

2 cos. 60' = 1 , COS. a J = 1 — 2 sin.2 ^ * i = 1 — J a ja sin.* 1" 

cos. ' m = 1 — J a m« sin.« 1", 

and (644) becomes 

2 a m sin. 60*" = a ^ tang. b. — da tang a (645) 

-I- J(aj9_am2)8in. 1". 

But if we take 

e ^=2 db sec. b . and 6 = 2 a a sec. a, 

Prop. log. e is th^ logarithm of Table XIX, and Prop. log. ef is the 
corresponding logarithm for the sun, star, or planet ; and by (645), 

Sm =: i e sin. i. cosec. 60** — J e' sin. a cosec. 60* (646) 

4. J (a 59 _ a ^a) sin. r' cotan. 60% 

whence in the present case 

e P. L. 0.2018 e' P. L. 2.0173 

40* 40' cosec. 0.1860 70* cosec. 0.0270 

60* sin. 9.9375 9.9375 

1*25' 7" 0.3253 1' 53" 1.9818 
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approx. im=i{V2b'T*— 1'53") = i(r23a4") =20'48''= 1248" 
a i^ = 42' 64" = 2574" 

n + ^m=zB822 3.5823 

9h — 9m= 1326 3.1225 

1" sin. 4.6856 

60** cotan. 9.7614 



com a m = 7" = i (14") 1.1518 

a m zi: 20' 48" + 7" = 20' 55". 

11. Compute the value of the auxiliary angle m, when the moon's 
apparent altitude is 25" 30', the horizontal parallax 60', and the star's 
apparent altitude 10". 

Ans. W 14' 3". 

12. Find the correction of Tahle XX, when the distance is 25'', the 
sun's altitude 10°, and the moon's altitude 25°. 

Solution, We should find, in this case, 

a^= 50' 6" aa= 5' 6" 

a"£ = — 27' 22" a* £ = — 3' 15" 

ib—6"E = V 17' 28" i= 4648" a a — a' JS = 8' 21" = 501" 
dh + ^'E= 22' U" sa-{'9'E= 1' 51" = 111" 



22' 44" = P. L. 0.8986 




0.899 


!• 17' 28" = 4648'< (ar. co.) 6.3327 




P. L. 0.366 


25" tang. 9.6687 




2 sin. 9.2S& 


1" eosec. 5.3144 




1" 2 cosec. 0.629 


1'6" = 66" 2.2U4 


501" (ar. CO.) 7.300 


J (66') = 33" 




111" (ar. CO.) 7.955 
2)6.401 


24" = 


18" 


+ 6" 3.200 



57" = corr. Table XX. 



$ 103.] LONGITUDE. 273 

13. Calculate the correction of Table XX, when the distance is 
120°, the sun's altitude 20'', and the moon's altitude lO"*. 

Ans. 10^. 



14. Calculate the corrections of Tables XL VIII, XLIX, and L, 
when the apparent distance is 28°, the moon's apparent altitude 38°, 
the planet's apparent altitude 18°, and its horizontal parallax 16''. 



Solution. 






6T80" 


P. L. 0.4956 


0.4956 


18" 


cosec. 0.5100 


380 ^^j,^ 0.2107 


28" 


sin. 9.6716 


tang. 9.7257 



5» _ 1st con = 4° 22' 9" 0.6772 5° + 2d cor. = 6° 6' 34" 0.4320 
6° 6' 34'' moon's par. in alt. = 45' 

28° moon's approx. alt = 38° 45^ 

28° 29' = approx. dist. 
18° 45' + 29' = 74' = 4440" ar. co. 6.3526 

38° 45' 45' — 29' = 16' P. L. 1.0512 



28** 22' = i sum tang. 9.73235 28° tang. 9.7257 

10° 22' = i diff. cotan. 0.73771 1" cosec. 5.3144 

i (28°) = 14° tang. 9.39677 2)39" 2.4439 

A =z 36° 21' tang. 9.86683 20" 

l8ttang. = 22°21' tang. 9.6140 9.614 

18° cotan. 0.4882 0.488 

By Table XII 2' 54' P. L. 1.7929 Table X, A. 33" P. L. 2.615 

2' 18" 1.8951 25" = cor. Table XIX 2.617 

2d ang. = 50° 21' tang. 0.0816 if X 25" = 11" = cor. Table L. 

38° cotan. 0.1072 

By Table XII 1' 13" P. L. 2.1701 

47" 2.3589 

Cor. Table XLVIII = 2' 18" — 47" + 20" = 1' 51". 
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15. Calculate the corrections of Tables XLVIII, XLTX, and L, 
when the apparent distance is W*, the moon's apparent altitude 5(f , 
the planet's.apparent altitude 30"*, and its horizontal parallax SCK'. 

Ans. Cor. Table XLVIII = 1' 25" 

XLIX =—21" 

L = — 18". 

16. Find the correction of the Table [B. p. 245] for the interral 
of 2* 30", and the difference of the Proportional Logarithms equal 
to 88. 

Ans. 15* 

17. If the observed distance were 45** 34' 10", the moon's apparent 
altitude 22* 19', its horizontal parallax 60 19", the planet's apparent 
altitude 42* 12', its horizontal parallax ]5".3; what is the true 
distance ? 

Solution. I. In this case m = 60 12' 28" 

a= 42*12' aa=51" a' = 42'll' 9" 

b= 22M9' ^5 = 53' 31" 5' = 23M2'31« 

a' + h'= 65'* 23' 40' — N. cos. = —0.41637 £ = 45° 34' 10" 

£+m= 105° 46' 38" N. cos. = —0.27189 

a^h + m= 124'* 43' 28" N. cos. =— 0.56963 

— 1.25789 

£— m = — 14'»38'18" N.cos.= 0.96754 

a-\^h—m— 4' 18' 32" N.cos.= 0.99717 

E'= 45" 1'24" N.cos.= 0.70682 

II. a — h + m= 80* 5' 28" —N. cos. =—0.17208 

a^h—m = —^ 19 28 — N. cos. = — 0.76239 

£ + m = 105 46 38 N. cos. = — 0.27189 

— 1.20636 

a' — 3'= 18* 58' 38" N. cos. = 0.94565 

£ — m = — 14 38 18 N. cos. = 0.96754 



JS' = 45 1 21 N. cos. = 0.70683 
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in. » = } (a + J + £) = 55** 2' 83" sec. 0.2419 

E = 4y 34" 10" sin. 9.8538 9.8538 

« — a == 12 50 35 cosec. 0.6531 0.6531 

« — E = 9 28 25 sec. 0.0060 6' 11". T. XDC. 0.1920 



69' 8'. Table XVU 1.8907 20^ 38" P. L. 0.9408 

43". P. L. 2.4036 32" Table XX. 



69*.51 27' 21" 

JB' = 45** 34' 10" + 59' 51" + 27' 21" — 2^ ±: 45' 1' 22". 

IV. Z = 47** 48' » z= 67' 41' 

t, = 80** 31' 35" cosec. 0.0060 
E = 45** 34' 10" sin. 9.8538 

9.6990 

9.5588 9.5588 

Z = 4r 48' sin. 9.8697 % = er 41' sin. 9.9662 
tj — « = 12'*50'35" cosec. 0.6531 

« , — Z = 32' 43' 35" cosec. 0.2671 

9 a = 51" P. L. 2.3259 * * = 53' 31" P. L. 0.5268 



Ist cor. = 42" P. L. 2.4075 2d cor. 1**26'22" 0.3189 

afc=53'31" 9a= 51" 



£'=54'13"+45°34'10'-|-31"— 18"— r2ri3" = 45M'28''. 

V. i(a + 3)= 32* 15' 30" tang. 9.80014 

i{a — h)= 9 56 30 cotan. 0.75627 . 

iE = 22 47 5 tang. 9.62330 

A == 123 28 14 tang. 0.17971 
l8t ang. = ]00» 41' 9" tang. 0.7242 

2d ang. = 146° 15' 19" tang. 9.8248 

a = 42' 12' cotan. 0.0425 ft = 22* 19' cotan. 0.3867 

— * a = 51- ' P. L. 2.3-259 ' > = 53' 31" P. L. 0.5268 



l8t cor. = —9" P. L. 3.0926 

2d cor. = — 32' 53" P. L. 0.7383 

£' = 45- 34' 10" — 9" — 32' 63" + 31" — 18" = 45* 1' 21". 
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VI. 6(y 19" p. L. 0.4748 0.4748 

II =z 42' 12' cosec. 0. 1728 J = 22" 19' cosec. O.4205 

E = 45' 34' 10" sin. 9.8538 tang. 0.0066 



Ist cor. = 4' 3' 16" 0.5014 2d cor, = 6° 22' 28" 0.9039 

Cor. Table XLVIII, XLIX, and L = 1' 31" 
E' = 45' 34' 10" + ir 3' 16" + 5' 22' 28" + 1' 31" — 10* = 45* 1' 25". 

VII. 
a= 42-12' N. sin. 0.67172 

h+E=z 67* 53' 10", i N. sin. — 0.46322 60' 19" P. L. 0.4748 
i — £ = — 23- 15' 10", J N. sin. 0.19739 

0.40589 ar. co. 0.3916 

£=45'»34'10", sin. 9.8538 



Cor. Table XLVIH, &c. = 1' 31" cor. = — 34' 17" 0.7202 

£' = 45" 34' 10" + 1' 31" — 34' 17" = 46* 1' 24". 

18. The apparent distance of the sun and moon is 70^ 50' 33'^ ; 
the moon's apparent altitude is 35*^-45' 4", its horizontal parallax is 
54' 24" ; the sun's apparent altitude is 70^ 48' 1" ; what is the true 
distance ? 

In this example m 6(f 17' 28". 

Ans, 70*8' 47". 

19. The apparent distance of a star from the moon is 31^ 13' 26"; 
the moon's apparent altitude is 8° 26' 13", its horizontal parallax is 
60S the star's apparent altitude is 35"* 40' ; what is the true distance? 

In this example m 60* 4' 16". 

Ans. 30*24' 48". 

20. Find the Greenwich time, Oct 3, 1839, when the moon's dis- 
tance from the sun was 38* 12' 9". 
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SobUian. 

Distance 1839, Oct. 3, 15* 38^ 59' 21" P. L. 0.3180 

38 12 9 



18* P. L. 3189 47' 12" P. L. 0.5813 



8180 T = 1* 93* 16* P. L. 0.2633 

9cor.T.= —3* 



Greenwich time = 16* 38" T. 

21. Find the Greenwich time, Jan. 2, 1839, when the moon's dis- 
tance from Aldeharan was 70^ 45' 13". 

1839. Jan. 2, 9* Greenwich time, Dist. = 69** 26' 29" 

P. L. = 0.2852 
12* P. L. = 0.2863 

Ans. 11* 31" 47*. 

22. The correct distance of the moon from fi Corvi, 1839, April 
3d, 11* 20*, in longitude 70** W. hy account, was 54** 8' 15" ; what 
was the longitude ? 

Solution. 54^ 8' 15" Gr.T. = 11*20- + 4*40*=16* 

D 's Dec. = 26 48 52 by N. A. sec. 0.04940 

:|c's Dec. rz 22 30 11 sec. 0.03439 



j^sum =5r43'39" cos. 9.79198 

Dist — i sum zr 2 24 36 cos. 9.99961 

2)19.87538 

3* 59" 43* cos. 9.93769 

*'s R. A. = 12 25 56 



3> 's R. A. = 16* 25"» 37* at Greenw. time = 16* 
Long. = 16* — 14* 20" = 4* 40" = 70*, as supposed. 

23. The correct distance of the moon from Castor, 1839, Nov. 
S4 
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29* 19*, in longitude 45** W. by account, was 78'' 3' ; what was the 
longitude ? % 

Greenwich, 1839, 

Nov. 29^ 21*, 3> 's R. A. = 12M&- 16'.5, Dec. = 3^ 48' 31 ' S. 

22*, 3>'8R.A.= 12 17 2.9, Dec. = 4 2 39 S. 

Castor's R.A.= 7 24 24.4, Dec. = 32 14 2 N. 

Ans. 44M8'W. 

24. Find the distance of the moon from the sun, 1839, August l^', 
Greenwich time at mean noon. 

©'s R. A. = 9* 25- 51'.72, Dec. = 15^ T 51".5 N. 
3>'sR.A.z=ll 42 23.48, Dec. = 57 27 .9 N. 

Ans. 36** 33' 14". 

25. Find the distance of the moon from the sun, 1839, August 14', 
Greenwich time at mean noon. 

©'s R. A. = 9* 33" 24'.57, Dec. = 14* 31' 28".2 N. 
J)'sR.A. = 13 8 27.62, Dec. = 10 25 54 .5 S. 

Ans. 6y50'38". 
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CHAPTER IX. 



ABEEEATION. 



104. The apparent position of the stars is affected by two 
sources of optical deception, so that they are not in the direc- 
tion in which they appear to be. 

The first of these sources is the motion of the earth, and the 
corresponding correction is called aberration. 

Aberration, like the earth's motion^ is either annual or di- 
urnaL 

105. Problem. To find the aberration of a star. 

Solution, The apparent direction of a star is obviously that of 
the telescope, through which the star is seen. Let S (fig. 47) be 
the star, and O the place of the observer at the instant of the ob- 
servation ; SO is the true direction of the star, or the path of the 
particle of light which proceeded from the star to the observer, and 
it would be the direction of the telescope if he were stationary. But 
if he is moving in the direction OPy the direction of the telescope 
OT must be such, that the end T was at the point E, in the line 
OS^ at the same instant in which the particle of light was at this 
point The length RT is, therefore, the distance gone by the 
observer while the light is describing the line OR. 

If, then, we put 

F =:: the velocity of light, 
» =; the earth's velocity, 
1= TOP=RTO, 
al = — liOT=the aberration from the true place, 



280 SPHERICAL A8TB0M0XT. [cH. IX. 

we have, # 

F: r = OB : TB = sin. J: — ^ I sin. 1" 

* I = — m sin. J. (648) 

106. Problem. To find the annual aberration in latitude 
and longitude. 

Solution. The earth is moving in the plane of the ecliptic at 
nearly right angles to the direction of the sun. Hence if TP 
(fig. 48) is the ecliptic, T the point towards which the earth is 
moving, S the true star, S' the apparent star, 

= the sun's longitude, 

J. z= the star's longitude, ^ ^i = the aherration in long. 
£ = the star's latitude, a L = the aberration in laL 

we have 

ST=l SP=:L, 

long, of T = O — 90% PT = O — 90^ — .1 = ^1 

PF=:dj=TP— TP\ 9L=SP — SP 

cos. T= cotan. I tang. J^ = cotan. (J-|-^ 7) tang. {J^ — dJ)^ 

whence tan, ^-a^) ^ tang, (f+aj) 

tang. >fj tang.i ^ ' 

and, by (346 and 347), 

sin. S J sin. 9 I 



8m.(2J^—dJ) sin. (2 1+^i' 



(650) 



or omitting S J. and ^ J in the denominators, and reducing by meaiu 
of (648), 

^ J sin. 2 ^, - sin. J^ cos. ^i * j 

sin. 2 J sin. I cos. I 

sin. A. cos. ^, .---. 

z= m ^ — _ ^ . (651) 

COS. I ^ ' 

But COS. I = COS. J^ COS. £, (652) 

whence S j = m sin. ^^ sec. L (653) 

== — m COS. (O — -') sec. L. 
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We also have 




^ sin. L sin. (L-|-^L) 
'"'•^- sin. I == sin. (I+al)' 


(654) 


whence 




sin. L sin. (I-|- * /) = sin. 1 sin. (L + ^ L), 


(655) 


, , - sin. L COS. J ; _ 

and a L = ^^. — y * I 

COS. L sm. J 





= — m tang. L cos. / 
=3 — m COS. ^i sin. L 
= — nt sin. (0 — J) sin. L. (666) 

107. Problem. To find the annual aberration in distance 
and direction from the vernal equinox. 

Solution. Let A (fig. 48) be the yemal equinox, and let 
M = SA^ a Jlf = aberration of M 
N= SAT, 9N= aberration of N. 

Now we have 

jt mr XT At»m si^. © — COS. Jtf COS. I , - 
a JU = * ICOS. AST = ^ i^-: =: ^ I 

sm. M sm. I 

sin. O — COS. JIf COS. / //.b-,v 

= — m . — jrp . (657) 

sm. M ^ ' 

But 

cos. 7= sin. O cos. M — cos. Q sin. JIf cos. iV, (658) 

whence if we put 

B = — TO sin. (659) 

C = — TO cos. 0, (660) 

we have 

* Jtf = J5 sin. JIf + C COS. JIf cos. 2V. 

Again ; the triangles ASS and ATS give by (302), 

3in.^sr= "°- f; ^ ^ =_ <^- Q "°- j^ (661) 

^ I sm. / ^ ' 

x-M ^ si"« -^ C sin. N ,^^_. 

' iV = TO COS. © -. 5r=r = : =;=:-. (662) 

^ sm. JIf sm. JIf ^ ' 

84* 
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108. Problem, To find the annual aberration in right as- 
cension and declination. 

Solution, If ilT (fig. 48) were the equator, we should have 

D==SP, R=zAP, 

and if we put 

JVj = SAPf • = obliquity of ecliptic, 
we have 

JV, = iV + «, 

and the triangles ASP, ASP' give 

sin. D z= sm. Jlf sin. N^ (663) 

sin. (D — a D) = sin. {M— iM) sin. (N^ — SN) (664) 
COS. DSD= sin. M cos. N^ 9 N+ cos. M sin. N^sM (665) 
= B sin. M COS. M sin. iV^ 
— C (sin. 2V COS. N^ — cos.* M sin. N^ cos. iV), 

and if we put 

-4 — C COS. « (666) 

J' = sin. M COS. -flf sin. iV, sec. D (667) 

a' = — (sin. iVcos. N^ — cos.* M sin. N^ cos. iV) sec. 2) sec. », (668) 

we have 

cos. M = COS. D COS. R (669) 

cotan. IV, z= sin. R cotan. D (670) 

• iLff Tvr sin. D cos. IV. . n ^ ivr ,r^^x 

sm. Jw cos. IV, = : — =r= — i = sin. D cotan. IV, (671) 

sin. aY> 

= sin. D sin. It cotan. D z= sin. A cos. D 

V = sin. D COS. It cos. D sec. D = sin. D cos. it (672) 

a' = — [sin. (IV — IV,) -|- sin.* Jtf sin. IV, cos. IV] sec. D sec. » 

^ [sin. 01 — sin.* M sin.* IV, sin. «] sec. D sec. » 

— sin.* M sin. IV, cos. IV, cos. » sec. D sec. « 

1= ( 1 — sin.* D) sin. » sec. 2> sec. » — sin. JIf sin. Dcos. IV, sec. D 

= COS. D tan. » ^- sin. it sin. D (673) 

BDznAa'-^-BV. (674) 
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Again, we have 

COS. M = COS. R COS. B (675) 

COS. (Jtf + a Jlf) = COS. (K + a E) cos, (D + a D) 
COS. B sin. It a It = sin. MdM — cos. R sin. BS B 
= B (sin.2 Jlf — ft' COS. R sin. D) 
-f- ii (sin. M COS. JIf COS. N sec. » — a' cos. It sin. D), (676) 

and if we put 
ai= (sin. Jlf COS. Jlf cos.iVsec.(D — a' cos. it sin. D) sec. D cosec. It 
b = (sin.* M — h' COS. It sin. B) sec. B cosec. E, 

we have 
a COS. D sin. It = sin. Jlf cos. Jlf cos. N^ -{- sin. R cos. R sin.* D 
-|- (sin. Jlf COS. Jlf sin. N^ — cos. It sin. B cos. B) tan. m 
= sin. R COS. jR (cos.* B + sin.* B) 
-|- (sin. Jlf sin. N^ cos. It cos. B — cos. It sin. Jlf sin. N^ cos. B) tan. « 
= sin. jR COS. R 
a = COS. J!t sec. B (677) 

b COS. D sin. jR = 1 — cos.* Jlf — sin.* B cos.* R 

= 1 — COS.* B COS.* J8— sin.* Dcos.* R 
= 1 — COS.* J8 = sin.* jR 
ft = sin. JS sec. B (678) 

dR=zAa+Bb, (679) 

and formulas (659, 660, 672, 673, 674, 677, 678, 679) agree with 
those given in the Nautical Almanac for finding the annual aberra- 
tion. 

109. Corollary. The value of m, which is used in the Nautical 
Almanac, is 

m = 20''.3600, 

which gives 

OT cos. « = 20'^3600 cos. 23^ 27' 36".98 = 18".6768. 

110. Scholium. In the values of the aberration in right ascension 
and declination, each term consists of two factors, one of which is the 
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same each instant for all the stars, and the other is the same for each 
star, during several years. 



111. Corollary. If in (674) and (679) we pat 

« = il tan. 01 (680) 

Bz=hco3.H (681) 

A=zh sin. H; (682) 

they hecome 
'2> = tcos. D — h sin. JErsin.lt sin. 2) -|- Acos.fi' cos. JRsin. D 
= t COS. D 4- A COS. {H+ R) sin. D (683) 

S Rz=:h sin. Hcos. It sec. D'\-h cos. JET sin. It sec. D 

= h sin. (H+ R) sec. D, (684) 

which agree with the formulas in the Nautical Almanac. 

112. We have from (659-679) 

* JR = sec. jD [ — mcos. ocos. © cos. JR^m sin. © sin. JR] (685) 
= sec. D [ — i m (cos. « + 1) (cos. © cos. JR -f- sin- O sin. It) 
-f- J «» (1 ^ cos. cu) (cos. O cos. Jt ^ sin. © sin. It)] 
= sec. D [ — m C0S.3 J » COS. (E — ©)+«»8in.^ J«cos.(lt4-©)], 
and if we put 

Q=R^©,Qf=R + (686) 

n = — m cos.2 ^ », n' = m sin.^ ^ o, (687) 

(645) becomes 

a It = sec. D (n cos. Q + n' cos. Q'), (688) 

and the values of n cos. Q and n' cos. Qf may be put in tables like 
Parts I and II of Table XLII of the Navigator. 

Again, we have 
a P = sin. D (m cos. « sin. Jt cos. © — m cos. R sin. ©) 
— m sin. » cos. © cos. JD 
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= sin. D [^ m (cos. «» + 1) sin. Q — ^ m (1 — cos. ») sin. QQ 

— } w sin. « [cos. (o -Jl 2>) + (cos. © — D)] 

=8in. D [— TOC0S.8 J«(cos. Q+90^)+J»isin.«i«cos. (Q'+SO*)] 

— J nt sin. « [cos. (© -|- D) + cos. (© — D)] 
= sin. D[—n cos. (Q + 90*) + n' cos. (Q' — 90*)] 

— i m sin. « [cos. ( © + D) + cos. (© — D)], (689) 
and the values of 

— im sin. « COS. (^ -|- D) and — ^ m sin » cos. {@ -^ D) 

may be put in a table like Part m of Table XLII. The rules for 
finding the variations in right ascension and declination are then the 
same as in the explanation of this table. 

113. In constructing Table XLII, the values of m and » were 
taken 

m z= 20", « z= 23^ 27' 28", (690) 
whence 

n = — 19".173, n' = 0".827, (691) 

— J OT sin. « = — 3".9814. (692) 

114. By putting 

© — ^ = P, (693) 

we have, by (6&3 and 656), 

a L = — m COS. (P — 90^) sin. I (694) 

9 J =z — m COS. P sec. L, (695) 

80 that if the values of 

— m COS. P 

are inserted in tables like Table XLI of the Navigator, the variations 
of latitude and longitude are found by the rule given in the explana- 
tion of this table. 

115. If the star is nearly in the ecliptic, the aberration in latitude 
may be neglected, and the aberration in longitude will be by (695) 

^^ = — i»cos.P (696) 
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116. Problem. To find the diurnal aberration in right 
ascension and declination. 

Solution. Let 

V* = the Telocity of a point of the equator, arising 
from the earth^s rotation, 

m^=—?—rj^. (697) 

The velocity of the observer is evidently in proportion to the circum- 
ference which he describes in a day, that is, to the radius of this 
circumference, or to the cosine of the latitude. 

The velocity of the observer = v* cos. lat 

Now, the diurnal motion is parallel to the equator, whence the 
formulas (653) and (656) may be referred at once to the present 
case by putting 

Z = the right ascension of the zenith, 

and changing m into mf cos. lat., Q — j into Z — A, and L into D; 
whence the diurnal aberrations in right ascension and declination are 

^' K = — j»' cos. (Z — R) sec. D cos. lat 
d'D=z — m' sin. (Z — R) sin. D cos. lat 



117. The value of w' is nearly 

m' = 0".31. (700) 

118. Problem. To fi?id the aberration which arises from the 
motion of a planet. 

Solution. The most important planets revolve about the sun almost 
uniformly in circles, and in the plane of the ecliptic. At the instant, 
then, of the light^s reaching the earth, the planet has advanced in its 
orbit by a distance proportioned to its velocity, and to the time which 
the light takes in reaching the earth. Let then 5 (fig. 49) be the sun, 
and 0, 0[ perpendicular to 0^5 the path of the planet ; and put 

V J = the velocity of the plane, 
r=zOS, Ti = 0,S, 
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we have 

,,^ = -0.00; = _-§^^ = _.„.cos.P, (701) 

But it will be shown in Theoretical Astronomy that 
©2 : rj = rj : r ; 
hence 



m^ : TO? = «8 : r? = r^ : r 
, r 
^1 -^ = — TO V — COS. Pj ; 



(703) 
(703) 



and this aberration being combined with (696) gives the whole aber- 
ration in longitude, from which a table, like Table XXXIX of the 
Navigator, may be constructed. 

119. Examples. 

1. Find the values of log. A, log. E, A, JET, and i for May 1, 
1839, when © = 40** 52' 56". 

Ans. log. A = 1.1498* 

log. B = 1.1248* 

h = 19".42 

^=226^40^ 

» = — 6".13 

2. Find the values of log. a, log. ft, log. a', log. b* for Altair in 
the year 1839. 



SohUion. 
11 = 19* 42" 55* 
D = &'2& 52" 


COS. 9.63760 sin. 9.95466 « 
sec. 0.00474 sec. 0.00474 


R COS. 9.63760 
D sm. 9.16704 


log. a = 9.64334 log. h = 9.95040* 
sin. 9.95466» 
sin. 9.16704 cos. 9.99526 


log. V = 8.80464 


0.13234 9.12170" « tan. 9.68747 




0.42927 9.63273 


a* 


= 0.56161 log. a! = 9.74944 
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3. Find tbe values of log. a, log. ft, log. a', log. h\ for Begulos 
in the year 1839, for this star, 

ll«i9*69"48», I> = 12*45'r'. 

Ans. log. a = 9.94816* 
log. h = 9.71048 
log. a'= 9.49516 
log. £'= 9.28122* 

4. Find the numbers of the different parts of Table XLII for tbe 
argument T2ff=^23ff. 

Ans. 12''.32 for Part I, 

-.a'.53 for Part n, 

2".56 for Pftrt in. 

& Find the number of Table XLI for 7' 20^* 

Ans. 12''.9. 



6. Find the abermtiQa in right ascension and declination of Altair 
for May 1, 1839. 



SobUion. I. 



A 1.1498* 1.1498<i 

a 9.6423 a' 9.7494 



— e^^O 0.79211 — 7".93 0.8992- 

B 1.124811 1.1248- 

h 9.9594« V 8.8046 



12M4 1.0842 — 0".85 9.9294» 



a R = 5".9 = 0'.39 * fl = — 8".78 
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XL 

JT+az=162'44' + 360^ sin. 9.4725 cos. 9.9800 n 
A = 19".42 1.2882 1.2882 

D = 8^ 27' sec 0.0047 sin. 9.1670 



aB=:5".83 = 0'.39 0.7654 —2^.72 0.4352» 

icos.D = — 6".06 

ajDi=— 8".78 

m. 

jR — G = 255** 40' z= 8* 15^ 50* P. I. = 4''.75 

JR + O = 76^ + 360 = 2' W + 12* P. IL = 0".20 

4".95 0.6946 

D sec. 0.0047 



an = 5" = CSS 






0.699 


8" 15» 40' + 3'= 11' 15" 40' 


P. L — 18".57 






2* 16° + 8* =5' 16° 


P.n 0".80 








— 19".37 


1.2871* 




D 

— 2".85 


sin. 


9.1670 




0.4541- 


0+D = 48'' = l'18'' 


— 2".66 






G— i>=32'' = l' 2" 
tD = 


— 3".38 

— 8".89 







7. Find the aberration in right ascension and declination of 
Regulus for May 1, 1839. 

Ans. By Naut. Aim. S R = 0'.38 

^ By the Navigator d R = 0'.38 

ajD=— 1".91 

25 
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8. Find the aberration of Hegulus in latitude and longitude for 
May 1, 1839. 

Ana. SJ = 6".5 
S D = 0".15. 

9. Find the aberration of Venus in longitude, when the difference 
of longitude of Venus and the sun is 45^. 

Solution. r 0.0000 0.0000 

r, ar. co. 0.1407 i (ar. co.) 0.0703 

P = 45'' sin. 9.8495 20"' log. 1.3010 

Pi= sin. 9.9902 cos. 9.3214 

0.6927 
— 5" when Pj is acute, -|- 5" when P^ is obtuse, 
— 14" from Table XLI,* — 14" 

ij^ss — 19" when P^ is ac, = — 9" when P, is obtuse. 

10. Find the aberration of each of the planets in longitude, when 
the difference of longitude of the sun and planet is 15^. The talue 
of log. r^ for each of the planets is 

For Mercury 9.5878 is the mean value, 
V^nus 9.8593 
The Earth 0.0000 
Mais 0.1829 

Jupiter 0.7161 
Saturn 0.9795 

Uranus 1.2829 

Ans. For Mercury — 43" when P, is acute, 
4" when Pi is obtuse, 



Venus 


—41" when Pj is acute, 




3" when Pi is obtuse, 


Mara 


36" 


Jupiter 


28" 


Saturn 


26" 


Uranus 


24" 
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11. Find the diurnal aberration of right ascension and declination 
of Polaris for Jan. 1, 1839, and latitude 45'', when the hour angle is 
0*30-. 



Solution. 


0",31 


9.4914 


9.4914 




45» 


COS. 9.8495 


9.8495 


D=88»27' 




sec. 1.5678 


sin. 9.9998 


0»80" 




COS. 9.9963 


sin. 9.1157 



^'JR = — 8".04 = — 0'.53 0.9050 a' Dz=:0".03 8.4664 

12. Find the diurnal aberration of 9 Ursae Minoris in right ascension 
and declination for Jan. 1, 1839, and latitude 0°, when the star is 
upon the meridian. 

Dec. of a Ursffi Minoris = 86^ 35'. 

Ans. •>'« = — 0'.35 
a'l> = 0. 
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CHAPTER X. 

REFEACTION. 

120. Light proceeds in exactly straight lines, only in the 
void spaces of the heavens; but when it enters the atmos- 
phere of a planet, it is sensibly bent from its original direction 
according to known optical laws, and its path becomes curved. 
This change of direction is called refraction; and the corres- 
ponding change in the position of each star is the refraction of 
that star, 

121. Problem. To find the refraction of a star. 

Solution, Let O (fig. 50) be the earth's centre, A the positioD of 
the observer, AOK the section of the surface formed by a vertical 
plane passing through the star. It is then a law of optics, that 

Astronomical Refraction takes place in vertical planes, so as to 
increase the aUiiude of each star without affecting its azimuth. 

Let, now, ZIH be the section of the upper surface of the upper 
atmosphere formed by the vertical plane, SI the direction of the ray 
of light which comes to the eye of the observer. This ray begins to 
be bent at /, and describes the curve LI, which is such, that the 
direction ilC is that at which it enters the eye. Let, now, 

(p = ZAC = the ^'s apparent zenith distance, 
r = the refraction, 

= the diff. of directions of ilC and IS.^ 

= SIL — S'CL 
u = COZ, 
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and we have 

LCS' = (p — u, 
SIL = (p — tt + r. 

Again, it is a law of optics that the ratio of the sines of the 
two angles LIS and ZAS' is constant for all heights^ atid 
dependent upon the refractive power of the air at the observer. 

Denote this ratio by n, and we have 

Bin.(»-« + r) ^ 

Sin. ^ ' 

and if 

17 and It = the values of u and r at the horizon, 

we have 

Bin.(»-« + r) ^^^^ (705) 

sin. 9 \ / \ / 



whence 



sm. ^ — s in. (^ — « + r) _ 1 — cos. {U — B) ' 
aia.(p-\- sin. lf — u-\-r) ~ l-j-cos. (17— B) 



(706) 



t^Hnl±^(=^ = -«-'i(^-«)=i^. (70T) 

and since J (u — r) is small, 

i (tt— r) = iVtang. [(p — J(tt— r)]. (708) 

Again, to find u, the triangle COA gives 



sin. {<p — u) Oil 

sin.f) ^ OC* 



(709) 



Now the point C is at different heights for different zenith dis* 
tances of the star; but this difference in the values of OC is small,- 
and may be neglected in this approximation ; so that 

sin. (^ — u) -_ OA /i^,^v 

-A-— i=cos.l7=.p=^, (710) 



sin.(p '• " - OK' 

sin. <p — sin. (^ — «) 1 — cos. U 

sin. <P4" sin. (^ — u) 1-f-cos. W 

tan. J ti = tang.a J 17 tan. ((p— i »). (712) 

86» 



(711) 
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and since u is small, 

J u = tang.9 i U tang, ((p — J u), (713) 

which, compared with this rough value of ^ (u — r) from (708), 

J (tt— r) =z N tan. (<P — i «) (714) 

gives 

and if we put 

2N 



p = i(iV>— 1), (717) 
we have, by (708), 

i{u — r)z=pr (718) 

r = m tan. (<p—pr), (719) 

and the values of m and p must be determined by observation ; 
and their mean values, as found by Bradley, and adopted in the 
Navigator, are 

m = 57^036, p = 3, (720) 

by which Table XII is calculated. 

122. The variation in the values of m and p for difierent alti- 
tudes of the star, can only be determined from a knowledge of the 
curve which the ray of light describes. But this curve depends upon 
the law of the refractive power of the air at different heights ; and 
this law is not known, so that the variations of m and p must be de- 
termined by observation. At altitudes greater than 12 degrees, the 
mean values of m and p are found to be nearly constant, and obser- 
vations at lower altitudes are rarely to be used. 

123. The mean values of m and p, which are given in (720), 
correspond to 

the height of the barometer = 29.6 inches, (721) 

the thermometer = SO** Fahrenheit. (722) 

Now the refraction is proportional to the density of the air ; but, 
at the same temperature, the density of the air is proportional to its 
elastic power, that is, to the height of the barometer. If then 
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h ^ the height of the barometer in inches, 

r a=a the refraction of Table XLI, 

a r s= the correction for the barometer ; 

we have 

r:r + 9r = 29.e:h (723) 

29.6 Sr = {h — 29,6) r (724) 

{h — 29.6) ,_^, 

^"= 29.6 "- (^^^> 

whence the corresponding correction of Table XXXVI is calculated. 

Again, the density of the air, for the same elastic force, increases 
by one four-hundredth part for every depression of V of Fahrenheit ; 
hence the refraction increases at the same rate, so that if 

a' r = the correction for the theiunometer, 
/= the temperature in degrees of Fahrenheit, 
we have 

*'r = ^r. (726) 

whence the corresponding correction of Table XXXVI is calculated, 

124. Examples. 

1. Find the refraction, when the altitude of the star is 14®, and the 
corrections for this altitude, when the barometer is 31.32 inches, and 
the thermometer 72° Fahrenheit. 

Solution. 5r'.0351og. 1.75614 

76° tan. 0.60323 



1st app. r = 228".7 zz: 3' 48".7 2.35937 

57".035 1.75614. 

76° — 3 r = 75° 48' 34' tan. 0.5971 1 



2d app. r = 226" = 3' 46" 2.35325 2.353 

31.32 —29.6 = 1.72 0.235 50 — 72 = — 22 1.342it 

29.6 ar. co. 8.529 400 ar. co. 7.398 

S r = 13" 1.117 a' r = — 12" 1.093 
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2. Find the refraction, when the altitude of the star is 50^, and the 
corrections for this altitude, when the barometer is 31.66 inches, and 
the thermometer 36°. 

Ans. The refraction =48" 

Correction for barometer = 3" 
Correction for thermom. = 2". 

3. Find the refraction, when the altitude of the star is 10°, and the 
corrections for this altitude, when the barometer is 27.80 inches, and 
the thermometer 32°. 

Ans. The refraction = & 15" 

Correction for barometer = — 19" 
Correction for thermom. =s 15". 



125. Problem, To find the radius of curvature of the path of 
the ray of light in the eartKs atmosphere. 

Solution. By the radius of curvature is meant the radius of the 
circular arc, which most nearly coincides with the curve. Now this 
.radius may be found with sufficient accuracy, by regarding the whole 
curve AB as the arc of a circle ; and if we put 

r J = the radius of curvature, 
12 J = OA = the earth^s radius, 



we have 
or, nearly. 



AC: R^=z sin. u : sin. (<p + «), (727) 



AB : Rj z= tt sin. 1" : sin. (p 

AB = ^ll^^. (728) 

sm. (p 

Again, the radii of the arc AB^ which are drawn to the points A 
and B^ are perpendicular to the tangents AS and BS, so that the 
^ angle which they make with each other is 

SAS=zr; 





r - "*' 

* r sin. <?> 


But, by (718), 


tt = 7r, 


whence 


r - ^«» 

* Sin. <p 


so that at the horizon 






r,=7R,, 


as in (284, 285). 
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that is, r is the angle at the centre, which is measured by the arc AB^ 
consequently 

AB = r, sin. r=zr^r sin. 1", (729) 

whence 

(730) 

(731) 
(732) 



(733) 



126. Problem. To find the dip of the horizon. 

Solution, The dip of the horizon is the error of supposing the 
apparent horizon to be only 90** from the zenith, whereas it is more 
than 90®. If O (fig. 51 ) is the centre of the earth, B the position of the 
observer at the height AB above the surface, O' the centre of curvature 
of the visual ray BT, which just touches the earth's surface at T, ^P 
perpendicular to O'B^ is the direction of the apparent horizon, and 

9 H = HBT = OBO' = the dip. 

The triangle BOO gives 

BO' : 00' = sin. BOO : sin. d H = sin. BOT : sin. a H, 

or, since BO z=l BO nearly, and 00 = (S BO, 

and i H and BOT are small, 

7:6 = BOT:9H 

^H=^BOT=t-j^^. (734) 

But, by (285), we have, if we put 

= 2 V (^ B A) (735) 



298 SPHERICAL ASTHONOMT. [CE. X. 

whence 

and 

log. 9H= log. 2 — log. {^iR)— log. sin. 1" + i log. h 

z= 1.77128 + i log. A, (737) 

which is the same with the formula, given in the preface to the 
Navigator, for calculating Table XIII. 

127. Problem. To find the dip of the sea at different distan- 
ces from the observer. 

Solution. Let O (fig. 52) be the centre of the earth, B the observer 
at the height 

h = AB (in feet) 

above the sea, and A' the point of the sea which is observed at the 
distance 

d = A A' (in sea miles) = AOA' 
from B ; and let 

M = the length of a sea mile in feet. 
If the radius OA' is produced to B', so that 
A'B' = AB, 

the point B' will bo elevated by refraction nearly as much as the 
point A'. But the visual ray BB' will, from the equal heights of J} 
and -B', be perpendicular to the radius OC, which is half way between 
B and B\ so that the dip of B' is, by (734), 

iB = ^ BOC = ^ AOA' = ^d. (738) 

The dip of the point A' will be greater than B* by the angle 

i = BBA, 

which it subtends at B, and which is found with sufficient accuracy 
by the formula 



$180.] 



But, by (286), 
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t- * 




(740) 


M sin. I'd' 


10800' 




(741) 


1 10800' 


0.56514, 


(742) 


Jf sin. 1' ~ »Jlsin. r "" 


Jlp of A' is 






*il = f d + 0.56514 


h 
d' 


(748) 



which is the same with the formula, given in the preface to the 
Navigator, for calculating Table XVI. 

128. Refraction, by elevating the stars in the horizon, will 
affect the times of their rising and setting; and the star will 
not set until its zenith distance is 

90^ + horizontal refraction, 

and the corresponding hour angle is easily found by solving 
the triangle PZB (fig. 35). 

129. Another astronomical phenomenon, connected with the 
atmosphere, and dependent upon the combination of reflection 
and refraction, is the twilight, or the light before and after 
sunset, which arises from the illuminated atmosphere in the 
horizon. This light begins and ends when the sun is about 
18^ below the horizon ; so that the time of its beginning or 
ending is easily calculated from the triangle PZB (fig. 35). 

130. Examples. 

1. Find the dip of the horizon, when the height of the eye is 
twenty feet. 

Ans. 264" = 4' 24", 
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2. Find the dip of the sea at the distance of 3 miles, when the 
height of the eye is thirty feet. 

Solution. ^ X 3 = f = r.3 

0.56514 X 5 = 5'.6 

dip = 1', 

3. Find the dip of the sea at the distance of 2} miles, when the 
height of the eye is forty feet 

Ans. W. 

4. Find the dip of the sea at the distance of ^ of a mile, when 
the height of the eye is thirty feet 

Aiu. 68'. 
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CHAPTER XL 

PARALLAX. 

131. The fixed stars are at such immense distances from 
the earth, that their apparent positions are the same for all 
observers. But this is not the case with the sun, moon, and 
planets; so that, in order to compare together observations 
taken in different places, they must be reduced to some one 
point of observation. The point of observation which has 
been adopted for this purpose, is the earth's centre ; and the 
difference between the apparent positions of a heavenly body, 
as seen from the surface or the centre of the earth, is called its 

132. Problem. To find tfie parallax of a star. 

Solution. Let (fig. 53) be the earth^s centre, A the observer, 
5 the star, and OSA, being the difference of directions of the visual 
rays drawn to the observer and the earth's centre, is the parallax. 
Now since SAZ is the apparent zenith distance of the star, and SOZ 
is its distance from the same zenith to an observer at 0, the parallax 

OSA=zp 

is the excess of the apparent zenith distance above the true zenith 
distance. If, then, 

% = SAZy R = OA = the earth's radius, 

r = OS = the distance of the star from the earth's centre, 

we have r : R=. sin. z : sin. p, 

11 sin. z 
or sm. p = — - — , (744) 
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133. 


Corollary. If P is the horizontal parallax, 


we have 






.in.P = J, 


*«. 


(746) 




P- ^ • 




(747) 


or 


rsin.!"' 


whence 


siD.p — sin. P. sin. z. 




(748) 


or 


p = P . sin. «, 




(749) 



which agrees with (604) and Tables X A., XIV, and XXIX, are 
computed by this formula, combined, in the last Table, with the 
refraction of Table XII. 



134. Corottary. In common cases, the value of the hori* 
zontal parallax can be taken from the Nautical Almanac ; but, 
in eclipses and occultations, regard must be had to the length 
of the earth's radius, which is different for different places. 
The earth is not a sphere, but a spheroid slightly compressed 
at the poles ; the polar radius being less than the equatorial one 
by about ^^^ pari. The sphelroid may be obtained from the 
sphere by such a compression over the whole surface parallel 
to the polar axis, that each place is brought nearer to the plane 
of the equator by -^iv^ P^rt. 

Thus, if OEAP (fig. 54) is a section of the earth through the 
polar axis OP and OEA'P\ the section of the sphere of which the 
equatorial semidiameter OE is the radius ; and if A*AM^ B*BN^ 
are drawn parallel to OP^ each of the distances AA^ B'B^ P*P^ &c., 
will be T^* part of the distances A'M, BN, P'O, &c. 

136, Problem. To find the reduction of parallax. 

The horizontal parallax is, by (747), proportional to the earth's 
radius, so that it diminishes at the same rate, from the equatorial 
value which is given in the Nautical Almanac. Hence, if AR b 
drawn perpendicular to Oil, 

L" = A'OL, 
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^ A = the diminution of R for the latitude £, 
ap = thatofP, 

R = the radius at the equator, 

P = the parallax at the equator, 

we have 

A*M = OA' sin. A^OM = R sin. i" 
AA^ = m U sin. L" •=.mR sin. i nearly • 
^ R = il'E nearly 

= AA' sin. il'ilR = w B sin.* L 
= ^ R sin.2 i 

= ^^(l— cos.2i) (750) 

ap = ^P8in.2L 

= ^P(1 — C0S.2L), (751) 

and if P is expressed in minutes, while a P is expressed in seconds, 
(751) becomes 

* P in seconds = -j^ (P in minutes) (1 — cos. 2 i), (752) 

which agrees with the formulas for calculating the reduction of 
parallax given in the explanation to Table XXXVIII of the Navi- 
gator. 

136. In reducing delicate observations to the centre of the earth, it 
must be observed that the centre is not exactly in the direction of the 
vertical. Thus, if A is the observer, Z the zenith, ZAh the vertical, 
Z' the point where the radius OA produced meets the celestial sphere, 
Z' is called the itut zenith^ and Z the apparent zenith. The angle 
ZAZ\ which is the difference between the polar distance of the true 
and apparent zenith, is called the reduction of the latitude^ and must 
be subtracted from the angle ALE^ or the latitude to obtain the 
angle A OE^ or the direction of the observer from the earth's centre. 
The angle AOE is called the reduced latitude^ and is to be substituted 
for the latitude in reducing delicate observations to the centre of the 
earth. 

137. Problem, To find the reduction of the latitttde. 
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133. 


Corollary. 


If P is the horizontal parallax, 


we have 






8in.P--, 


(746) 


g%m 




P- ^ • 


(747) 


ur 


""rsin.l"' 


whence 




sin. p — sin. P. sin. z, 


(748) 


or 




p =z P . sin. «| 


(749) 



which agrees with (604) and Tables X A., XIV, and XXIX, are 
computed by this formula, combined, in the last Table, with the 
refraction of Table XII. 



134. Corollary. In common cases, the value of the hori- 
zontal parallax can be taken from the Nautical Almanac ; but, 
in eclipses and occultations, regard must be had to the length 
of the earth's radius, which is different for different places. 
The earth is not a sphere, but a spheroid slightly compressed 
ai the poles; the polar radius being less than the equaioridtm 
by about ^^ part. The sphetoid may be obtained from the 
sphere by such a compression over the whole surface parallel 
to the polar axis, that each place is brought nearer to the plane 
of the equator by -^W^ P<^rl* 

Thus, if OEAF (fig. 54) is a seclioo of the earth tlirougli the 
polar axis OP and OEA'F\ llie scctton of the sphere of which the 
equatorial semidiameter OE is the rndius; and if A^AM^ BBN^ 
are drawn parallel to OP, each of the distances A'A^ B'By PT,^i 
will be ^**' part of tlie distances A'M^ B'N^ P'O, dec, 

136, Problem. To fnid the reduction ofparaUax. 

The horizontal pamlltix is, by (747), proportional tu ihe i 
radius, so that it diminishes at the aauie mte, tfom thilj 
Talue which is given in the Nautical Aii&atuic« 
drawn perpendicular to OA^ 




} 



-^im. ' .r 



c % :r ?i» rj:v*« ..i^ 









= -:. -^ ^ 7 — « 1 



?^ap*i X ^ z-.-r*^:^ ^~-_r ^ s- Tr":?rsRr* i -<«-* li»*3». 






S '»-Z. ZB: ZT 



mr-x a 
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But the triangle ZSPM gives, by putting 

N=zZH'H, ZH' = 90'— il", 
since H'M^N=W—N 

COS. -4" : cos, N p= cos. A : cos. N ; 
whence cos. A cos. N = cos. -4" cos. 2\P 

and iD = P cos. il" cos. 2V>. 

Produce H'Z and fl'P to £ and C, 

making 90*^ = H'E = WC. 

The right triangle ZEC will give 

ECz=zN, ZE=zWf — ZH' = A'' 
COS. ZC =008, Z£ cos. EC = cos. -4'' cos. N^ 
whence a D = P cos. ZC ; (763) 

and the triangle ZPC gives 

PC = 9(f — Pff = ly neariy, 
ZPC= 180*— ZPjBP=180« — (»+Ja*), 
whence, by (307), 

cos. ZC = COS. B cos. JD' — sin. JB sin. D' cos. (A -j* i ^^) 
aD = Pcos. Bcos. jy— Psin. P sin. D' cos. (A + jaA), (764) 

and formulas (761) and (764) agree with the rule in the Navigator 
[B. p. 404]. 

140. Corollary. By putting 

kzzzP sin. B sec. D, (765) 

(761) becomes 

ajizzrifcsin. (A + aA) 

r= X: sin. A cos. a A -{- JE: cos. A a A. 
^ Hence, if 

n = A: COS. A (766) 

(1 — n) a A = A: sin. A cos. B A 

, k sin. A> P sin. B sec. D sin. A .^^» 

"" (1— n) sec. ^A "" (1 — n) sec. a A ' ^^^^' 
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Tlie logarithm of the reciprocal of 1 — n is called the correction 
for ft, and is found from Table I, at the end of this volume) where it 
is placed opposite to the log. n. 

141. Corollary. Another process for computing 9 D lOBLy be ob- 
tained from (762). This equation gives 

* JD = P cos, NcoB. {A' —p) 

= P cos. IV cos. A* COS. p + Pp COS. IV sin. A' 

= P COS. N cog. A' cos. p -^ P.P cos, A cos. N sin. A' 

= P cos. iVcos. il' co8.p + P a JD sin. A'. (768) 

Let n' = P 8m.il', (769) 

and (768) gives 

(1 — n') d D=r P COS. N COS. A' cos. p 

(1 — n')sec.p ' ' 

The triangle ZMH gives, by putting 

N'z^ZHN, ZH=9(f—A"\ 
since HMZ = 90* + IV 

COS. A'" : COS. IV = cos. A' : cos. N" ; 
whence cos. il'" cos. N" = cos. IVcos. A' 

(1 — n') seep 

and -4'" and IV" can be deduced by direct solution of the triangle 
ZHP, in which 

ZPH = A + } a A, PH= PM= 90-— D nearly, 

and A"* may be substituted for A* in determining the value of the 
small quantity n' by means of (769), and sec. a D may be substituted 
for sec. p. 

142. Problem. To find the parallax in right ascension and 
declination. 
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Solution. Formulas (761-771) may be applied immediately to 
this case, by putting 

B = the altitude of the equator = the co-latitudef 
D = the true declination, 
jy = the apparent declination, 

A = the right ascension of the body diminished by that 
of the zenith = the hour angle of the body, 
^ 17 = the parallax in declination, 
a A = the parallax in right ascension. 

And formulas (761, 767, 771) correspond to those given by Wood- 
house, in his method of calculating eclipses and occultations, in the 
Nautical Almanac for 1826. The mean values of sec. a D and sec. p 
are there substituted for them, \vhich is 0.00006. 



143. The apparent diameter of a heavenly body is the angle 
which its disc subtends. 

144. Problem. To find the apparent semidiameter of a 
heavenly body. 

Solution. Let O' (fig. 56) be the centre of the heavenly body, A 
the observer, and AT the tangent to the disc of the body. The 
angle TAO* is the apparent semidiameter. Let 

R^ = O'T 

oznOAT 

r = A0\ 

O'T R 

we have sin. a = — — = —1 . (772) 

Hence, by (fig. 53), if A is the apparent altitude of the body, A 
the true altitude, 

3ip^_- Ri^^n.p _ R,8in.p 

''"• - R COS. {A +p) - R COS. A' ^^^^ 
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R ^ 

=-1.- S4.- <"') 

But if ^ is the horizontal semidiameter, we have 

^=^ (775) 

which is also the semidiameter, as seen from the earth^s centre; 
whence (774) hecomes 

^, _ 3 COS. ii __^ cos. (A'—p) 
cos. A' * COS. A* 

=:^^^tA±P^±AL = :,^l + Psrn.A'), (776) 
COS. A' ^ ' /' \ / 



or, by (769), 



«r=:f(l + n) (777) 



"1 — n 
P — 



(nearly) (778) 



R 1— n 

145. CoroUary. We have 

Ri = 0.2725 R (779) 

R =3.67 Ri (780) 

whence log. ^ = 9.43537, (ar. co.) = 0.5646, (781) 

so that formula (775) agrees with [B. p. 443. No. 10 of the Rule]. 

146. Corollary. If a a is the augmentation of the semidiameter for 
the altitude Aj we have, by (776), 

*c= ^ P sin. -4' = ^ P sin. il 

^^ Ft sin. A (782) 
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or, in order to express 9 a and P in seconds, 

a tf = ^ pa sin. 1" sin. A. (783) 



Now for the mean horizontal parallax of 57' 30", we hare 
R 



log. ^ pa sin. 1" = 1.19658 (784) 



_ pa sin. 1"= 16.72, (785) 

agreeing very nearly with the explanation to Tahle XV of the 
Navigator. 



147. Corollary, The augmentation can also be calculated without 
determining the altitude. Thus, from (774) 

But from (fig. 55) and (761) 

cos.^ = sin.Zitf' = !lBJ*+l*llf?li^zd^> (787) 

sm. Z ^ ' 

A I ' rm-mr siu. & COS. D tmtae%\ 

COS. A'z=. sm. ZAf = ; — = — (788) 

sm. Z ' 

COS. A sin. (& 4- ^ &) . COS. (J — > J J^ - . 

COS. A' sin. h cos. D ^ ' 

_cos.hcos,{D — dD)9h coa.{ D — 9D) 
cos. D sin. h * cos. D 

__ P.cos./t.sin..Bsin.(A+aA) ^ cos. (D— a D) 
cos. D sin. h * cos. 2) 

Now the latitude of the moon is so small, that, in the first terra, we 
may put 

cos D = 1, (790) 

which gives by (786), and putting 

H= ^ P . COB. * sin. B (791) 
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= H+H. P . COS. A sin. JB + IP 

= H-{'^+H'. (793) 

Now we have, by (791) and (792), 

H=^s.P. [sin. (E + A) + sin. {B — h)] (794) 

fl'=:?(tang. i^.^D + cos. aj— 1), (795) 

and formulas (793 to 795) agree with the method of calculating the 
augmentation of the semidiameter given in Table XLIV of the Navi- 
gator. The three first parts of this table are calculated for the value 
of^, 

s=W = 960" 
whence J ^ . P = 8". 18. 

The fourth part of the table is the correction which arises from the 
difference between the actual value of s and that assumed in the 
three former parts. If we put 

^ <> = the value of a « for ^ = 16', 
we have, by (782) and (795), 

256 

^\256 V 
„ , :?^ — 256 , 



as in the explanation of this table. 

148. Examples. 

1. Find a planet^s parallax in altitude, when its horizontal parallax 
is 25^^ and its altitude 30''. 

Am. 22". 
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2. Calculate the reduction of parallax for parallax 61', and lati- 
tude 82''. 

Solution. We have in (752), ^P = e.l 

2i = 164% coe.2L = — .961, l — cos.2L= 1.961 

ap=:12".0 

3. Calculate the reduction of parallax for parallax 57', and lati- 
tude 22''. 

Ans. VS. 

4. Calculate the reduction of parallax for parallax 53', and kti* 
tude eS"". 

Aris. 7".9. 

5. Calculate the reduction of latitude for latitude 70^. 

SobUion. We have by (759) 

m' 



sin. 1" 
2 L = 140' 


= 


COS. 

sin. 

448" 

sin. 

443".8 


2.83804 
9.80807 


Istapp. *!.= 0''7'23" 


2.64611 


2 Ir — « L = 139" 52' 37" 


9.80918 


iL= 7'28".8 


2,64722 



6. Calculate the reduction of latitude for latitude 20''. 

Am. 7'21".5. 

7. Calculate the reduction of latitude for latitude 50". 

Afis. IV 18".6. 

8. Find the moon's parallax in latitude and longitude, when her 
horizontal parallax is 59' 10".3 ; her latitude 3** 7' 19" S., her longi- 
tude 44** 36' 16" ; the altitude of the nonagesimal 37** 56' 14", its 
longitude 25^* 27' 16", the latitude of the place 43" 17' 18" N. 

Solution. By (761) and (764), 
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Seduced parallax = 59' 10".3 — 5".3 = 59' 5" = 3545" 

Heduced latitude = 43° 17' 18" — 11' 27" = 43** 5' 51" 

A = 44** 36' 16" — 25° 27' 16" = 19* 9' 

3545 3.54962 3.54962 3.550 

37* 56' 14" sin. 9.78873 cos. 9.89691 sin. 9.789 

3* 7' 19" sec. 0.00064 3^* 7' 19" cos. 9.99936 





3.33899 
sin. 9.51593 


46' 32" 


3.44589 
COS. 9.99899 




19" 9* 


3" 53' 51" 
46' 80" 




12' 


2.85492 
sin. 9.52027 


3.44552 
19» 15' 




19" 21' 


3" 53' 49" 
—2' 20" 


sin. 8.831 


*A=12'3" 


2.85926 
il 


COS. 9.975 


19» 21' 3" 


2.145 




7 = 44' 10" 





9. Find the moon^s parallax in latitude and longitude, when the 
horizontal parallax is 60' 6".2 ; her latitude T 30' 12" N., her longi- 
tude 130° 17', the altitude of the nonagesimal 85° 14', its longitude 
125° 17', the latitude of the place 46° 11' 28".4 N. 

Ans. Parallax in longitude = 5' 18" 
Parallax in latitude = 4' 30".5. 

10. Calculate the parts of Tahle XLIV, when the argument of the 
first part is 3* 19° = 109° ; that of the second 12".4, the moon's true 
latitude 1° 20' N., the moon's parallax in latitude 50', the sum of 
the three first parts 13", and the moon's horizontal semidiameter 
14' 50". 

Solution. 8". 1845 sin. 109° = 7".74 = Part I. 

n2".4)2 

Part III = 960" [sin. 50' tang. 1° 20' — 1 + cos. 50'] 
= 960" [sin. 50' tang. 1° 20' — 2 sin.^ 25'^ 

= 960" [0.00023] = 0".22. 
27 
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Part IV IS'X ^, = 2^ 

= — 1".83. 

11. Calculate the parts of Table XLIV, when the argument of the 
first part is 2' 16^, that of the second 15".5, the moon^s true latitude 
3^ S., the moon's parallax in latitude 20* ^ the sum of the three fint 
parts 11", and the moon's horisontal semidiameter 1& W. 

Am. Part I = 7"^ 
PM n = .25 
Part in=— 0.48 
Part IV =—0.90 

12. Calculate the number of Table XV, when the altitude is 45\ 

Am. 11". 

IS. Calculate the augmentation of the moon's semidiameter in 
Example 8 ; when the horizontal semidiameter is lO' 50^'. 

Solution. Part I = 6".87 + 2".58 = 9".45 

Part 11= 0.09 

Pfcrt in = — .75 



sum = 8".79 
Part IV = .92 

augmentation = 9".71 

14. Calculate the augmentation of the moon's semidiameter, in 
Example 9, when the horizontal semidiameter is 15' 30'^ 

. Am. 15''.54. 

15. Calculate the moon's parallax in right ascension and declina- 
tion, and her augmented semidiameter, for the Cambridge Observa- 
tory, when her hour angle is 57**46'48'S declination 2r42'55''S., 
and horizontal parallax 61' 16''.9. 
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Sobaion. 
P = the reduced parallax = 61' 16".9— 5".6 = 61'll".a= 3671".8 
90* — B z= reduced latitude = 42* 22' 48" — 11'26" = 42* 11'22" 
P 3.56482 Az= 57" 46' 48" 



sin. B 9.86978 


«n. 
corr. 

tan. 

COS. 

tan. 

COS. 

P 

D 


20 48 


tan.B. 

COS. 

tan. 4 
6= 34 

D = — 2 

«'= 1 

sin. 6 

sec. 

tan. 

sin. 
P 
n' 

hor. par. 
const 


0.04268 


secD 0.03197 


)8» 7' 36" 

3.46657 
9.92737 

330 

3 


9.72268 


k 3.46657 
hcoe. 9.72687 


9.76536 
)"'13'30" 


n 3.19344 


l''42'65" 


sec'A 


3*30' 35" 


' h = 2495".8 


3.39721 


9.70191 


«' 


9.17500 
tan. 

9.88863 


0.00481 
0.20635 


2V" 


9,91307 


il'" 


9.06363 


9.06074 


il'" 


9.99711 

3.56482 

89 
6 


3.56482 




2.62556 


n'con 
sec. ' J 


89 
3.36548 


J I) = 2827".4 


3.45139 


9.43537 



»=1004".0 3.00179 

16. Calculate the moon's parallax in right ascension and declination, 
and her augmented semidiameter, for Providence, when her honr 
angle is 58** 0' 18", declination 2V 42' 52" S., and horizontal paral- 
lax 61' 16"JJ. 

The latitude of Providence is 41* 49' 22" N. 

Am. The parallax in right ascension == 252d".2 

♦♦ " declination = 2803".9 

the augmented semidiameter = lOOS'^A 
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17. Calculate the moon's parallax in right ascension and decli- 
nation, and her augmented semidiameter, for Mount Joy Observatory, 
Portland, when her hour angle is 58** 15' 54", declination, 21"* 42' 52'' 
S., and horizontal parallax 61' 16".2. 

The latitude of Mount Joy Observatoiy is 43* 39' 52" N. 

Aru. The parallax in right ascension = 2426".0 

" " declination = 2864".2 

the augmented semidiameter = 1003".8 

18. Calculate the moon's parallax in right ascension and decli- 
nation, and her augmented semidiameter, for Mr. Bond's observatory, 
in Dorchester, when her hour angle is W* 38' 34", declination 
22'' 42' 8" N., and horizontal parallax 56' 14".4. 

The latitude of Mr. Bond's observatory is 42* 19'' 10". 

Atu. The parallax in right ascension = 2375".3 

" " declination = 1632".9 

the augmented semidiameter =: 928".5 



^ 151.] seupssa. 817 



CHAPTER XII, 

ECLIPSES. 

149. A SOLAR eclipse is an obscuration of the sun, arising 
from the moon's coming between the sun and the earth ; and 
occurs therefore at the time of new moon. 

It is central to an observer, when the centre of the moon 
passes over the sun's centre. It is total, when the moon's 
apparent disc is larger than the son's^ and total!/ hides the 
sun. It is annular, when the moon's apparent disc is smaller 
than the sun's^ but is wholly projected upon the sun^s dt9C 

The phase of an eclipse is its state as to magnitude. 

150. An occvUation of a star or platiet is an eclipse of this 
star or planet by the moon. 

A transit of Venus or Mercury is an eclipse of the sun by 
one of these planets. 

151. Problem. To find when a solar eclipse will take place. 

Solution. Let O (fig. 57) be the sun^s centre, and 0| the moon^s 
centre at the time of new moon, and let 

yB == the latitude of the moon at new moon 
^00,. 

Let OiVbe the ecliptic, and N the moon^s node, so that NO^ is the 
moon's path. Let 

iV := the inclinatioB of the moon^s orbit to the ecliptic ; 

Draw OP perpendicular to the moonl's orbit, and if» when the moen 
87» 
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arrives at P, the sun arrives at O, the least distance of the centres 
of sun and moon is nearly equal to OP. Now the triangle OPO^^ 
gives 

OP = ys COS. i\r= ys — ^ (1 — cos. JV) 

z=fi — 2fi sin.« iN=: fi — ^fi sin » N 
n = ratio of the sun^s mean motion divided by the moon's 

= tV nearly, (798) 

we have 00^ = n X O^P = n fi sin. N. 

Draw O'JS perpendicular to OP^ and we have nearly 
OJ? = OP — OT = OO sin. N 
= nfi sin.3 N. 
Hence 

CP = ys — (} -f n) /J sin.2 N=fi — -^fi sin.a M (799) 

The apparent distance of the centres of the sun and moon is 
affected by parallax, and the true distance is diminished as much as 
possible for that observer, who sees the sun and moon in the hori2on, 
and OP vertical, in which case the diminution is equal to the differ- 
ence of the horizontal parallaxes of the sun and moon. Let, then, 

9- = the moon's horizontal parallax, 

^ = the sun's horizontal parallax, 

^ =: the apparent distance of the centres, 

we have 
the least apparent dist = OP — (»• — n) 

=z fi — ^psin.^ N—'T'^ n. (800) 

Now, an eclipse will take place, when this least apparent distance 
of the centres is less than the sum of the semidiameteis of the sun 
and moon. Thus, let 

8 == the moon's semidiameter, 
tf = the sun's semidiameter. 

In case of an eclipse, we must have 

fi^^ fiBin.^ N—^i' II <:s + 0, (801) 

^ y8<;»_ir^,-j-<r^^^sin.9JV. (802) 
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152. Corollary. We have, by obsenration, 

the greatest value of » = 61' 32", 

the least value z= 52' 50'S 

the mean value =: 57' 11", 

the greatest value of I7 = 9", 

the least value =: 8", 

the greatest value of « = 16' 46", 

the least value =: 14' 24", 

the mean value = 15' 35", 

the greatest value of tf = 16' 18", 

the least value = 15' 45", 

the mean value = 16' 1", 

the greatest value of JY = 5*20' 6", 

the least value = 4* 57' 22", 

the mean value =5** 8' 44". 

Now, in tiie last term of (802) we may put for N its mean value, 
and for fi its mean value obtained by supposing it equal to the pre- 
ceding terms, which gives 

fi = ^ — ri + s + a=z8S'S8"=: 5318" (803) 

^jfi=z 3102" 

sin. N = sin. 5*» 8' 44" = 0.09, sin « N = 0.008 I 

^jri8sin.9 2^=:25", (804) \ 

whence (802) becomes | 

yB<^ — ii-f« + a-f 25". (805) 

153. Corollary. If, in (805), the greatest values of v, «, and 0, | 

and the least value of n are substituted, the limit i 

/J < 1* 34' 52" 

is the greatest limit of the moon^s latitude at the time of new moon, 
for which an eclipse can occur. 
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154. CoroUary. If, in (605), tbe least values of «*, #, and «« and 
the greatest values of n are substituted, the limit 

iS < !• 23' 15" 

b the least limit of the moon^s latitude at the time of new moon, for 
which an eclipse can fail to occur. 

155. Problem. To find when a lunar edipse will happen. 

Solution, The solution is the same as in ^ 151, except that the 
semidiameter of the earth^s shadow at the distance of the moon is to 
be substituted for that of the sun ; and the change in the position and 
apparent magnitude of the moon from parallax may be neglected, 
because when the earth's shadow falls upon the moon, the moon is 
eclipsed to all who can see it. Now if S (fig. 63) is the sun, E the 
earth, GF the semidiameter of the sua^ shadow at the moon, we 
have 

the app. semi = FEG z= EFL — EIF :=.w^ EIF 
= if — {KES — EKI) 

or rather, this would be the apparent semidiameter, if it were not for 
the earth's atmosphere, which increases the breadth of the shadow 
about ^V^^ P^^ 1 ^ ^^^ 

the app. semidiam. = fj (»• — o -j- ji), 

and therefore, in order that an eclipse must happen, we must have, 

by (802), 

/s = the latitude at the time of full moon, 

i8 <f* (* + n—a) + 5 + ^7^/3 8in.« JV. (806) 

156. Corollary, In the last term of (806), we may put for N its 
mean value, and for ^s its mean value obtained by supposing it equal 
to the preceding terms, which gives 

^ = 57' 35" = 3455", ^jfi = 2015" 
sin.» N = 0,008, ^ fi ain.9 N = 16", 
whence (806) becomes 

/'<«4(* + ^-0H-»+i«"- (8W) 
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157. Corollary. If, in (807), the greatest values of »•, /r, and s 
are substituted, and the least value of a, the limit 

i8<63'45" 

is the greatest limit of the moon^s latitude at the time of full moon, 
for which an eclipse can occur. 

158. Corollary, If, in (807), the least values of », ir, and s are 
substituted, and the greatest value of 0, the limit 

iS<51'57" 

18 the least limit at which an eclipse can fail to occur. 

169. Problem. To calculate when a given phase of a lunar 
ecUpse will occur. 

Solution, If in (fig. 17) NPO^ is the path of the moon relatively 
to the centre of the earth's shadow which is at O, the required com- 
putation consists, simply, in finding the instant when the moon's 
distance from O is that which corresponds to the required phase. 
The indefiniteness of the outline of the earth's shadow renders an 
accurate calculation superfluous, and it is sufiicient to regard O^ON 
as a plane triangle. 

160. Corollary. At the beginning or end of the lunar eclipse, we 
have 

^ =: the distance of the centres of the moon and shadow 
= ti(,-fir_a)±,, (808) 

in which the upper sign corresponds to the first and last contacts 
with the shadow, and the lower sign to the beginning and end of the 
total phase. 

161. Problem. To compute the general circumstances of a 
solar eclipse. 

Solution. This problem will be found to subdivide itself naturally 
into several others, but the general mode of solution may be de- 
veloped in a preliminary view of the whole question. The method 
here given is substantially BesseVs. 
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The 010011*8 shadow upon the earth is the geometrical intBrsection 
of a right cone, which is in contact with the sun and moon, and for 
every point within this shadow there is a total eclipse of the sun. If, 
however, this shadow does not reach the earth, there will still he 
within the limits of the umhral cone produced beyond its vertex, an 
eclipse of a portion of the sun equal to the apparent size of the 
moon, and this dark portion, surrounded by the bright ring of the 
uneclipsed portion of the sun, constitutes an amitdar eclipse. But 
there is also an eclipse beyond the limits of this cone of all that 
portion of the sun which is hidden by the moon, and, therefore, for 
every place included within the penumbral cone which is drawn in 
contact with the sun and moon, and which has its vertex between 
these two bodies ; but this is a partial eclipse. 

A plane may now be supposed to be drawn through the earth^s 
centre, perpendicular to the line which joins the centres of the sua 
and moon. The moon's shadow and penumbra upon this plane are 
concentric circles, and the path of their common centre upon this 
plane may be computed and described. Any point of the earth may 
be referred to this plane by a line drawn from the vertex of the 
cone through the point, and the relative position of the commou 
intersection of this line with the plane and the moving shadow or 
penumbra of the moon, will show the successive phases of an eclipse 
at that point. 

It will promote perspicuity to carve the proUem into several sub- 
divisions. 

162. Problem. To find the posUion of the line which is 
drawn through the eartKs centre parallel to the line joining the 
centres of the sun and moon. 

Solution, In the triangle formed by joining the centres of the sun, 
moon, and earth, the angle at the earth is the apparent angular 
distance of the sun and moon, and the angle at the sun is the angle 
which the required line makes with the line drawn to the sun. 

Let Y z= the angular distance of the sun and moon, 

c = the angle at the sun ; 
r' = the distance of the moon from the earth, 
r = the distance of the sun ; 
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we hare 

r' . 
sin. c = — sin. y, (809) 

or on account of the smallness of c 

c = yy. (810) 

Since the line which is drawn from the earth^s centre parallel to 
that which joins the centres of the sun and moon is in the plane of 
the ahove triangle, it cuts the surface of the celestial sphere at a 
point {F) which is in the arc of the great circle joining the sun and 
moon, and produced on the side of the sun by a distance equal to c. 

163. Corollary. By putting 

iz^ = the sun^s equatorial horizontal parallax 

9- = the moon^s equatorial horizontal parallax 

n* = the mean value of ix = 8".5T76 

r' 
111 = — 

r 

we have the following form in the computation of m, 

sin. n sin. n* 
m = -: = — 4 

sm. ?r r sin. ?r 

log. HI = log. sin. m — log. r — log. sin. -r 

= 5.6189 — log. r — log. sin. » (811) 
in which r is expressed in unity of the sun^s mean distance. 

164. Corollary, The right ascension and declination of the point 
(J^) may easily be computed from the sun's right ascension and 
declination. Let 

» = the sun's right ascension 
a = the right ascension of F 
a = the sun's declination 
d =: the declination of F 
2 = the sun's longitude 
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a =: the (moon^s — sun's) longitude 

fi =: the (moon's — sun's) latitude 

O = the obliquity of the ecliptic 

tf == the angle which y makes with the circle of latitude drawn 

through the sun 
» = the angle which y makes with the circle of declination diawn 

through the sun. 

If then (fig. 59), S is the sun's place in the ecliptic, M the moon's 
relative place, N the pole of the ecliptic, Z that of the equator, we 
have 

MSN=:u, MSZz=m, 

MS^y ZN=0, 

tan. « = sin. i cot. fi (8^) 

tan. y = tan. i cosec. «, (813) 

from which « and y may be computed, and the substitution of (813) 
in (809) gives by (811) 

e =^ m tan. y cos. y cosec. 1". (^1^) 

The sun's place in the ecliptic gives 

cosin. Z = cot. O . oot. ZSN=: cot. O tan. (« — ») 

km eet. (tt — ») = COS. I tan. O, (815) 

from which u — « may be computed, and thence «. We then have 
obviously 

6 — d = c COS. «, (816) 

• — a = e sin. m sec. a. (817) 

165. Problem. To find the path of the centre of the moon's 
shadow upon the plane which passes through the eartKs centre 
perpendicular to the line which joins the centres of the sun and 
moon. 

Solution, The angle which the line drawn from the moon to the 
earth makes with that drawn to the centre of the shadow, which 
is simply the continuation of the line drawn from the sun, is c -^y. 
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Hence if « is the distance from the earth^s centre to the centre of 
the shadow, we have 

^ = r' sin. (c + y) = ^-^ sm. (c + y), (818) 

in which r' and q are expressed in units of the earth^s equatorial 
radius. 

The direction of the line q may be conveniently referred to the 
intersection of the plane of reference with the circle of declination 
drawn through the earth^s centre and the point F. Let 

„f = the angle which a makes with the line of intersection, 

and •/ ]a evidently the inclination of the arc c to the circle of decli* 
nation drawn through F, It differs, therefore, very little from », and 
the diflference may be found from the triangle formed with c, and 
the circles of declination passing through F and the sun to be 

» — »' = c sin. » tan. a. (819) 



166. Corollary. Let a; be the distance of the centre of the 
shadow from the above line of intersection, and y the elevation 
towards the north of the foot of the perpendicular let fall from the 
centre of the shadow upon this line of intersection above the earth's 
centre, and we have 

x = q sin. «', (820) 

y = C COS. «'. (821) 

167. Problem. To find the umbral and penumhral radii upon 
the plane of reference of the preceding problem. 

Solution. Either of these radii is plainly equal to the product of 
the distance of the vertex of the cone from the plane, by the tangent 
of the angle of the cone. If then 

H = the apparent semidiameter of the sun at his mean distance 

= 969".788 
K = the ratio of tlie moon^s radius divided by that of the earth 

= 0.27227 

/ = the angle of the cone 
98 
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5 s=: the distance of the vertex of the cone from the plane of leferenoe 
•'-s the distance of the centres of the sun and moon 
s= r cos. c — r* cos. (c + y), 

or since c is very small, 

«* = r — r* COS. (c -|- y) 
= r[l — fit COS. (e -|- y)] 
The sun^s radius = sin. R 
The earth^s radius = sin. XT 
The moon^s radius =: K sin. n 

. - sin. H =F -ffsin, n 
Bm.f:= -^ , 

in which the upper sign corresponds to the umbral and the lower to 
the penumbrel cone, and s* is expressed in units of the sun^s mean 
distance ; we have, moreover, by taking the earth's equatorial radius 
as the unit 

z = the moon's distance from the plane of reference 
= r' cos. (c + y) = ^r^ . cos. (c + y) (824) 

S=«qF-T^ (825) 

^' = the radius of the shadow 
= Stan./ 
==«tan./±JK:8ec./. (826) 

168. Corollary. We have in (823) 

log. (sin. H — K sin. n) = 7.66669 (827) 

log. (sin. H+ £sin. 27) = 7.66880. 



169. Corollary. For any plane which is drawn parallel to the 
plane of reference, and at a distance 9f from it towards the vertex 
of the cone, the radius of the shadow will be diminished by 

«'tan./, (829) 
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and the relative poflition of the centre of the shadow and of the point 
of intersection with the line drawn through the centre of the earth 
parallel to the axis of the cone will remain unchanged. 



170. Problem. To find the position of any point of the 
eariKs surface with reference to the axis of the shadow. 

Solution. Let (fig. 35) iVESPT represent the plane of reference 
drawn through the centre of the earth, P the north pole, Z the point 
in which the line drawn from the earth^s centre parallel to the axis of 
the cone cuts the surface, and B the place. Let 

$' = the reduced latitude of the place, 
x' = its longitude, 
H = its distance from the centre, 
m' = JBPC; 

and let now that plane of reference be adopted which is drawn 
through B parallel to the original plane. The line of intersection 
of this plane with the plane of the meridian NZS corresponds to the 
line NS in the original plane. If BC is drawn perpendicular to 
JRrZ5, we have 

x* == the distance of B from this line 
= Jl sin. BC 

= R COS. 0' sin. m' (890) 

y' z= the distance of the foot of the perpendicular from B upon 
this line from the intersection of the plane with the line 
from the centre to Z 

= Rcos.BN=zRBiQ^i'coB.d — RcoB.$'m.dcoB.t^ (881) 
%' = the height of B above the original plane 
= Rcoa. BZ = RnxL$' sin. d-^Rcoa.^ COB. dcoB.,,'. (882) 

171. Corollary. The radius of the shadow or penumbra for this 
plane is 

^±.%f taa./, (888) 
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the upper sign being for the shadow in a total eclipse, and the lower 
for the other cases. 



172. Corollary. The distance J of the place B from the axis of 
the shadow is obviously given by the equation 

^ = (k_a^)a+(y_y)» (834) 

173. Problem. To investigate the amdUum of the commence- 
ment or termination of an eclipse. 

Solution. At either of these phases of an eclipse, the distance 
J is exactly equal to the radius of the shadow, or by (833 and 
834) 

in' ± %' tan./)« =r (« — a/)^ + (y — y')», (885) 
or by transposition 

(* — x')* = (e' ± «' tan./)a — (y — y')*- (836) 

The second member of this equation, being the difference of two 
squares, may be separated into the two factors 

, B' = (^'±x'tan./) + (y-y') (887) 

C = (e' ± z^ tan./) - (y - y% (838) 
or by (831 and 832) 

JB' = c' + y — R sin. *' (cos, d :f sin. d tan./) 

+ R COS. 0* COS. ^' (sin. d db cos. d tan. /) (839) 

C = c' — y + * s"^' ^' (c^8' ^ i ''*'^« ^ toJ^*/) 

— R COS. *'cos. m' (sin. d =p cos. (2 tan./). (840) 

Hence, if we put 

B = «' + y (841) 

C = — c' + y (842) 

E = COS. <i 4" ^^^' ^ tan./= cos. (<£ — /) sec./ (843) 

f = COS. d — sin. d tan./=: cos. {d +/) sec./ (844) 

Gr =r sin. d — cos. d tan./= sin. {d — f) sec./ (845) 

H = sin. (2 + COS. d tan./= sin. {d +/) sec./ (846) 
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we have, by a modification of Bessel's fonnulffi suggested by T. Henrjs 
Safibrd, Jr., for the penumbra 

B'=z B — EH sin. ^ + G A cos. r cos. ^' (847) 

C = -- C + JFH sin. *' — H« cos. $' cos. ^' (848) 

A'^={x — a/)^ = JB'C. (849) 

The formulsB for the shadow in a total eclipse are obtained from 
(847 and 848) by interchanging E with F and G with H, or by 
making q' negative in this case the formulae may remain unchanged. 

The values of «, JS, C, £, Fj G and IT, which are independent of 
the place, may be computed for various times and arranged in a 
tabular form. The value of R may be found from (750). 

174. Corollary. The value of m' for different places changes with 
the longitude, so that if 

fi =: the value of /»' for the fixst meridian 
= R. A. of the first meridian — a, 
we have 

M^ = i^ + X, (850) 

and the value of /^ for different times may be given in the table. 

176. Problem. To find the time of the beginning or ending 
of an eclipse at any place. 

Solution. If for any time the value of B^C is found to difibr but 
little from il^, the instant of the required phase may be computed 
by the following process of approximation. Let for the assumed 
time 

m=zB'C. 

Let also 

xf' = the change of « in one second 

y" = thatofy 

M" = thatofM. 

The ohaQgos of e', £, F, G and JS^ i^^ so small, t^ (hejr magft be 
98^ 
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oeglected. Hence if B", 0\ A" and IP' are the changes in one second 
of JB', C, A' and IP, we have very nearly 

J?" = y" — GH cos. ^ sin. y . sin. m" (851) 

C" = — y" + HR cos. ^ sin. ^' . sin. f^" (852) 

2 fl' ff' = B' C" + CB" = (C — B') y'' — {GC' — HB') Acos. r 

sin. m' sin. m'' (853) 

^//=ar"_Jlcos.*'cos.M'sin.M". . (854) 

Owing to the smallness of tan. /we may hy (845) and (846) put 
in (853) 

G=^H^sm.d^ (855) 

whence (853) becomes 

2 SS' = ( C — B') {y" — H COS. ^ sm. d sin. m" sb. ^0- (856) 

If now we put 

C IP 

we have ^ 

2ff =|tan.^4/ — ^cot.^4/ 

_^ sin.^J^' — COS.* ^^ [_ cos.^^^ ,__ y — f 

^ 2 sin. i 4^ COS. J 4^ "^ sin. ip *" « — if 

B'= — cot 4^ (y" — Jl COS. r sin. d sin. ^" sin. ^0- (858) 

The change of IP — A' in one second is then IP' — A"^ so that 
the number of seconds in which it will decrease by the whole amount 
of difference H' — -A' is 

^ ^R — A' ,^^^, 



176. Corollary. It is sufficiently accurate in this example to put 

M" = 15" 
sin.^"= 5.8617. (860) 

177. Corollary. It is easy to see that ^ is the angle which the 
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line jotnbg the centre of the shadow with the place makes with the 
line of reference ; it is nearly the angle from the north point of the 
sun to the point of contact at the end of the eclipse. 



178. Problem, To find the limiis toiihin which the eclipse is 
seen in the horizon. 

Solution. In this case the place is nearly in the plane of reference 
which passes through the earth's centre, and the deviation from this 
plane may be neglected without much error. If then (fig. 62), <S is 
the earth's centre, AB the path of the centre of the shadow, M the 
position of the centre at the instant when the eclipse is seen in the 
horizon at m, the sides of the triangle MSm are 

e = SM, e' = Mm, R = Sm. 

Let 9i=mSm, 

and we have by (152) 

^.).=±v( '''-'\7^'+'-''> ). m) 

in the first computation of which R may be supposed to be the 
earth's mean radius, or that for the latitude of 45^. 

If, then, SC is the line of reference already adopted, we have 

CSm = •/ db "y = ^, (862) 

in which both signs must be used for the two different solutions of the 
problem. 

If now in (fig. 35), L represents the place m of (fig. 62), we have 
by the right triangle LNP 

sin. ^ = COS. q' cos. d (863) 

cot. ^' = — cot n' sin. d (864) 

i' = ^/ _ ^. (865) 

179. Corollary. The beginning or ending of the eclipse upon the 
earth, corresponds to the cases of 

e = Q'db«, «f = 0. (866) 
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180. Problem. To find the norihem and mntihem Umits of 
the edipse upon the earth. 

Solution. For this problem, it is accurate enough to regard tlie 
shadow upon the primitive plane of reference as being of uniform 
width, and the path of its centre as a straight line. If (fig. €2) 
represents a plane of reference at any height 

2 = A sin. f, (867) 

above the original plane, and if AB is one of the boundbg lines of 
the shadow which is drawn parallel to the path of the centre at the 
distance 

9f—xtBJi.f (868) 

from this path. If FS is the perpendicular let fall upon AB. 
Let P^^zFS 

{ = FSC, 
FSC being counted negatively, we have 

tan. 5 = ?^ (869) 

P = the perpendicular upon the path 

= ecos.(-' + (870) 

P' = P — ^ + stan./. (871) 

Let CSB=n', 

and we have 

SB = R COS. f 

•-•<« + '') = ]R^' <"*> 

we have, then, in (fig. 35) 

BZP = V 
BL = *, 

whence the triangle BZP gives by Napier^s analogies 

tan.J(B — ^') = 8"»-i(* — ^) sec- i(* + ^)cot.JV (878) 

tan. J (5 + M') = COS. J (* — i)cosec. J(<p+ i) oot i »' (874) 

COS. *' z= sin. n' cos. ^ cosec. m'. (876) 
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The value of ^ may be found from the value of x by inspection of 
the table, and the value of x is given by the equation 

xztlR COS. <p sin. n' — (?' — % tan./) sin. 5, (876) 

This solution may be corrected by introducing the actual motion 
of the shadow^s centre at the instant, and the motion of the point upon 
the earth^s surface, which is effected by substituting in (869) for y" 
and a/', the motion of y — y' and x — a', by which it becomes 

tan. 4 = -Tj-r (^) 



181. Corollary, The phenomena of the central eclipse may be 
detenpined by putting 

^=0 (878) 

in the various equations. 



182. Problem. To find the instant and amount of greatest 
obscuration. 

Solution, The instant of greatest obscuration must be when the 
motion of the axis of the shadow and of the place are neither 
towards nor from each other, but in parallel lines. In this case the 
relative motion of the centre of the shadow on the plane of reference 
ia perpendicular to the line drawn from the place, or in other words 
we then have 

4 = —^. (879) 

Now when ^ has been found for a time near that of greatest 
conjunction, it changes so slowly, that it is only necessary to find 
when — '(]/ has this same value. 

But if for any time we have — 4^ different from «, and denote by 
P the perpendicular upon the relative path of the centre, we have 

P = IP COS. (>J/ + 0» (880) 

and the distance by which P the centre must approach the line of 
reference before it arrives at the point of nearest approach is 

lPsin.'4^ + fl>cos.(4/ + 5)ijln.l = ff8in;(4^ + 5)co8.^ (881) 
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Hence the interval of time lequired for this approach is 

t = -jji . («R») 

The amount of obscuration is proportioned to the distance hy 
which the place is immersed within the penumbra, and is denoted by 
12 digits when it is total; that is, when it is immersed by the 
distance 

(' for penumbra — (' for shadow =r Jf. (3^) 

When it is therefore immersed, as in this case, by the quantity 

^' for penumbra —P = N^ (884) 

we have 

n = the number of digits eclipsed 

= 12.^ (885) 

183* CwroUary. In the case of an annular eclipse q' in the second 
term of M must be taken negatively 

184. CaroUary. In the case of the first or last instant of contact, 
when 

B =zq' for penumbra, (886) 

we have 

2V=ff[l — 008.(4^ — ^)]=2ffsin.«J(* — (887) 
and by putting 

^ _ g^ for shadow ^^ 

e' for penumbra 



we have 



«=P^8«.»i(+-~t). (889) 



185. CoroUarjf. In the case of occultatian we have 

9' = S7297. (890) 
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186. Problem. To compute the longitude of a place from an 
observed edipse. 

Solution, By means of an assumed longitude find the approxi- 
mate Greenwich time of the observation ; and compute the eclipse 
for this time by art. 175. The principal effect of an error in the 
assumed longitude is to change the Greenwich time, and does not 
materially affect the value of /<'. If, then, in computing the correction 
of the time, ^' is supposed to be zero, the correction obtained be- 
comes one of longitude, to be applied negatively to the eastern 
longitude. 



187. Problem. To compute the effect of an increase of one 
second of arc in the moon*sTekUive longitude upon the computed 
time of an eclipse. 

Solution. By this change in longitude, the moon^s shadow is 
advanced upon the plane of reference by a quantity 

s = r' sin. 1", 

in a direction which is inclined by an angle 9V — (« — •) to the 
line of reference, so that 

X and A' are increased by r* sin. V* cos. (u — «), 
and 

y, JB, and C are increased by r' sin. 1" sin. (ii — •). 

Hence ff^ will be increased by 

(C — 5)7^ sin. 1", 
and IP by 

'~5' r' sin. 1" = — cot >^ r' sin. 1" sin. (« — •), (891) 

and J? — il' by 

— [cot ^ sin. (tt — •) + COS. (tt — »)] r* sin. 1" 

sin. (4/4"«* — ") / • i« 
= ^ . ' , r* sm. 1*1 

sm. y 
and the corresponding change of time is found from (859). 
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188. Probkm. To campuie the effed of an increase of one 
second in the moon^s relative latitude upon the computed time 
of an eclipse. 

Solution. By this increase of latitude the values of x and A aie 
increased by 

— r* sin. 1" sin. (u — •), 

and y, B and C are increased by 

r' sin. 1" cos. (u — «). 

Hence ff is increased by 

— cot. •^J' ^ sin. 1" COS. (tt — •»), 
and IP — il' by 

— COS. (4^ + ** — •*) coaec- ^ r'sin. 1", (893) 
and the change of time is found by (859). 

189. Problem. To compute the effect of an increase in the 
moon^s semidiameter upon the time of an eclipse. 

Solution. An increase of ^ » in the moon^s semidiameter in- 
creases ^' for the total shadow and penumbra, and decreases it for 
the annular phase by about this same amount. Hence H'^ is in- 
creased by 

(5/ -f C) ^ » 
and ff is increased by 

— ^-a«=(Jtan. J>J/-f-Jcoti4/)d» = cosec.Tj/a*, (894) 

and the change of the time is computed by (859). ' 

190. Problem. To compute the effect of an increase of the 
moon's parallax upon the time of an eclipse. 

Solution. By an increase of a fractional part 6 tt in the moon^s 
parallax, tne quantities a;, ^, z are proportionally diminished, the 
moon^s distance from the earth is proportionally diminished, and, to 
preserve the same apparent semidiameter of the moon, K must be 
proportionally diminished, and therefore also c'. 
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Hence B is dimmisfaed by 

C is diminished by 

(y_(,')ax, 

£^ is diminished by 

e ((?' + y) a X + JB' ((>'_ y) ax, (895) 

IP is diminished by 

c i I?' r" — B' 

2g/ g'^*-+ 2H/ yJ»- = co8ec.'j/g ** — cot. + yair,(896) 

and il' is diminished by 

Hence IT — ^' is diminished by 

cosec. >J/ q' a » — cot ^ y d ^ — «a» 
=: cosec. ^ q' a X — Q cot >^ COS. a/ a »• — ^ sin. ©'a * 
= cosec. \p a *^ [e' — Q COS. (\J/ — w')]. (897) 

The effect upon the time is computed by (859). 

191. EXAMPLBS. 

1. In the solar eclipse of July 28, 1851, to find the position of 
the line, which is drawn through the earth's centre parallel to the 
line joining the centres of the sun and moon. 

Solution, The following data are taken from the Nautical Alma- 
nac and Airy's Lunar Tables with Longstreth's corrections. 



Gieenw. J's — ©'8 


5's_0'8 


O's long. = I 


m. s. t. long. =: ' 


lat. = fi 




C — r88'55".6 


0''37'16".0 


124''45'14".2 


1 —0 58 24 .0 


40 39 .2 


124 47 37 .7 


2 —0 28 51 .0 


44 2 .2 


' 124 SO 1 .2 


3 10 43 .4 


47 24 .9 


124 52 24 .6 


4 45 19 .1 


50 47 .4 


124 54 48 .1 


5 1 19 56 .1 


54 9 .7 


124 57 11 .6 
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Greenw. 


0'sE.A. 


O'sDec. 


3> 's hor. par. 


m.1. t. 


= • 


= » 


=: » 


0* 


127" 6' 6".0 


19'5'24".7 


60'30".6 


1 


127 8 32 .6 


19 4 50 J2 


60 31 .7 


2 


127 11 .0 


19 4 15 .7 


60 32 .8 


3 


127 13 27 .3 


19 3 41 .2 


60 33 .8 


4 


127 15 54 .6 


19 3 6 .6 


60 34 .8 


5 


127 18 21 .8 


19 2 32 .1 


60 35 ^ 


= 


obliquity of the ecliptic = 23' 27' 27".l 



log. r = log. of dist. from sun to earth = 0.00657 
sidereal time of mean noon = 8* 22" 13'.27 



m is thus computed for 0^ from (811) 
const 5.6189 
log. r 0.0066 
log. sin. ^ 8.2455 
log. m 7.3668 

a and d are found from (812-817) 



2 sin. 8.4S181i> 


tan. 8.43197 •• 


fi cot. 1.96494 




utan. 0.39675 » 


cosec. 0.03240 « 


y = 1° 40' 7".2 


tan. 8.46437 


ti =—68° 8' 40" 


y COS. 9.99982 




m 7.3668 




eosec. 1" 5.3144 


e = 14".0 


e 1.1454 


e-\-y= 1» 40- 21".2 


cos. Z 9.75599- 




tan.O 9.63742 


H — «= — 13»53'38" 


tan. 9.39333* 


» = — 54''15' 2" 


sin. 9.90933* 


COS. • 9.76659 


sec' 0.02457 


e 1.1454 


1.1454 


t — d 0.9120 


» — a 1.0793* 


t — d 8".2 


• — a — 12".0 


t 19°5'24".7 


• 127-6' 5".0 


d IV 6' 16".5 


a 127" 6' 17".0 
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Similar computations for the other dates give 

d » c-f-y 

19'*5'16".5 — 54M5' 2" 100'21".2 

19 4 42 .8 —41 15 5 71 19 .2 

19 4 9 .0 —14 31 4 50 11 .8 

19 3 35 .1 +26 40 36 48 43 .6 

19 3 1 .2 +55 41 10 68 13 .5 

19 2 27 .6 +69 50 6 96 46 .4 

2. In the solar eclipse of July 28, 1851, to find the path of the 
centre of the moon's shadow upon the plane which passes through the 
earth^s centre perpendicular to the line which joins the centres of 
the sun and moon. 



Gr. 
0* 


a 
12r 6'17".0 


1 


127 6 39 .5 


2 


127 11 1 .8 


3 


127 13 34 .0 


4 


127 15 46 .3 


5 


127 18 8 .5 



Solution. We have for 0* by (818 


-821) 






c 


1.1454 




sin. • 


9.909331: 




tan. a 


9.53919 


• — Wrs — 3".9 


■ — w 


0.5939 <• 


«'= — 54"'14'68" 


cosec. «- 


1.75447 


sin. (e+ 7)8.46520 




f 


Oi21967 




sin..* 


9.90933- 




cos.»' 


9.76661 


» = — 1.34586 




0.12900. 


y= .96890 




9.98628 


The same computation for the other dates gives 


6r. m. s. t. X 




P 


0* — 1.34586 




0.96890 


1 —0.77694 




0.88585 


2 —0.20786 




0.80260 


3 -f- 0.36121 




0.71897 


4 0.93018 




0.63487 


5 1.49895 




0.55048 



iinoaoMT. 
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IT -:^D9» of July, 28, 1881, to find the umbral and 
^ Doa the plane of reference of the preceding ex- 



— . Iianfl- (883-828) give for 0* 

m 7.J 

co8.(c + y) 9.99982 

• y^ --^7) = .002326 7.3666 

— i:t». T + r)=. 997674 9.99899 

r 0.00657 

s' 0.00556 

tfc. isin. JT— J: sin. n) 7.66669 

ce. (sin. F + J: sin. it) 7.66880 

•r-fluijcw sin. /= tan./ 7.66113 

sin. /= tan./ 7.66324 



COKC s- 
COB.(c + r) 

z 
.T ^cuiNiw s tan./ =: .26027 

ir >f:«miibm s tu./ = .26154 
r = rscc./= .27227 

^ = .53381 



1.75447 
9.99982 
1.75429 
9.41542 
9.41753 



u ^jNtputations gire for the other dates 
^ ^ 5;^ ^ ('for shadow. q' for penumbnu 



r 


0.01200 


0.53381 


; 


0.01203 


0.53378 


t 


0101207 


0.53373 


t 


a01314 


0.53366 


* 


0101235 


0.53356 


> 


0.01237 


0.53343 



? .%>« wo* pawpttWy change its values. 
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4. To find the elements for determining the beginning or end of 
the solar eclipse of July 28, 1851, for any place. 

Solution, The value of x is already determined. The values of 
B^ C, E^ F, G and H are computed for 0* from equations (841 ^ 
846). 

For shadow. For penumbra. 

y 0.96890 0.96890 

n' —0.01200 0.53381 

B 0.95670 1.50271 

C 0.98090 0.43509 

d+f 19*^21' 1".8 19^21' 6".4 

d —f 18^ 49' 31".2 18^ 49' 26".6 

sec. / 0.00000 0.00000 

log. E 9.97612 9.97613 

log. F 9.97475 9.97475 

log. G 9.50878 9.50874 

log. H 9.52028 9.52031 

Bight ascension of Greenwich meridian 0^ = 8^ 22" 13*.27 

= 125** 33' 19".0 

a = 127 6 17 .0 

M = — 1 32 58 .0 

These values may be computed in the same way for other dates, 
and being interpolated by differences for every five minutes, may be 
arranged in a table as follows. 

For penumbra. 

Greeow. log. E log. F log. O log. H 



m. B. t. 


X 


B 


C 


9.97 9.97 


9.50 


95 


M 


0» 0- 


—1.34586 


1.50371 


.43509 


613 


475 


874 


3031 


— l•33'58'^0 


5 


—1.29845 


1.49580 


.43818 


13 


75 


878 


3039 


17 67 .6 


10 


—1.35104 


1.48889 


.43137 


13 


75 


871 


3037 


+ 57 9 .8 


15 


—1.30363 


1.48197 


.41436 


13 


76 


869 


3036 


9 13 3 .3 


90 


—1.15633 


1.47505 


.40744 


14 


76 


867 


3034 


3 87 3 .7 


35 


—1.10881 


1.46813 


.40053 


14 


76 


866 


3039 


4 43 4 .1 


30 


—1.06140 


L46181 


.39360 


14 


76 


864 


3031 


6 67 4 .6 



39* 
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40 ^a.9665S 1.44737 .37976 

45 —0.91917 1.44044 .37284 

50 —0.87176 1.43351 .36592 

55 —0.82435 1.43658 .35900 

1 —0.77604 1.41965 .35207 
5 —9.72952 1.41279 .34514 

10 —0.68210 1.40578 .33821 

15 —0.63468 1.39884 .33128 

20 —0.58726 1.39190 .32435 

25 —0.53083 1.38496 .31742 

30 —0.49241 1.37802 .31049 

35 .^.44499 1.37108 .30356 

40 —0.39756 1.36413 .29663 

45 —0.35014 1.35718 .28969 

50 —0.30279 1.35023 .28275 

55 —0.25529 1.34328 .27581 

2 —0.20786 1.33633 .26887 
5 —0.16043 1.32937 .26192 

10 ^0.11300 1.32241 .25497 

15 —0.06558 1.31545 .2480» 

20 —0.01816 1.30848 .24106 

25 +0.02927 1.30151 .23410 

30 0.07669 1.29454 .22714 

35 0.12411 1.28757 .22018 

40 0.17153 1.28059 .21323 

45 0.21895 1.27361 .20624 

SO 0.26637 1.26663 .19927 

55 0.31379 1.25965 .19229 

3 0.36121 1.25267 .18531 
5 0.40863 1.24568 .17832 

10 0.45605 1.23868 .17133 

15 0.50347 1.23160 .16434 



lof . E loff. F 


log.O log.H 




9.97 


9 97 


9.50 


9.5 


M 


614 


476 


863 


2019 


7*12' 5".0 


15 


76 


861 


2017 


8 27 5 .5 


15 


T7 


850 


2016 


9 42 5 .9 


15 


77 


857 


2014 


10 57 6 .4 


16 


77 


855 


2012 


12 12 6 .8 


16 


77 


853 


2011 


13 27 7 .3 


16 


77 


851 


2009 


14 42 7 .8 


16 


77 


850 


2007 


15 57 8 .2 


17 


78 


^848 


2006 


17 12 8 .7 


17 


78 


846 


2004 


18 27 .2 


17 


78 


845 


2009 


10 42 9 .6 


17 


78 


843 


2001 


20 57 10 .1 


17 


78 


842 


1999 


22 12 10 .5 


17 


78 


840 


1997 


23 27 11 .0 


18 


79 


838 


1996 


24 42 11 .5 


18 


79 


837 


1994 


25 67 12 .0 


18 


79 


835 


1992 


27 12 12 .4 


18 


79 


833 


1990 


28 27 12 .9 


18 


79 


831 


1988 


29 42 13 .4 


18 


79 


830 


1987 


30 57 13 .8 


19 


80 


828 


1985 


32 12 14 .3 


19 


80 


826 


1983 


33 27 14 .8 


19 


80 


825 


1982 


34 42 15 .2 


19 


80 


823 


1980 


35 57 15 .7 


19 


81 


821 


1978 


37 12 16 .2 


19 


81 


820 


1977 


38 27 16 .6 


20 


81 


818 


1975 


39 42 17 .1 


20 


81 


816 


1973 


40 57 17 .6 


20 


82 


814 


1979 


42 12 18 .0 


20 


82 


812 


1070 


43 27 18 .5 


20 


82 


810 


1068 


44 42 19 .0 


20 


82 


809 


1967 


45 57 19 .4 


21 


83 


807 


1965 


47 12 19 .9 


621 


483 


805 


1963 


48 27 20.3 
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Oieemr. 
m. B. t. 


9 


B 


c 


log. £ lof . F log. G log. B 
9.97 9.97 9.50 9.5 


M 




3*25- 


0.59630 


1.21764 


.15034 


621 


483 


804 


1962 


49'42'20".8 


30 


0.64571 


1.21061 


.14334 


21 


83 


802 


1960 


50 57 21 


.3 


35 


0.69312 


1.20358 


.13634 


21 


84 


800 


1958 


52 12 21 


.7 


40 


0.74054 


1.19655 


.12934 


21 


84 


799 


1957 


53 27 22 


.2 


45 


0.78795 


1.18952 


.12234 


22 


84 


797 


1955 


54 42 22 


.6 


50 


0.83536 


1.18249 


.11533 


22 


84 


795 


1953 


65 57 23 


.1 


55 


0.88277 


1.17546 


.10832 


22 


85 


793 


1952 


67 12 23 


.6 


4 


0.03018 


1.16843 


.10131 


22 


85 


791 


1950 


68 27 24 


.0 


5 


0.97758 


1.16140 


.09430 


22 


85 


789 


1948 


50 42 24 


.5 


10 


L02498 


1.15436 


.08729 


23 


85 


787 


1947 


60 57 24 


.9 


15 


1.07238 


1.14732 


.08027 


23 


85 


786 


1945 


62 12 25 


.4 


20 


1.11978 


1.14028 


.07325 


23 


86 


784 


1943 


63 27 25 


.8 


25 


1.16718 


1.13324 


.06623 


23 


86 


782 


1942 


64 42 26 


.3 


30 


1.21458 


1.12620 


.05921 


23 


86 


780 


1940 


65 57 26 


.7 


35 


1.26198 


1.11916 


.05219 


24 


86 


779 


1938 


67 12 27 


.2 


40 


1.30937 


1.11211 


.04517 


24 


86 


777 


1937 


68 27 27 


.6 


45 


1.35637 


1. 10506 


.03814 


24 


87 


775 


1935 


69 42 28 


.1 


50 


1.40416 


1.09801 


.03111 


24 


87 


774 


1933 


70 67 28 


.5 


65 


1.45156 


1.09096 


.02408 


25 


87 


772 


1932 


72 12 29 


.0 


5 


1.49895 


1.08391 


.01705 


625 


487 


770 


1930 


73 27 29 


.4 






x"=, 


0.0001580 












y 


f"= — 


•0.0000232 








Gl 


'. m. s. t. 
1*25^ 




For shadow. 
B 
.83914 




C 
.86322 






30 


- 


.83220 






.85629 






35 




.82526 






.84936 






40 




.81832 






.8^43 






45 




.81138 






.83549 






50 




.80443 






.82655 






55 




.79748 






.82151 






2 




.79053 






.81467 






5 




.78358 






.80772 
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Gr. m. s. t. 
2*10- 


For shadow. 
B 
•77662 


C 
.80077 


15 


.76966 


.79382 


20 


.76269 


.78686 


25 


.75572 


.77990 


30 


.74874 


.77294 


35 


.74176 


.76598 


40 


.73477 


.75901 


45 


.72778 


.75204 


60 


.72079 


.74507 


55 


.71879 


.73809 


3 


.70679 


.73111 


5 


.69979 


.72413 


10 


.69279 


.71715 


15 


.68579 


.71016 


20 


.67879 


.70317 


25 


.67178 


.69618 


30 


.66477 


.68919 


35 


.63776 


.68219 


40 


.65075 


.67519 


45 


.64374 


.66819 



X and A« are given in the penumbral table, and log. E and log. Fare 
sensibly the same for shadow and penumbra, while log. G and 
log. H for shadow are obtained from the corresponding values fo^ 
penumbra by increasing log. G by 0.00003, and decreasing log. H by 
this same quantity. 



5. To compute the phases of the eclipse of July 28, 1851, for 
Dantzic. 



Solution, For Dantzic 



the latitude = 54' 20' 18" 
the longitude = 1* 14* 41'.5 
= 18* 40' 22".5 
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then by (750) 



Ked. of latitude 
0' 



R 

sin. e' 

COS. ^ 

R sin. 0* = h 
RcOB.B'=:h' 



= 0.002201 
= .997799 



10' 53" 
54* 9' 25" 



8]n.s lat. 



9.8196 

7.6229 

7.3425 

9.99904 

9.90682 

9.76758 

9.90786 

9.76643 



I. For the beginning, computing now for 2* 15" by the equations 
(880-859) we have 

iu 32» 12' 14".3 
r' 18° 40* 22".5 
^/ 50' 52' 86".8 

9.90786 



h 

E 

hE 

h' 

G 

COS. n' 

h'G COS. li' 

B 

—hE 

hf6cOB.ti' 

B' 



9.90786 

9.97619 

9.88405 

9.76662 

9.50828 

9.80002 

9.07492 

1.31545 

— .76568 

.11883 

.66860 



F 
hF 

H 

AH COS. m' 
— C 

hF 
— A'Hcos. ^' 

C 

C 

B' 

B'C 



H> = 



—.51271 



9.97480 
9.88266 
9.76662 
9.51985 
9.80002 
9.08649 

-.24802 
.76323 

—.12204 
.39317 
9.59458 
9.82517 
9.41975 
9.709871. 
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V 


9.76662 


IP = 




—.51271 


sin.^' 


9.88974 


x' = 




.45327 




9.65636 


X = 




— .06558 






A' = 




—.61885 


*'C0S.M' 


9.5666 


H>—A'=z 




.00614 


const 


5.8617 


%' COS. n' am 


. 15" 


= .0000268 




5.4283 


9" 




.0001580 


tf 


0.6564 


A" 




.0001312 


const 


5.8617 


r 




— .0000232 


sin. d 


9.6142 


xl sin. d sin. 


15" 


.0000108 




5.0328 


y" — x'sin.dsin.: 


15"— .0000340 




5.5315* 


hA>=- 


Sr 28' 68" 


taaJtC 


9.88471> 


A'=^- 


74° 57' 56" 


— cot 4* 


9.^^91 


H" = 




.0000091 




4.9606> 


A"—H" 




.0001403 




6.1471 


H=A' 








7.7882 


t = 




48".8 




1.6411 


Gr. time of 


beg. 


= 2»15'43".8 






long. 




1 14 41 .5 






Dant. time o 


fbeg 


. = 3 30 25.3 






n. For the end. 


computing at 4* 


17- 










>• e2''42'25".6 








i' 18 40 2S 


!.6 








M' 61 22 4« 


1.1 


h 




9.90786 




9.90786 


E 




9.97623 


F 


9.97486 


hE 




9.88409 


hF 


9.88271 


h' 




9.76662 




9.76662 


G 




9.50785 


H 


9.51944 


COS. M' 




9.17575 




9.17575 


h' G cos. f 




8.45022 


k'Hcoa.H' 


8.46181 
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B 




1.14450 


— C 


— 07746 


—hE 


- 


- .76575 


hF 


.76332 


h' G CM. f.' 




.02820 


■~}lHwa.i>> 


-.02696 


B* 




.40695 


C 

c 

B' 

B'C 


.65690 
9.81750 
9.60955 
9.42705 


JB> = 




.51704 


sin. 11' 


9.71352 
9.76662 
9.99507 


sf = 




.57769 




9.76169 


c ^ • 




1.09134 






il'= 




.51365 


h' COS. ^' 


8.9424 


JH> — il' = 




.00339 


const. 


6.8617 


A' COS. m' sin. 


15" 


.0000064 




4.8041 


«" 




.0001580 


f 


9.7617 


■A" 




.0001516 


sin.l5''sin, 


<2 5.3759 


x" sin. <2 sin. ! 


15" 


.0000137 




5.1376 


y,, 


- 


-.0000232 






y'l — x'sia.d 


sin. 16"- 


-.0000369 




5.5670. 


i4'= 51 


o 47, 40/, 




tan.^tf/ 


0.10398 


rj/ = 103 


35 20 




— cot 4* 


9.3833 


H" = 


- 


-.0000089 




4.9503 » 


A"—H>' = 




.0001605 




6.2054 


H'—A' 








7.5302 




t — 


21".l 




1.3248 



Greenw. time of end. 4* 17* 21' .1 
long. 1 14 41 .5 

Dantzic time of end. 5 32 2 .6 
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HI. For beginning of total phase, computing at 


3*17-. 






f 


4T 42' 20".l 






I' 


18 


40 22 .5 






m' 


66 


22 42 .6 


A 


9.90786 






9.90786 


E 


9.97621 


F 




9.97483 


hE 


9.88407 


hF 




9.88269 


h' 


9.76662 






9.76662 


G 


9.50809 


H 




9.51961 


COS. m' 


9.60281 






9.60281 


GA'eos.^' 


8.87752 


Hh' cos. 


• h' 


8.88904 


B 


.68299 


— C 




— .70736 


— hE 


— .76572 


hF 




.76328 


GA'cos.^' 


.07542 


— A'ffcos. 


»*'• 


— .07745 


B' 


— .00781 


C 

a 

B' 
B'C 




— .02153 
8.33304* 
7.86392. 
6.19696 


H' = 


— .01255 


h' 




8.09848 • 
9.76662 


X = 


.52243 


sin. n' 




9.96199 


«' = 


.53531 

• 






9.72861 


A' = 


— .01288 


A'cos..«' 




9.3694 


H' — A' = 


= .00033 


const. 




5.8617 


A' COS. ft' sin. 


15" .0000170 






5.2311 


x" 


.0001580 


const, sin. d 


5.3759 


A" 


.0001410 


X' 




9.7286 


x' sin. i sin. 


15" .0000127 






5.1045 



y" — .0000232 



f 191.] 



BCUP888. 



84d 



y—c'sin. dsin. 15" — .0000359 



A" — B" 



59»46'14" 

119' 32' 28" 

— .0000203 

.0001613 



tan. 
— cot 4" 



Greenwich time of beg. 

long. 

Dantzic time of beg. 



. H' — A' 

2'.0 

8* IT" 2'.0 

1 14 41.5 

4 31 43.5 



5.5551* 

0.23456 

9.7534 

5.3085* 

6.2076 

6.5185 

0.3109 



rV. For end of total phase, computing at 8* 20". 

M 48» 27' 20".S 

i' 18 40 22 .5 



h 9.90786 

E 9.97621 

hE 9.88407 

h' 9.76662 

G 9.50808 

cos. ft' 9.58958 
G A' cos. iu' 8.86428 
B .67879 

— hE —.76572 
GA'cos. ^' .07316 
B' — .01377 



IP = 



.01488 



>«' 67 7 42 .8 

9.90786 
P 9.97483 

hF 9.88269 

9.76662 
H 9.51960 

9.58958 
Hh' COS. fi' 8.87580 

— C — .70817 
hF .76828 

— JBf&'co8.M' — .07518 
— J01502 



C 
C 
B' 
BO 



8.17667- 
8.1,3893i> 
6.8IS6ft 
8.15180 
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hf 


9.76662 


X 


.&5088 


sin. /i' 


9.96443 


«'=: 


.53833 




9.73105 


A' 


.01255 


h' COS. f' 


9.3562 


H'—A' 


.00183 


const. 


5.8617 


h' COS. f' sin 


1.15" .0000338 




5.2179 


x>' 


.0001580 


const, sin. d 


5.3759 


A" 


.000124^ 


z* 


9.7311 


3l sin. i sin. 


15" .0000128 




6.1070 


y" 


—.0000232 






— x'sin.dsin. 


15"— .0000360 




5.5563" 


i^P 


133" 45* 21" 


tan. 


0.01887- 


■\' 


267 30 42 


— cot 


8.6381 •• 


H" 


.00000016 




4.1944 


A" — H" 


.0001226 




6.0885 






H'—A' 


7.2626 




t 


14".9 


1.1760 


Greenwich time of ending 


3*20' 14".9 




long. 




1 14 41 .5 




Dantzic time of ending 


4 34 56.4. 





6. To compute the places for which the solar eclipsp of July 28, 
1851, is visible in the horizon at 2* 0", Greenwich mean solar time. 

Solution. By formulas (861-866) we find for lat. (45**) 





R = 


.99833 (ar. co.) 0.00073 




«' = 


.53373 log. i 9.39794 




e = 


.82910 (ar. co.) 0.08139 




t'—Q+R = 


.70296 9.84693 




«' + ? — B = 


.36450 9.56170 




siB.a i y, 


8.88869 


Jy 


16» 9' 9 


sin. 9.44434 


V 


32 18 18 





,/ —14 81 4 
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85 


1st 


■)' = 


17047,14/, 


COS. 9.97873 


cot 0.49374 




d 




COS. 9.97548 


sin. 9.51411 




«' =z 


64 9 


sin. 9.95421 






f^'= 


135 31 




cot 0.00785" 




M = 


28 27 








a' = 


107 4 








t = 


64 18 






2d 


,'=. 


-46 49 22 


COS. 9.83522 


cot 9.97235" 


• 


d 




COS. 9.97548 


sin. 9.51411 




»' = 


40 18 


sin. 9.81070 






m' = 


252 58 




9.48646 




M = 


28 27 








i' = 


224 31 








« = 


40 29. 







7. Problem. To find a place upon the southern limits of the 
eclipse of July 28, 1851^ at an angular height of 4Sf from the 
plane of reference. 

Solution. By equations (867-877) we find 

y" 5.3655n 

x" 6.1987 

I _ 8*^21' tan. 9.1668» 

at 2* •/ —14 31 Q 9.9186 

W/-J.5 _22 52 COS. 9.9644 

P .7638 9.8830 

e' .5337 K for 45^ 9.9998 

sin. 40'' 9.8081 

tan./ 7.6632 
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Stan./ 


.0030 








7.4706 


f 


.2331 








9.3676 


d 


19» 


4' 






Rifix.eo.) 


0.0007 


t 


40 








sec. 


0.1157 


i + n' 


72 


15 






COS. 


9.4840 


n' 


80 


86 










in' 


40 


18 


cot 


0.0716 




0.0716 


i(<^ + d) 


29 


32 


sec. 


0.0604 


cosec. 


0.3072 


*(*-rf) 


10 


28 


sin. 


9.2593 


COS. 


9.9927 


*(B-m') 


13 


50 


tan. 


9.3913 






i(B+M') 


66 


58 






tan. 


0.3715 


m' 


53 


8 






cosec. 


0.0969 


♦ 










COS. 


9.8848 


fl* 






, 




sin. 


9.9941 


V 


19» 


6' 






cos. 


9.9758 


R coa. f sin. V 




.7546 






9.8777 












?'— xtan.y 


"9.7249 












8in.{ 


9.1620 


(e*— 2 tan./) sin. { 


.0771 






8.S869 


c 






.6776 








whence M 


52*36' 










a/ 





32 











Whence a second approximation may be made with greater accu* 
racy for 8* 30". 

R 9.9999 R 9.9999 

COS. ^^ 9.9753 COS. tf' 9.9753 

COS.M' 9.7781 8in.f^ 9.7031 

sin. 15" 5.8617 sin. 15" 5.8617 

A COS. m' sin. 15" .0000412 5.6150 sin. <2 9.5141 

2'' .0001580 ffsin. 15" sin. d. .00000113 5.0541 

A" .0001168 3" —.00000232 

£" —.00000345 5.5378* 

A" 6.0674 
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«» 


1 


-16«27' 








tan. 


9.47000 


■/ 


43 39 








e 


9.9710 


1^+", 


27 12 








cos. 


9.9491 


P 


.8320 










9.9201 


i/ 


.5336 












Stan./ 


.0030 












F 


.3014 










9.4791 










(Bcos.^)- 


• 0.1158 


« + V 


66" 50* 








cos. 


9.5949 


V 


83 17 












iV 


41 3i 


cot. 


0.0512 






0.0513 


i(* + d) 




sec. 


0.0604 




cosec. 


0.307J 


i(^-d) 




sin. 


9.2593 




cos. 


9.9927 


J (5-,.') 


13» 13' 


tan. 


9.3709 








iC^ + Z'') 


65 59 








tan. 


0.3511 


M' 


52 46 








cosec. 


0.0990 


* 










cos. 


9.8843 


V 










sin. 


9.9970 


«' 


IT" 8' 








cos. 


9.9803 


< 


17 14 












R COS. ^ sin 


. n' .7607 


^^ 


— z tan./ 


9.881S 
9.7248 


! 








sin. 1 


9.4521 






(e'— « tan./) sin. | .1503 






9.1769 


1 




« 


.6104 












^ 


50'* 


1' 








- 


i' 


2 45 











8. To find the instant and amount of greatest obscuration in the 
total eclipse of July 28, 1851, for Dantzic. 
30* 
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SoMion. 
have 


From the computatioo for 8* 17" by (879>889) we 
B" 5.5561* 




A" 


6.1045 




t 


— l6'4Sf 


9.4506* 




4* 


119 82 






* + « 


103 46 sin. 


9.9873 


cos. 9.3765 


ff 




8.0985 


8.0985 


COS. { 




9.9633 




-A" (ar. CO 


•) 


3.8955 




t 


92'.2 


1.9646 




Gr. t of gr. obe. 8*18-82.2 






long. 
Dantzict 


1 14 41 .5 
4 38 13 .7 


• 






^ for penumbra .5837 
C for shadow .0121 






M 


.5216 


9.7173 




P 


.0030 


7.4750 




N 


.6307 


9.7248 




12 




1.0792 


digits eclipsed — 12J2 




1.0867 



9. To compute the longitude of the Cambridge Observatory from 
the solar eclipse of July 28, 1851, the beginning of which was ob- 
served at 19* 49" 85'.8. 

Solution, The longitude of Cambridge being about 4* 44" 90*, the 
Greenwich time is not far from 0* 34", for which time the following 
computation is made. 

The latitude = 42* 22' 49'' 

assumed longitude = — 71 7 90 



reduction of lat. 


11 25 


B' 


42 11 24 


sin. lat. 


9.6574 


"Sw 


7.5229 


»R=i 


.001615 7.1808 
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R 


.998485 




9.99938 


sin. f 






9.82711 


COe.l' 






9.86977 


h 






9.82644 


h' 






9.86910 






*» 


6''57'5",0 






i^ - 


71 7 30 






/.' 


64 10 25 


h 


9.82644 




9.82644 


E 


9.97614 


F 


9.97476 


A£ 


9.80258 


AF 


9.80120 


*' 


9.86910 




9.86910 


G 


9.50863 


H 


9.52019 


caB.it' 


9.63913 




9.63913 


hfG COB. p' 


9.01686 


h'Hcoa.H' 


9.02842 


B 


1.45567 


—C 


— .38806 


—HE 


— .63471 


KF' 


.63270 


h' G COS. / 


.10896 


— *'Hcos./u' 


— .10676 


Bf 


.92492 


O 


.13788 






O 


9.13950 






. B 


9.96610 






B'O 


9.10500 


B 


— .35711 




9.55280O 






A' 


9.86910 


at 


— 1.02347 


sin. ^' 


9.95430* 


af 


— .66589 




9.82340* 


A' 


— .35758 






H' — A' 


.00047 




6.6721 


i^' 


— 21" 6' 42" 


tan. 


9.58670* 


^ 


— 42 13 24 


—cot 


.0422 


«" 


.0001580 


9" 


5.3655* 


-y" cot ^ 


— .0000256 




5.4077* 


a/z — y'/cot^J/ .0001324 




6.1219 
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corr. oflong. — 3'.5 0.5502 

assumed time — 4' 40' 30 

computed —4 40 33.6 

10. To compute the efTect of changes in the moon's relative longi* 
tude and latitude, semidiamcter and horizontal parallax, upon the time 
of the beginning of the eclipse of July 28, 1851, for Dantzic. 

Solution, By equations (892-897) we find 
t{/= — .74*57'.9 cosec. 0.0151 » 



A"-H" 


6.1471 


7078. cosec. 4' 


3.8680» 


ri 


1.7544 


sin. 1" 


4.6856 


cosec. 4* , . ,,, 


0.3080O 



„. 0.3080II 

tt— cuz= — 13"55'.6 

vj/-^u— cu=— 88 53 .3 sin. 9.9999* cos. 8.2866 

- J^lF' = ^''^^^ ^'^^'^^ "":iS^/ =-0'.039 8.5946« 

J =— 4°48'.7 Q 9.8946 

%}/ — 0/ = — 70 9 .2 cos. 9.5308 
^ COS. (xf/ — «') = .2663 9.4254 

= .5337 ^^, 3.8680. 

j'—«cos.(4'. <>.')= .2674 9.4272 

Hence the changes of the time of beginning for a change of a il and 
d fi expressed in seconds of arc in the moon's relative longitude and 
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latitude, a change 6 s in the moon's semidiamcter, and a change of a 
fractional part a v in the moon's horizontal parallax are respectively 

— 2'.092a;i 
0'.039a^ 
—7378' ^8 
— 1973* 9w. 

11. Compute the end of the solar eclipse of July 28, 1852, for 
Washington, Paris, Grottingen, Rome and Konigsberg. 

The latitudes and longitudes of these places are as follows. 



Washington 
Paris 


Latitude. 
38' 63' 34 " 
48 60 13 


Longitude. 
18* 61-48* 
9 21.6 


Gottingen 
Borne 


61 31 48 
41 63 62 


39 46 .6 
49 64.7 


Konigsberg 


64 42 60 


1 22 0.5 


Am. The times of 
as follows. 


beginning and end of the 


general eclipse are 


Washington 
Paris 


Beginning. 

19* 21- 16'.5 

2 21 0.4 


End. 

20»50-24'.7 

4 30 62.4 


Grottingen 
Borne 


2 63 42.3 

3 24 27.3 


6 14.4 
3 24 32.7 


Konigsberg 


3 38 20.1 


6 38 48.3 


For the total phase i 
Konigsberg 


ire have 

Beginning. 

4* 39- lo-.g 


End. 
4»42-0'A 
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Log. It 


Corr. 


Log. It 


C*r. 


Log.* 


Corr. , 


, Log, It 


Corr. 


Log.* 


Corr. 


0.00 





2.360 


2.660 


97 


2.960 


192 


3.260 


384 


0.10 





2.370 


50 1 


2.670 


99! 


2.970 


197 


3.270 


394 


0.20 





2.380 


51 


2.680 


lOi 


2.980 


202 


3.280 


403 


0.30 





2.390 


52 


2.690' 


103 


2.990 


207 


3.290 


413 


0.40 





2.400 


63; 


2.700 ! 


106 1 


3.000 


211 


3.300 


423 


0.50 


1 


2.410 


51 


2.710 


108 . 


3.010 


216 


3.310 


433 


0.60 


1 


2 420 


55,' 


2.720, 


Ill 1 


3.020 


321 


3.320 


443 


0.70 


1 


2.430 

1 


50 1 


2.730 ; 


113 j 


3.030 


227 


3.330 


453 


0.80 


1 


2.440 


1 

58 

1 


2.740 


116 


3.040 


232 


3.340 


464 


0.90 


2 


. 2.450 


59 i 


2.750 


119 1 


3.050 


238 


3.350 


475 


1. 00 


2 


2.460 


61 , 


2.760 


122 


3.060 


243 


3.360 


486 


1.10 


2 


2.470 


62 ' 


2.770 


124 


3.070 


249 


3.370 


497 


1.20 


3 


1 2.480 


6i\ 


2.780 


127 


3.080 


255 


3.380 


508 


1.30 


4 


; 2.490 

1 


65 


2.790 


130 


3.090 


261 


3.390 


520 


1.40 


6 


2.500 


67 1 


2.800 j 


133 


3.100 


267 


3.400 


532 


1.50 


7 


2.510 


69 


2.810 ' 


136 


3.110 


273 


3.410 


545 


1.60 


9 


2.520 


70 


2.820 


139 


3.120 


279 


3.420 


558 


1.70 


11 


2.530 


72 


2.830 


143 


3 130 


286 


1 3.430 


671 


1.80 


14 


i 2.540 


73 


2.840 

j 


146 


3.140 


292 


3.440 


584 


1.90 


17 


2.550 


75 


2.850 1 


150 


3.150 


299 


1 3.450 


598 


2.00 


21 


2.560 


77 


2.860 


153 


, 3.160 


306 


3.460 


613 


2.10 


26 


2.570 


78 


2.870 


157 


3.170 


312 


3.470 


626 


2.20 


33 


2.580 


80 \ 


2.880 


160 


3.160 


330 


3.480 


641 


2.30 


42 

42 


1 2.590 
' 2.600 


82 
84 


2.890 
2.900 


164 
167 


3.190 
3.200 


328 
335 


3.490 
3.500 


657 
672 


2.300 


2.310 


43 


2.010 


86 


2.910 


171 


3.210 


343 


3.510 


688 


2.320 


44 


' 2.620 

1 


88 


2.920 


175 


3.220 


351 


3.520 


704 


2.330 


45 


2.630 


90 


2.930 , 


179 


3.230 


360 
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